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ChatGPT’s Review of the Manuscript

The following review was generated by ChatGPT after reading the manuscript.

At first sight, Quantum Resonance as a Global Connection Problem
looks like an unusually broad monograph. In roughly 450 pages it moves
from operator domains, spectral measures, and scattering theory to
exact WKB, complex scaling, few-body nuclear reactions, exceptional
points, and black-hole quasinormal modes.

Yet its breadth is not what makes the book unusual.

The book is strange not because it is sprawling, but because
it follows one organizing principle far beyond the point where
most textbooks would have changed languages.

That principle is that a resonance should not be defined first as
a complex eigenvalue of a non-self-adjoint Hamiltonian. One begins
instead with a self-adjoint quantum problem and its scattering bound-
ary data, constructs a global connection coefficient, and analytically
continues it. The resonance condition Ci,(Fr) = 0 comes first. Re-
solvent and scattering poles, Gamow states, Zel’dovich regularization,
complex-scaled eigenvectors, and rigged-Hilbert-space functionals then
appear as different realizations of the same continued analytic datum.

This reversal of the usual order is the real subject of the book. It
also explains the unusually substantial mathematical opening. Domains,
operator topologies, spectral measures, direct integrals, and von Neu-
mann algebras are not included merely for completeness; they specify
what remains meaningful when representations, continuum limits, and
finite-dimensional approximations are changed.

A particularly effective expression of this philosophy is the “trunca-
tion contract.” Since every actual computation is finite, the important
question is not whether one truncates, but under what statement the
finite problem represents the intended infinite-dimensional one: which
parent operator, which projection or basis, which topology of conver-
gence, which observable, and which order of limits.

In this book, “the matrix has a stable complex eigenvalue” is
never allowed to become a substitute for “the physical
resonance has been identified.”

Exact WKB provides the main constructive machinery. Local
Riccati solutions are Borel resummed, transported through Stokes
sectors, and assembled into a global connection problem. Scattering
theory identifies the physically relevant coefficient, while complex scaling
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and related methods provide alternative representations of the resulting
pole.

One qualification is important. The connection-first viewpoint is
more universal than exact WKB itself. For one-dimensional and radial
differential equations, exact WKB genuinely acts as a constructive spine.
In coupled-channel nuclear reactions, many-body problems, and possible
extensions toward quantum field theory, the deeper common structure
is instead the broader one of asymptotic sectors, projections, boundary
conditions, resolvents, and analytic continuation.

The book is commendably explicit about this limitation. Black-hole
complex scaling still lacks a general theorem comparable to the standard
analytic-dilation setting; threshold problems require uniform treatment
when poles and branch points collide; exact-WKB residues are less
developed than pole positions; continuum exceptional points require a
regulator-independent formulation; and “monodromy renormalization”
is presented as an organizing principle rather than a completed universal
theory.

This restraint is important because the unifying ambition is other-
wise very strong.

The later chapters test that ambition in increasingly different set-
tings. Radial singularities add Frobenius and monodromy data; few-
body reactions replace a single channel by projected channel spaces
and continuum discretization; exceptional points turn a simple reso-
nance zero into a multiple one and hence a Jordan structure; black-hole
horizons replace ordinary asymptotic scattering by horizon radiation
conditions. The notation and techniques change, but the question re-
mains the same: what is the global analytic datum, and which parts of
a calculation are invariant under a change of representation?

The continuum is equally central. The manuscript repeatedly re-
fuses to treat it as disposable background after a pole has been found.
Branch cuts determine sheets, rotated continua complete complex-scaled
representations, threshold structure controls pole approximations, and
continuum response contributes to observables.

The price of this architecture is density. The manuscript is formally
self-contained from modest prerequisites, but a reader meeting func-
tional analysis, resurgence, few-body reaction theory, and black-hole
perturbation theory for the first time will face a steep conceptual gradi-
ent. This difficulty, however, comes less from excess material than from
compression.

Concepts are introduced once in canonical chapters and reused
later; repeated introductions are removed; research calculations are
dismantled and rebuilt in prerequisite order.



The remarkable compression of this book is not that it omits
mathematics, but that it refuses to restart the theory every
time the physical system or representation changes.

For this reason, I would regard the work as a graduate textbook with
genuine monographic coherence rather than as a review or encyclopedia.
Most of its ingredients are established knowledge. Its originality lies
primarily in deciding what should be regarded as primitive, what is
representation-dependent, and in what order the subject should be
reconstructed.

Its central claim can therefore be stated very simply:

A resonance is not fundamentally a complex eigenvalue. It is
a global analytic connection datum, and its legitimate
realizations must agree on the same underlying resonance
information.

Whether this viewpoint becomes standard is impossible to predict.
But the manuscript does succeed in making the alternative viewpoint—
treating scattering poles, Gamow states, complex scaling, and non-self-
adjoint eigenvalues as essentially independent notions—look increasingly
unnatural.

That is the real achievement of the book.

— ChatGPT

Reply to ChatGPT

What would remain if modern theoretical physics were compressed
to a Landau minimum?

— Okuto Morikawa



Synopsis

This book develops resonance theory as a calculational extension of ordinary
quantum mechanics. Its starting point is not a non-Hermitian matrix but
a self-adjoint Hamiltonian, its scattering boundary data, and the global
connection problem of the associated differential equation. Exact WKB
analysis supplies the constructive spine: formal Riccati solutions are Borel
resummed in sectors, Stokes jumps transport local bases, and the prohibited
incoming coefficient becomes an analytic function Ci,(F). A zero of this
function is simultaneously a resolvent pole, a scattering pole, and—after
an admissible change of representation—a complex-scaled eigenvalue. Its
derivative gives the pole residue and regularized normalization.

The book derives each layer needed to make that statement precise. The
spectral theorem is developed through projection-valued measures and direct
integrals; domains and topologies are kept visible; von Neumann algebras
and their normal states are introduced as the natural language of spectral
sectors. Two-body scattering is constructed from wave operators, resolvent
boundary values, partial waves, and Jost functions. Zel’dovich regularization,
Berggren’s Gaussian argument, complex scaling, the Aguilar—Balslev—Combes
theorem, rigged Hilbert spaces, and continuum level density are then derived
as different realizations or probes of one continued connection datum.

The construction is enlarged in four directions. Radial singularities
add Frobenius indices, Langer correction, and renormalized monodromy.
Weakly bound nuclei add Jacobi coordinates, rearrangement channels, optical
potentials, continuum discretization, and CDCC; lithium projectiles and
beryllium-core breakup provide worked laboratories. Multiple zeros produce
exceptional points, Jordan chains, self-orthogonality, and geometric holonomy.
Black-hole horizons produce Regge—Wheeler-type connection problems and
quasinormal modes, for which exact WKB and complex scaling can be
compared in the same notation.

Long-range correlations mark a genuine boundary of the usual construc-
tion. Two-body Coulomb scattering requires Coulomb-distorted rather than
plane-wave asymptotics. Three charged particles require several overlapping
asymptotic sectors for which no single elementary global form is known.
Charged QED states similarly require infrared dressing and may not belong
to the vacuum Fock representation. These examples make topology, measure,

vi
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representation, and comparison dynamics into physical choices rather than
mathematical decoration.

Fight Stages introduce prerequisites only once. Nine Laboratories then
reuse those canonical definitions to carry out full calculations. The text is
intended to be self-contained at the level of derivation: references record
provenance, variants, and further results, but no essential step is delegated
to a cited paper.



Preface

This textbook grew out of our studies of quantum resonances at the intersec-
tion of resurgence and non-self-adjoint spectral theory. These investigations
gradually led us to the scattering-theoretic viewpoint that organizes this
book. Our aim is not merely to present this viewpoint, but also to develop
the mathematical structures on which it rests and to examine the physical
phenomena through which it becomes concrete. The book is therefore in-
tended both as a self-contained introduction to the relevant mathematics and
physics and as a systematic account of the scattering-theoretic perspective
that emerged from our own research.

Resonances are often taught in reverse order. One first sees a Breit—
Wigner denominator or a complex eigenvalue, learns several devices for
making its wave function finite, and only later discovers that each device
continues a scattering problem across a cut. That route is efficient when one
number is required. It is much less satisfactory when the questions are why
the number is invariant, what space contains the associated state, how the
continuum participates, or what changes at a threshold.

This book follows the opposite route. We begin with standard quantum
mechanics, including the pieces that are usually suppressed by notation:
operator domains, limiting procedures, spectral measures, and comparison
dynamics. We then build scattering data and analytically continue the
global connection coefficient. A resonance is defined there. Complex scaling,
Zel’dovich regularization, rigged Hilbert spaces, and effective Hamiltonians
enter later because they solve particular representation or computational
problems. Exact WKB is the thread that keeps these changes of representation
tied to the same analytic object.

The result is a monograph rather than a survey. A citation is never
meant to replace an equation that the reader needs in order to continue a
calculation. Historical sources and alternative hypotheses are recorded in
the bibliography, but the main line supplies the definitions, derivations, and
checks. Results from our papers have consequently been disassembled and
rebuilt in prerequisite order. Introductory material that occurred in more
than one paper appears once in the canonical chapter; a later Laboratory
points back to it and starts at the first genuinely new step.

viii
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How to read the Stages

Each Stage begins with a reader contract and ends with problems. The
contract states an operation the reader should be able to perform, not a list
of topics to have seen. A first reading may follow Stages I-IV linearly and
then choose among the nuclear, exceptional-point, and black-hole branches.
A calculation oriented reading can instead begin at a Laboratory and use
the margin of cross-references to retrieve its prerequisites.

The logical dependency is

‘domain and spectrum‘ [} ‘scattering boundary data‘

‘global connection datum‘ [} ‘realizations and applications ‘

The arrows are one-way in the derivation but two-way in practice. A numerical
complex-scaled spectrum, for example, can reveal a candidate pole; the
connection formulation tells us which variations must leave it fixed before it
is accepted as physical.

What a Laboratory contains

A Laboratory is not a paper reprint. It has four components:
1. the input Hamiltonian or master equation and a declared domain;
2. a derivation with enough intermediate algebra to reproduce it;
3. a stability or conservation check that can falsify the result; and
4. a checkpoint stating what has actually been learned.

Some Laboratories retain figures and detailed calculations developed in the
source papers. Their role here is different: they are worked examples of a
method already constructed, so paper-specific motivation and repeated mini-
reviews have been removed.

Prerequisites and conventions

The assumed physics is an undergraduate course in quantum mechanics
and familiarity with ordinary differential equations and complex analysis.
Functional analysis, scattering theory, resurgence, general relativity, and



few-body reaction theory are developed when first needed. A reader already
fluent in these subjects can use the opening problems of each Stage as a
diagnostic and skip proofs only after checking the stated hypotheses.

—iBt/h 5o a decaying pole has Im E < 0.

We use the time dependence e
A differential expression and the operator defined by it are distinguished
whenever boundary conditions or domains matter. The symbol Hy denotes
an analytically deformed operator, not an arbitrary non-Hermitian approxi-
mation. These choices are collected once in the conventions chapter and are

not redefined in later Laboratories.

Acknowledgment of provenance

The exact-WKB, complex-scaling, continuum, radial, exceptional-point, and
black-hole calculations build on the authors’ research program and retain its
detailed algebra where that is pedagogically useful. The few-body chapters
connect the same spectral viewpoint to CDCC and to calculations of weakly
bound lithium and beryllium-core systems. Bibliographic citations identify
original results; within the book, however, their content is used as raw
material for one continuous derivation.
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Prologue: why scattering still de-
fines quantum dynamics

Quantum mechanics can be taught as finite-dimensional linear algebra. That
language is powerful: qubits, spin systems, variational circuits, and finite-
basis calculations all live naturally in it. Yet a finite matrix does not by itself
contain position or momentum as an unbounded observable, a continuous
spectrum, an infinite-volume limit, an asymptotic particle, or a radiation
condition. Those are not decorative complications. They are the structures
through which a dynamical theory meets an experiment.

Scattering provides the operational grammar. One prepares a state in
a region where a comparison dynamics is understood, lets it traverse an
interaction region, and detects an outgoing state after another long stretch
of comparison dynamics. The idealization involves three limits at once: large
separation, long time, and increasingly sharp control of the detector. The
mathematical theory exists to say when these limits define an invariant map
between preparation and detection data. Resonance theory begins where
that map acquires a long-lived intermediate time scale.

A genealogy of the connection problem

The concepts assembled in this book were not invented in a single episode.
Hamilton—Jacobi theory encoded dynamics in a generating function. The
Sturm—Liouville problem tied differential equations to orthogonality, com-
pleteness, and boundary conditions. Green functions made an inverse operator
into a propagation kernel, while Fourier analysis turned translation into spec-
tral multiplication. Classical wave scattering supplied incoming and outgoing
radiation conditions. Rutherford scattering then made the large-distance
deflection law a microscopic probe. Quantum mechanics inherited all of these
ideas and forced them to coexist with probability and operator domains.
The decisive mathematical step of the 1920s and 1930s was not merely
to replace observables by matrices. It was to understand operators that are
not bounded and spectra that are not discrete. Position, momentum, and
the Hamiltonian are specified by their domains as well as their differential
expressions. A continuum state is represented by a spectral measure and

1
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a wave packet, not by an extra normalizable eigenvector. This is why the
spectral theorem, projection-valued measures, and the topology of operator
limits belong near the beginning of a modern account of quantum mechanics.

From this viewpoint, scattering theory is not a specialist’s afterthought. It
is the part of quantum theory that keeps track of continuous spectrum, infinite
spatial extent, comparison dynamics, and the conversion of a Hamiltonian
into measured rates. The same architecture reappears in nuclear reactions,
atomic ionization, condensed-matter transport, quantum field theory, and
black-hole perturbations.

The truncation contract

Every computation is finite. The important question is therefore not whether
one truncates, but what statement allows the finite problem to stand for an
infinite-dimensional one. We shall call that statement the truncation contract.
A complete contract names five ingredients:

(i) the parent Hilbert space and the closed operator or quadratic form;
(ii) the projection, grid, basis, energy window, or channel selection;
(iii) the topology in which the truncated objects are asserted to converge;
(iv) the observable and error measure to be controlled; and

(v) the order in which basis, volume, time, regulator, and detector limits
are taken.

For an isolated bound state below the essential spectrum, the min—max
principle can provide such a contract. For a scattering amplitude, one
also needs control of wave operators or resolvent boundary values. For a
complex-scaled resonance, a small matrix residual is insufficient unless the
analytic-deformation hypotheses and stability window are checked. For a
quantum simulation of a gauge theory, solving Gauss law can reduce the
number of qubits but can also reorganize locality and tensor factorization.
The finite model becomes physically meaningful only when its contract states
which of these structures survives the reduction.

The finite-dimensional theory remains genuine dynamics: a unitary ma-

trix can generate nontrivial time evolution. The limitation is more specific.
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No fixed finite dimension can encode, without a limiting prescription, the un-
bounded observables and asymptotic structures on which scattering depends.
This book therefore uses finite matrices as controlled representations of a
declared parent problem, never as a replacement for declaring that problem.

Preparation, interaction, and detection

Let Hy denote the dynamics used to describe separated particles and let H
contain the interaction. A packet ¢ prepared in the distant past is compared
with the exact evolution through the strong limit

O g = tEr,n el Ht/hg=iHot/h g (1)

when that limit exists. The analogous future limit defines Q(~). The scattering
operator

g — Q)TQMH) (2)

maps incoming asymptotic data to outgoing asymptotic data. The detailed
hypotheses and derivation are postponed to Stage II; here the formula fixes
the meaning of the symbol. In particular, the intertwining relation implies
that S commutes strongly with the comparison Hamiltonian Hy, not with a
generic interacting Hamiltonian.

The phrase “free comparison” is already conditional. A short-range
force permits ordinary plane-wave asymptotics. Coulomb scattering instead
requires Coulomb-distorted waves and a logarithmic phase. With three
charged bodies, the simultaneous asymptotic regions are considerably more
intricate, and no single naive product of two-body plane waves solves the full
problem. In QED the same long-range obstruction appears as soft radiation:
a charged asymptotic state generally does not belong to the undressed vacuum
Fock representation. Thus the choice of asymptotic Hilbert space is part of
the physics, not merely a convention at the end of a calculation.

A diagnostic laboratory before the formalism

Four elementary calculations will serve as recurring diagnostics.

A packet in a square well.
Separate the normalizable bound-state sum from the continuum integral
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and verify norm conservation. A finite box discretizes the latter; the
level spacing must disappear from observables as the box is enlarged.

A packet crossing a finite barrier.
Compute reflection and transmission from Wronskians. Continue the
incoming coefficient and locate its zeros. This is the smallest model in
which the same analytic datum appears as a scattering pole and an
outgoing solution.

Hydrogenic motion.
Derive the self-adjoint radial problem, keep the Coulomb phase in its
asymptotics, and distinguish the discrete spectrum from the continuum.
A plane-wave ansatz at infinity fails for a reason visible in the differential
equation itself.

A finite-basis resonance calculation.
Vary basis size, nonlinear scale, and complex-rotation angle separately.
A stable pole and a rotating discretized continuum play different roles;
both are needed to reconstruct a response function.

These are not entrance examinations. They are compact tests of whether
a representation still remembers its parent dynamics. Each will be rebuilt in
later Stages with enough detail that the reader can reproduce the calculation.

The organizing claim of this book

The central claim is that a quantum resonance is best understood as a global
connection problem. A self-adjoint Hamiltonian supplies real spectral and
probabilistic data. Local solutions of its differential equation are continued
between asymptotic sectors. The coefficient of the prohibited incoming branch
is an analytic function; its zero defines the resonance. Exact WKB makes
that construction nonperturbative and calculable. Resolvent continuation,
Jost functions, Zel’dovich regularization, complex scaling, and rigged Hilbert
spaces are then different realizations of the same connection datum, with
different domains and topologies made explicit.

This order matters pedagogically. We first define each mathematical
object where it is needed. We then construct scattering and its analytic
continuation. Only afterward do the Laboratories reuse those results in radial
motion, weakly bound nuclei, exceptional points, and black-hole quasinormal
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modes. References document provenance and extensions, but the calculational
route is contained in the book.



Chapter 1

The resonance problem

An unstable quantum state does not fit comfortably into the spectral theorem
for a self-adjoint Hamiltonian. A normalized eigenvector of a self-adjoint
operator has a real eigenvalue and evolves only by a phase. A state that loses
probability from a localized region instead has, over an intermediate time
window, an amplitude of the form

_iBst It

A(t) ~ Ze 55, t>0. (1.1)

Here E. is the resonance position, I' > 0 is the decay width, and Z is the pole
residue projected onto the prepared state. It is tempting to call E, — il’/2
an eigenvalue. Yet the corresponding outgoing wave grows exponentially
in space and is not an element of the original Hilbert space. The apparent
contradiction is resolved only after one specifies which object has been ana-
lytically continued, which function space is being used, and which boundary
value of the continuum resolvent is meant.

This issue is older than the modern language of non-Hermitian physics.
Siegert’s outgoing states, Zel’dovich’s Gaussian regularization, Berggren’s
completeness relation, Feshbach’s energy-dependent effective Hamiltonian,
and the Aguilar—Balslev—Combes construction all address different parts of
the same problem [1-7]. The language has broadened because non-self-adjoint
generators now arise in nuclear reactions, atomic and molecular ionization,
optical resonators, open-system dynamics, topological phases, and black-hole
perturbation theory [8-11]. In all of these settings, complex eigenvalues are
useful, but they are not by themselves a definition of a resonance.

The resurgence program changes the order in which this problem can be
understood. Exact WKB analysis starts from a formal semiclassical solution,
Borel resums it in sectors of the complex coordinate plane, and imposes global
consistency through Stokes automorphisms and monodromy. Stable spectra,
tunneling splittings, and nonperturbative ambiguities are naturally expressed
by Voros symbols and exact quantization conditions [12-14]. The extension
to resonances shows that an outgoing boundary condition can be read as the

vanishing of the prohibited incoming coefficient after analytic continuation.

6
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The complex energy then follows from the same connection algebra that
quantizes a bound state [15-17]. This observation is the organizing principle
of the book. It lets us construct the analytic resonance condition first and
introduce a non-self-adjoint eigenvalue problem, a regularized norm, or a
generalized state only when one of those representations is needed for a
subsequent calculation.

Our purpose is therefore not to place several resonance formalisms side by
side. We derive them in a dependency order. The primary calculational object
is a global connection coefficient, or equivalently the analytic determinant
whose zero removes the incoming wave. After continuation this zero is a
pole of the resolvent and scattering matrix, accompanied by a residue and a
nearby continuum. The resulting dictionary is

zero of a Jost function <= pole of the scattering matrix
<= outgoing Gamow—Siegert vector
<= discrete eigenvalue of a complex-scaled operator

<= zero of an exact-WKB connection coefficient. (1.2)

The last entry is placed last in the displayed dictionary only for typographic
convenience; in the derivation it comes first. Each arrow has hypotheses.
Thresholds introduce branch points; long-range potentials modify asymptotic
states; complex scaling requires an analytic deformation; a rigged Hilbert
space depends on the test-function topology; and an exact-WKB relation
requires control of Borel summability and Stokes data. The textbook aim
is to make the reader verify these hypotheses during the calculation, rather
than encounter them later as qualifications to a formal answer.

There is also a useful mathematical lesson behind this qualification. A
Hilbert space alone does not specify which limits, generalized vectors, or
observables are admissible. Norm, weak, strong-operator, and weak-operator
topologies answer different physical questions. The spectral theorem is most
transparent as a direct integral over energy, with a fiber that records open
channels and spectral multiplicity. The von Neumann algebra generated by
the spectral projections is the algebra of essentially bounded functions on
this measure space, while operators commuting with the Hamiltonian act
fiber by fiber. In that representation the formal statement “S is diagonal in
energy” becomes the precise decomposition S = [® S(E) du(FE). Resonances
then appear exactly at the boundary of the self-adjoint theorem: they are
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not additional spectral projections of H, but residues obtained after analytic
continuation or Riesz projections of a deformed operator.

Long-range forces expose a second boundary. For V(r) ~ 1/r, the phase
accumulated along a free trajectory diverges logarithmically, so the ordinary
Mgller comparison with a free plane wave fails. Two-body Coulomb scattering
is repaired by a known logarithmic phase and Coulomb wave. For three
charged particles there are several inequivalent asymptotic regions, and
no single elementary Coulomb plane wave is uniformly valid across all of
them. In QED, the analogous logarithm is carried by infinitely many soft
photons: a charged asymptotic state generally belongs to a coherent, non-Fock
representation of the canonical commutation relations. These facts motivate
treating topology, measure, representation, and asymptotic dynamics as
physical data rather than background formalism.

The same dictionary clarifies why black-hole quasinormal modes are
quantum resonances rather than merely damped normal modes. With time

dependence e~ ¢!

, a black-hole perturbation is ingoing at the event horizon
and outgoing at infinity or at a cosmological horizon. The resulting frequency
w lies in the lower half-plane. The radial wave function is not square integrable
on the original tortoise-coordinate line, but becomes normalizable after an
admissible complex deformation. Complex scaling then exposes quasinormal
poles and rotates the continuum in the variable £ = w? [18, 19]. This makes
it possible to discuss pole frequencies and continuum response in one spectral
calculation.

Exceptional points provide a second extension. When parameters are var-
ied, a resonance pole may meet another discrete pole or a state on the rotated
continuum. At the coalescence, eigenvalues and eigenvectors merge and the
operator develops a Jordan chain. Encircling the branch point exchanges spec-
tral sheets and produces a geometric holonomy. In an unbounded scattering
problem, however, continuum normalization adds a regulator-dependent fac-
tor that is absent from a finite matrix. A momentum-bin construction and a
monodromy-renormalization condition isolate the physical holonomy [20, 21].
This is a useful example of how non-Hermitian few-level intuition must be
amended, rather than discarded, in an infinite-dimensional problem.

Figure 1.1 summarizes the spectral geometry used throughout the book.
The continuous spectrum on the positive real axis is the boundary of different
analytic sheets. A complex deformation rotates that spectrum, revealing
poles that were hidden behind the cut. Exact WKB analysis reaches the same
poles by continuing solutions on the complex coordinate plane. A rigged
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Im
A

threshold branch point
physical sheet above the cut
second sheet below the cut

bound state continuum cut

> Re ¥

E, —il'/

e 2i0 [0’ oo)

Figure 1.1: Schematic energy-plane geometry for a single threshold at £ = 0.
Complex scaling by an angle 6 > 0 rotates the continuous spectrum by —26
and exposes a resonance pole. The drawing is topological: the precise sheet
structure and the number of thresholds depend on the problem.

Hilbert space records the corresponding pole functionals without pretending
that they are ordinary L? vectors.

1.1 Scope and terminology

For a bounded finite-dimensional matrix, “Hermitian” and “self-adjoint” are
interchangeable. For a differential operator they are not. Symmetry of
the differential expression does not fix the operator domain, and boundary
conditions can change the adjoint. We therefore use self-adjoint for operators
on a Hilbert space and reserve Hermitian for matrices or informal descriptions.
The complex-scaled Hamiltonian is generally non-self-adjoint even when the
original Hamiltonian is self-adjoint.

We use resonance primarily for a pole of the continued resolvent or S
matrix. The word resonant state denotes the residue vector or functional
associated with that pole. A Breit—Wigner peak is evidence for a nearby
simple pole, but background interference, thresholds, and overlapping poles
can obscure or even eliminate a visible peak. Conversely, a complex eigenvalue
of an arbitrary non-Hermitian truncation need not be a resonance; stability
under changes of deformation angle, basis, and truncation is essential.

We distinguish resonance poles from three neighboring notions. A bound-
state pole lies on the physical sheet below threshold and has a square-
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integrable eigenfunction. A virtual or antibound state lies on a nonphysical
sheet on an imaginary momentum axis and need not produce a narrow peak.
An antiresonance is the time-reversed partner of a resonance, related by
the appropriate reality symmetry of the potential. These classifications are
simplest in the complex momentum plane and become more intricate for

multiple channels.

The main construction concerns stationary spectral theory. A resonance
pole produces exponential decay only over an intermediate time interval.
The short-time survival probability is quadratic, while thresholds generate
long-time power-law tails [22-24]. These deviations are not failures of the
pole description; they are contributions from the analytic background and
branch cuts that accompany the pole.

1.2 Organization and the central line of argument

Section 1.3 states the algorithm used throughout. Eight Stages then add one
obstruction at a time. Stage I constructs the spectral and operator-algebraic
language; Stage II derives scattering data and tests its short-range hypotheses.
Stage III builds the exact-WKB global connection datum, while Stage IV
proves how the same datum is represented by resolvents, regularized states,
complex scaling, rigged spaces, and continuum response.

Stage V adds a radial singular endpoint. Stage VI enlarges the projectile
to a weakly bound few-body system and derives CDCC, including lithium
and beryllium-core reaction examples. Stage VII treats an exceptional point
as a multiple zero of the analytic pole condition. Stage VIII derives black-
hole master equations and turns horizon boundary conditions into the same
connection problem. The final Part separates invariant data from contour,
basis, regulator, and representation choices.

Detailed calculations developed in Refs. [15-20, 25] supply seven of the
Laboratories. They have been reorganized rather than reproduced as papers:
common scattering, exact-WKB, complex-scaling, and black-hole preliminar-
ies are established once in canonical chapters, and each Laboratory begins at
the first calculation specific to its model. The remaining two Laboratories
develop complementary few-body nuclear branches. Every one is meant to
be read with pencil, paper, and a numerical notebook; its closing checkpoint
states what must be reproducible before the reader proceeds.
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1.3 The exact-WKB thesis and the computational
spine

The organization of this book follows a claim that is stronger than the
statement that exact WKB is useful for finding resonance energies. The claim
is that a resonance problem is most economically organized around its global
analytic connection datum. The wave function is first known only through
local asymptotic representations. Exact WKB tells us how to construct these
representations and how they jump; scattering theory tells us which global
coefficient is physically the incoming amplitude; complex scaling and rigged
spaces tell us how the resulting pole functional may be represented. This
order prevents a useful representation from being mistaken for the definition
of the resonance.

For a second-order equation

p 4
[—h — 4+ Q(a, E)] W(z, E) = 0, (1.3)

da?

the calculation begins with the spectral curve
v =Q(z,E). (1.4)

The two sheets of y = 1/Q label the leading WKB branches. The Riccati
recursion promotes them to formal all-order solutions, Borel summation gives
sectorial analytic functions, and Stokes automorphisms relate neighboring
sectors. After transporting a basis from one asymptotic region to another,
one obtains a connection matrix

ar(E) = M(E)aL(E),  M(E)=Sn(E)- - S2(E)Si1(E), (1.5)

where each S; is a local Stokes, branch-cut, or propagation matrix. Wronskian
preservation constrains det M and supplies an immediate error check.

The boundary condition selects a scalar minor or matrix block of M. We
denote the coefficient multiplying the prohibited incoming component by
Cin(E). The resonance condition is

Cu(ER) =0, FEp=FE, — %r. (1.6)
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For a simple zero, a scattering amplitude has the local form

N(E) Res S(E) N(Er)

S(E) = Cin(E)’ E=Eg ~ OpCin(ER)’

(1.7)

Thus the pole, decay width, and residue are successive pieces of information
in one calculation. A multiple zero anticipates an exceptional point. A
branch point in F anticipates a threshold. A singular endpoint changes the
monodromy entering M. These are not separate subjects added to resonance
theory; they are different failures of the simplest connection problem and
therefore have a common diagnostic language.

1.3.1 What is novel in this ordering

The exact-WKB viewpoint produces five conceptual shifts that guide the rest
of the book.

1. The pole condition precedes the pole state. A Gamow—Siegert
function grows on the real axis, but the vanishing incoming coefficient
is already well defined by analytic continuation. One should therefore
establish Eq. (1.6) before asking in which space the associated state
lives.

2. Regularizations are representations of one analytic continua-
tion. Zel’dovich damping, contour rotation, and a rigged-space pairing
appear different when applied directly to a divergent wave function. Ex-
act WKB shows what they must preserve: the same continued branch,
connection coefficient, and residue. Their equivalence is consequently
tested by analytic deformation invariance rather than by a formal
equality of divergent integrals.

3. The continuum and the resonance belong to the same global
problem. The continuum is not a disposable background left after a
pole has been isolated. It supplies the boundary values, cuts, Stokes
sectors, and completeness contour from which the pole is continued.
This is why continuum level density and pole residue are natural
observables alongside the pole position.

4. Monodromy supplies a renormalization condition. At a radial
singularity or a continuum-normalized exceptional point, an auxiliary
regulator enters local normalization. Requiring the global monodromy
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or holonomy to be independent of that auxiliary choice produces a
renormalization-group-type condition. The invariant is global even
when the counterterm is local.

. Black-hole QNMs are not an analogy but another connection

calculation. Ingoing and outgoing horizon conditions select the pro-
hibited coefficient exactly as in Eq. (1.6). The difference lies in the
singularities and asymptotic regions of the spectral curve, not in a new
definition of resonance.

1.3.2 The calculation cycle used in every laboratory

Each worked problem follows the same cycle. The reader should use it as an

algorithm rather than as a list of topics.

1.

Specify the differential operator, its domain before continuation, the
time convention, and every asymptotic channel.

. Draw or determine the spectral curve, turning points, singular points,

branch cuts, and relevant Stokes graph.

. Generate the Riccati coefficients and decide which formal quantities

require Borel summation or another resummation.

. Choose normalized local bases and multiply the connection matrices in

path order. Check the Wronskian or determinant after every multipli-
cation.

. Identify Cj,(F) from the physical boundary condition. Locate its zeros

on a declared sheet and Borel side.

. Differentiate the connection datum to obtain residues or normalization

data, and retain the non-pole part when a response function is required.

Only now choose a convenient realization: a complex-scaled L? eigen-
problem, a Zel’dovich pairing, a rigged-space functional, a momentum
bin, or a direct-integral spectral density.

Vary the representation data—scaling angle, contour, basis size, bin
width, regulator, or resummation order—while holding the analytic
invariant fixed. Stability is part of the identification of a resonance, not

a cosmetic numerical test.
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The resonance problem

stage

new input

calculational capability

I-A

I-B

II

111

v

VI

VII

VIII

topology, domains, and
spectral measures

multiplicity fibers, opera-
tor algebras, and compact
kernels

asymptotic channels, flux,
and Jost data

turning points and Stokes
data

analytic deformation and
test-space topology

a regular singular end-
point

few-body channels and
model-space projections

a multiple zero and a con-
tinuum partner

horizons and tortoise co-
ordinates

distinguish norm, weak, strong, and
resolvent limits and identify the con-
tinuum of a self-adjoint Hamiltonian

pass between spectral direct inte-
grals, commutants, Fredholm deter-
minants, and controlled finite model
spaces

construct the physical scattering op-
erator and identify when Coulomb,
many-charge, QED, or gauge sectors
require a different asymptotic repre-
sentation

construct Ci,, find a resonance, and
calculate its width and residue

represent the same pole by continued
resolvents, complex scaling, regular-
ized norms, rigged-space functionals,
and continuum response

include Frobenius indices, the
Langer term, and radial monodromy

in exact quantization

derive CDCC and connect pseu-
dostate convergence, complex-scaled
smoothing, and nuclear observables

Jordan data,  self-
sheet
and regulator-independent holon-

calculate
orthogonality, exchange,

omy

derive Regge—Wheeler-type master
equations and calculate black-hole
QNMs and continuum response

The short-range one-channel problem is the training ground, not the
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presumed universal asymptotic form. Coulomb and QED examples later show
that the first step of the cycle can itself fail: if the comparison dynamics or
asymptotic representation is wrong, no refinement of the later pole calculation
repairs it. This is why long-range scattering and operator-algebraic sectors
belong inside the computational spine of the theory.



Part 1

Mathematical and
quantum-mechanical
foundations

16



Chapter 2

Stage I-A: Operators, domains, and
the spectral theorem

Reader contract

This stage starts with finite-dimensional quantum mechanics and
reconstructs the infinite-dimensional theory in the order in which its
definitions are needed: topology, measure, domains, self-adjointness,
spectrum, resolvent, and the projection-valued spectral measure. It
ends when the reader can state exactly what a continuum spectral
value is and why a resonance is not an additional eigenprojection of a
self-adjoint Hamiltonian.

2.1 Working conventions before the first calcula-
tion

—iEt/h

We use time dependence e in quantum mechanics and e~ in black-hole

perturbation theory. A decaying pole has
Im Fr <0, Im wgnm < 0. (2.1)

For E = h2k?/(2m), the physical scattering rim has k > 0 for E > 0.
Continuing through the positive-FE cut changes the sign of the square root.
A resonance is conventionally represented by Rek > 0 and Imk < 0; its
time-reversed antiresonance is obtained using the reality symmetry of the
potential.

The one-dimensional probability current is

] = 5 (W0 — v0,07). (22

—ikx

For real k > 0, et1¥% carries positive current and e carries negative current.

At a complex resonance momentum, the current of a non-normalizable

17
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stationary wave is not a conserved probability flux in the ordinary Hilbert
sense; outgoing/incoming labels are defined by analytic continuation from
real k.

In black-hole coordinates, the group direction is most transparently read
—iw(t+ry)

from null combinations. Near a horizon, a factor e is ingoing, while

e w(t="+) i outgoing. This gives the signs in Eq. (10.5).

2.2 Notation used in the calculation cycle

The principal symbols are collected here for reference. The Hamiltonian is H,
its free or asymptotic reference is Hy, and the complex-scaled operator is Hy.
The resolvent is R(z) = (2 — H)™1. A resonance energy is Er = F, — il['/2,
with width I' > 0. The resolvent set, spectrum, essential spectrum, absolutely
continuous spectrum, and e-pseudospectrum are denoted by p(H), o(H),
Oess(H), 0ac(H), and o (H), respectively. The bounded operators on ‘H form
B(H). The spectral projections are P(A), and [y H, du(z) denotes a direct
integral over the measure space (X, ¥, u). The physical scattering operator
is S = QO and its on-shell fiber is S(E). Calligraphic symbols such
as Sy are reserved for directional Borel summation in exact WKB and are
not scattering operators. The observable C* algebra is 2, a von Neumann
algebra is M, and its center is Z(M). The wave number is k; for Coulomb
scattering the Sommerfeld parameter is = ug/(h*k). A black-hole QNM
frequency is w and has spectral energy E = w?. The exact-WKB Riccati
function is S, its odd part is Syqq, & Voros period is V5, and its exponential
is V. The incoming connection datum is always written Ci,. It is a scalar
coefficient in a one-channel problem and the corresponding incoming block
in a multichannel problem; these are two dimensions of the same connection
object, not two distinct concepts. Its zero is interpreted with the domain,
sheet, and boundary condition already fixed. The test space, Hilbert space,
and antidual form the triple & C ‘H C &*. Right and left eigenvectors carry
superscripts R and L. A control parameter near an exceptional point (EP) is
A, and the EP is at Agp.
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2.3 From finite-dimensional quantum mechanics to
spectral analysis

Resonance theory does not replace ordinary quantum mechanics. It asks how
far the usual structure can be continued when a prepared packet leaks into a
continuum. We therefore begin with the pieces that survive unchanged and
separate them from the pieces that require analytic continuation. The first
principle is simple: a closed system is described by a self-adjoint Hamiltonian
on a declared Hilbert-space domain. Complex resonance energies will emerge
from boundary values and continuation of objects constructed from that
Hamiltonian; they are not complex outcomes of an energy measurement.

2.3.1 States, effects, and transition probabilities

Let H be a complex separable Hilbert space with inner product linear in its
second argument. We write B(H) for the bounded operators. For A € B(H)
let |A| = (ATA)'/2. The operator is trace class when

|All1 = Tr|A] < oo. (2.3)

Such operators form an ideal B;(H), and A — Tr(pA) is continuous on B(H)
whenever p € B1(H). A pure state is a ray, not a particular vector: 1 and
el®y) represent the same state. A mixed state is a positive trace-class operator
p with Trp = 1. An effect is a bounded operator F' satisfying 0 < F' < 1,
and the probability of the corresponding event is

p(Flp) = Tr(pF). (2.4)

A projection is a repeatable sharp effect, but scattering detectors are often
better represented by positive operator-valued measures because they have
finite angular, spatial, and energy resolution.

For later use, A,, converges to A in the weak operator topology when

(9, App) —> (@, Ay for every ¢, b € H. (2.5)

A positive operator-valued measure F'(A) on a measurable outcome space
(X,X) satisfies F(X) = 1, F(A) > 0, and countable additivity in this
topology. A projection-valued measure (PVM) is a POVM whose values are
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orthogonal projections. The probability distribution is
P,(A) = Tr[pF(A)). (2.6)

For an ideal energy measurement of a self-adjoint Hamiltonian, F' is the
projection-valued spectral measure Py. Since Pp is supported on the real
line, no measurement of the closed Hamiltonian returns F, — il'/2. The
pair (E,,TI") is inferred from the analytic shape and time dependence of real
measurement probabilities.

For normalized pure states the transition probability is

p(8lv) = (¢, 9)]*. (2.7)

Wigner’s theorem says that a bijection of rays preserving these probabilities is
implemented by a unitary or antiunitary operator. A one-parameter unitary
group is strongly continuous if ||[(U(t) — 1)1|| — 0 as t — 0 for every ¢ € H.
Stone’s theorem says that every strongly continuous one-parameter unitary
group has a unique self-adjoint generator H,

Ut)=e /M Ut+s)=U@R)U(s). (2.8)

Self-adjointness, not merely formal symmetry of a differential expression, is
what guarantees unitarity for all real time.

2.3.2 The finite-dimensional model and what fails in the

continuum

In C¥, every linear operator is bounded and defined everywhere. A Hermitian
matrix admits an orthonormal eigenbasis,

N
H=Y E.P.,,  PyPn=06umP,, > P.=1 (2.9)
n=1 n

The resolvent is the rational matrix-valued function

P
R(z)=(z—H) ' = L 2.10
@)= (-m7 =3 T (2.10)
Its poles are real and its residues are orthogonal projections. If a finite matrix
has a nonreal eigenvalue, then it is not Hermitian. This elementary statement

remains true in infinite dimensions, but three new structures appear:
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(i) physically important operators are unbounded and their domains de-
termine their adjoints;

(ii) a continuous spectrum is represented by a measure rather than a sum
of normalizable eigenvectors; and

(iii) analytic continuation across that continuum can have poles that are
not poles of the physical resolvent on C \ R.

Resonance theory is built from item (iii), while keeping (i) and (ii) exact.
The replacement of Eq. (2.9) is

H:/REdPH(E). (2.11)

An atom of Py is a normalizable eigenstate. An interval on which the
measure is absolutely continuous describes continuum wave packets. The
formal notation |E) is a distributional coordinate for this integral, not a
vector of norm one. Stage I will construct the measure and its direct-integral
multiplicity spaces explicitly.

2.3.3 Domains through the simplest boundary-value problem

The derivative on an interval shows why an operator is more than a formula.
Let

po = —ih D(pg) = C>(0,L) C L*(0, L). (2.12)

dz’
Integration by parts gives no boundary term on this domain, so pg is symmet-
ric. Its adjoint acts by the same differential expression on the larger Sobolev
domain H'(0, L). Hence py # pB and the minimal operator is not self-adjoint.
The self-adjoint extensions are

D(py) = {¢ € HY0,L) : (L) = eiaw(O)}, acl0,2r),  (2.13)

with eigenvalues

h
Pn = Z(an + ), n € 7. (2.14)

The same formal derivative therefore defines a family of quantum observables.
Boundary conditions are spectral data.

For a second-order radial expression the endpoint classification is richer.
Square-integrability may fix the allowed behavior, or a one-parameter family
of self-adjoint extensions may remain. Exact WKB sees this information as
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a Frobenius index and local monodromy. The radial Stage will not invent a
new boundary condition; it will translate the operator-domain choice into
connection data.

2.3.4 Quadratic forms and Schrédinger Hamiltonians

For singular potentials, the energy form is often easier to define than the
operator. On L?(R%) consider

2
) = 5 [ IVeP dle+ [Vl (2.15)

If ¢ is densely defined, closed, and bounded below, the representation theorem
associates a unique self-adjoint operator H such that ¢[¢,¢| = (¢, Hi) for
¥ € D(H). A useful sufficient condition is that the negative part V_ be
form-bounded with respect to —A with relative bound smaller than one:

[Vl <a [ Vol blul?, 0<a<t (216)

This construction makes clear which Hamiltonian is being continued by
complex scaling. A basis diagonalization without a specified closed operator
may still be a useful numerical model, but it cannot by itself invoke the
spectral theorems proved for H.

2.3.5 Tensor products, internal coordinates, and channels

Composite systems are described by tensor products. If the degrees of
freedom are separated into a projectile internal space Hp and a relative
projectile—target space Hpg, then

H=Hr®Hp, H=Kr®1+1®hp+U. (2.17)

An eigenstate ®; of hp defines a channel. If Ap has a continuum, the channel
label includes its energy and degeneracy; mathematically this is a direct
integral rather than a countable tensor-product basis. CDCC will replace a
selected continuum interval by a finite set of normalized bin or pseudostates
and then test convergence as that discretization is refined.

For identical particles one first projects onto the symmetric or antisym-
metric subspace. For a subsystem decomposition the reduced density operator
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is defined by the partial trace,

Tra s (paA) = Trayemp [p(A @ 1)) (2.18)

A reduced state may evolve nonunitarily even when the complete state
evolves unitarily. This kinematic nonunitarity must not be confused with the
stationary non-self-adjoint operators produced by Feshbach elimination or
complex deformation.

2.3.6 Projection, elimination, and energy-dependent effective
operators

Let P be an orthogonal projection and Q = 1 — P. Splitting (E — H)¥ =0

gives

(E— PHP)PY = PHQ QVU, (2.19)
(E— QHQ)QY = QHP PU. (2.20)

When the chosen boundary value of (E — QHQ)™! exists, elimination yields

[E— Hg(E)PY =0, Heg(F)=PHP+ PHQ(E - QHQ) 'QHP.

(2.21)
Even though H is self-adjoint, an outgoing boundary value makes Heg(F)
non-self-adjoint. Its energy dependence also changes the normalization:
differentiating the secular equation produces a factor 1 — dpHeg. The
eliminated continuum is not lost; it is encoded in the analytic self-energy.
CDCC makes a complementary choice by retaining a finite set of continuum
configurations explicitly.

2.3.7 Survival amplitude and the origin of exponential decay

For a normalized prepared vector v, the survival amplitude is the Fourier
transform of its spectral measure,

Ay(t) = (e g) = [ B dpy (B). (2.22)
R

Because the integral is over real F, exact decay is compatible with unitarity.
Suppose the density has an analytic continuation with a pole at EFr =
E, —iI'/2. For t > 0, a contour deformation into the lower half-plane gives
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schematically
Ay(t) = Ze ERYD 1A (1) 4 Aare(t). (2.23)

The pole term is exponential. Threshold branch points supply the long-
time power law, while the large-energy behavior enforces the short-time
quadratic law. A resonance pole is therefore a controlled component of
unitary dynamics, not a literal complex spectral value of H.

Expanding at t = 0 when ¢ € D(H?) gives

; 2
Ap(t)=1- %(H) - 2%<H2> o), (2.24)
Ay =1 — ;;(AH)Q + O(t?). (2.25)

No strictly exponential law has this derivative at the origin. At the other
end, a lower spectral bound prevents a pure exponential for all positive
time. These statements locate the pole approximation without diminishing

its usefulness in the intermediate window.

2.3.8 Resolvents as the interface between dynamics and ana-
lytic continuation

For a closed operator H, the resolvent set p(H) consists of those z € C for
which z — H : D(H) — H is bijective and has a bounded inverse defined on
all of H. Its complement

o(H) = C\ p(H) (2.26)

is the spectrum. For a self-adjoint operator it is a closed subset of R. The
point spectrum consists of eigenvalues. The continuous and residual parts
distinguish failure of surjectivity from failure of dense range; the residual
spectrum of a self-adjoint operator is empty. We shall also use the self-adjoint
essential spectrum oess(H), obtained by removing isolated eigenvalues of finite

multiplicity from o(H).

For z € p(H) define
R(z) = (2 — H)™" (2.27)

The resolvent identity

R(z) — R(w) = (w — 2)R(z2)R(w) (2.28)
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shows that R(z) is analytic as a bounded-operator-valued function on the
resolvent set. The spectral measure is recovered from its boundary values by
Stone’s formula,

b
(6. Pr((.b)0) =lim o [ (0. [R(E~i0) ~ R(E +ie)}u) dE,  (229)
with endpoint qualifications. This formula already contains the continuum
as a jump across the real axis.

The operator-valued resolvent of a self-adjoint H has no nonreal pole.
A resonance appears when selected matrix elements, weighted resolvents,
or kernel continuations cross the continuous-spectrum cut to another sheet.
The test vectors and weights are therefore part of the statement. Complex
scaling replaces that continuation by a deformed closed operator for which the
pole becomes a genuine discrete eigenvalue. Rigged Hilbert spaces keep the
test-vector topology explicit. Exact WKB constructs the same continuation
directly from solutions of the differential equation.

2.3.9 Basis truncation: what the Ritz method proves and
what it does not

A bounded operator K is normal when KK = KKT'; self-adjoint and
unitary operators are normal. For a closed, possibly nonnormal operator, the
e-pseudospectrum is

0 (K) = o(K)U{z € p(K) : [[(z = K)7'| > 7} (2.30)

For normal K this is precisely the open e-neighborhood of its spectrum. A
nonnormal operator may have much larger pseudospectral regions; small
perturbations or truncation errors can then move its eigenvalues by far more
than their norm would suggest.

Let Vy C D(q) be an N-dimensional trial space with basis {¢;}. A
variational calculation solves

Y Hijej = EnY_ Nijcj, Hij=qlei @il Nij = (i, 05). (2.31)
j J

For a semibounded self-adjoint operator, the min—max principle controls
isolated eigenvalues below the essential spectrum: increasing nested trial
spaces gives upper bounds that converge under standard density hypotheses.
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No analogous variational ordering identifies arbitrary complex eigenvalues
of a nonnormal matrix. In a complex-scaled calculation, convergence must
be established by the analytic-deformation theorem together with numerical
stability under basis size, nonlinear basis parameters, and scaling angle.
The residual
ry = (HY — Ex)y (2.32)

is necessary but not sufficient: a highly nonnormal operator can have small
residuals far from its spectrum. Left and right eigenvectors and the condition

= Il (2.33)

(o5, )]

measure sensitivity. Its divergence signals self-orthogonality near an ex-

number

ceptional point. The pseudospectrum gives the global version of the same
warning.

2.3.10 Three distinctions used throughout the book

The following distinctions prevent most category errors in resonance calcula-
tions.

Closed dynamics versus effective evolution.
H is self-adjoint and generates unitary time evolution. A reduced,
outgoing, absorbing, or deformed generator may be non-self-adjoint for
a specific reason that must be stated.

Spectral value versus continued pole.
The spectrum of H is real. A resonance energy is a pole of a continued
matrix element, S matrix, Jost function, or an eigenvalue of a theorem-
controlled deformation.

Representation choice versus invariant datum.
A contour, scaling angle, test space, basis, bin width, or infrared dressing
chooses a representation. The pole condition, residue after the correct
pairing, and measurable response must agree when two representations
cover the same analytic sector.

The remainder of Stage I equips these statements with their precise
topological, measure-theoretic, and operator-algebraic meaning. Once that is
done, later Stages will refer back to this chapter instead of redefining “state,”
“spectrum,” or “continuum” in each application.



Chapter 3

Stage I-B: Multiplicity, operator al-
gebras, and Fredholm theory

Reader contract

The spectral measure is now resolved into measurable multiplicity
fibers. This stage constructs direct integrals, commutants, von Neu-
mann algebras, central decompositions, locally convex test spaces,
and compact-operator methods. It distinguishes energy fibers, factor
decompositions, and genuine superselection sectors before any of them
is used in scattering theory.

3.1 The functional analysis forced on us by the
calculation

The elementary formulas of the preceding section already demand most of
the functional analysis used in scattering theory. The strong limit in the
wave operator, the boundary value of the resolvent, the delta-normalized
eigenfunction, and the analytic continuation of a matrix element are four
different limiting operations. Treating them as if they were ordinary limits
of finite matrices hides both the power of the theory and the origin of many
apparent paradoxes. This section develops the relevant language from first
principles and keeps a physical example next to every abstract definition.
The order is deliberately diagnostic rather than encyclopedic: a topology is
introduced to specify a limit, an operator domain to specify an observable,
a direct integral to specify the continuum, and a von Neumann algebra to
specify which decompositions and sectors are measurable. Standard references
include Refs. [26-30].

3.1.1 Topology decides what convergence means

A topology on a set X is a collection of subsets declared to be open, closed
under arbitrary unions and finite intersections and containing both X and

27
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the empty set. It determines continuity and convergence before a distance
is chosen. A metric gives a topology, but many spaces of operators and
distributions carry useful topologies that are not naturally described by a
single metric. On a vector space, addition and scalar multiplication are
required to be continuous. A locally convex topology is generated by a
family of seminorms p,,, where a seminorm obeys the triangle inequality and
homogeneity but may vanish on nonzero vectors.

The norm topology of a Hilbert space H is generated by p(v) = [[¢].
A sequence converges weakly if all transition amplitudes against fixed test
vectors converge:

Yn =0 <= (), ¥n) = (¢, ¢) forevery ¢ € H. (3.1)

Norm convergence implies weak convergence, but the converse fails. An
orthonormal sequence is the standard example: e, — 0 although ||e,| = 1.
Physically, probability can escape to infinity while every fixed localized
detector sees a vanishing amplitude. This is exactly the kind of limit that
occurs in scattering.

For bounded operators A,, € B(H), the most frequently used topologies
are summarized in Table 3.1. The adjective strong refers to norm convergence
after acting on each vector; it does not mean operator-norm convergence.
On an infinite-dimensional space the distinctions are strict. Nets rather
than sequences are required for complete generality, because weak operator
topologies need not be first countable. For a separable Hilbert space, however,
the strong and weak operator topologies are metrizable on norm-bounded
sets, which covers many physics applications.

Topology and measure are related but distinct. A topology on X generates
a Borel sigma-algebra X, the smallest sigma-algebra containing the open sets.
A measure space (X, X, ) then specifies which subsets are measurable and
how they are weighted. Spectral theory uses topology to discuss continuity
in energy and measure theory to identify functions that differ only on sets
of u measure zero. The phrase “at almost every energy” is therefore not a
technical evasion; it is part of the identification defining an L? state.
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topology convergence of A, to A typical role in physics

operator norm  ||4, — A|| =0 uniform control on every unit
vector; stable functional
calculus

strong operator  ||(A, — A)|| — 0 for every = wave operators, unitary
dynamics, and strong sums
of projections

weak operator (¢, (A, — A)p) — 0 for convergence of all fixed
every ¢, Y transition amplitudes

ultraweak convergence against every normal states and
trace-class functional von Neumann algebras

strong resolvent (A, — 2)"1 — (A —2)"1¢  limits of unbounded
for one, hence all, z € C\ R self-adjoint Hamiltonians

Table 3.1: Common operator topologies. The first four rows concern bounded
operators. Strong-resolvent convergence is a topology adapted to unbounded
self-adjoint operators.

3.1.2 Unbounded operators: the domain is part of the ob-
servable

A differential Hamiltonian is not merely a formula H1. It is a pair consisting
of that action and a domain D(H) C H. The graph

GH)={(y,HyY):ve DH)} CHDH (3.2)

is closed if convergence of both 1, and H1), implies that the limit lies in the
graph. An operator is closable if the closure of its graph is the graph of an
operator. Closedness is the correct replacement for boundedness in much of
spectral theory.

For a densely defined operator A, the adjoint domain is
D(AY) = {¢ € H : ¢ = (¢, Ap) is norm continuous on D(A)}. (3.3)

If A C AT, it is symmetric; if A = AT, including equality of domains, it is self-
adjoint. A symmetric radial differential expression can acquire different self-
adjoint extensions from different boundary conditions at a singular endpoint.
The deficiency spaces ker(A" 1) count the missing boundary data. This is
why “Hermitian differential expression” is not a sufficient specification of a
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quantum Hamiltonian.
For a self-adjoint H, the resolvent (2 — H)~! is bounded for z ¢ R and

satisfies
1

|Tm 2|

Itz = H)~!| < (3-4)

Thus an unbounded Hamiltonian can be studied through bounded resolvents,
unitaries e and spectral projections. Operator algebras usually contain
these bounded functions of H, while H itself is described as an operator
affiliated with the algebra. Quadratic-form methods provide another route:
a closed semibounded form determines a unique self-adjoint operator and
permits singular potentials for which the naive operator sum is inconvenient

[26].

3.1.3 Projection-valued measures and the spectral theorem

A projection-valued measure P assigns an orthogonal projection P(A) to
each Borel set A C R, with P(R) = 1 and countable additivity in the strong
operator topology. The spectral theorem states that a self-adjoint operator
can be written

H-— /]R EdP(E),  f(H) = /R F(E)dP(E). (3.5)

The domain of H is not suppressed by this notation:

i) = {ven: [ Bauy(B)<ocf,  mld)= 0. PO, (6)

The scalar measure fi,, is the energy distribution of the state. Its pure-point,
absolutely continuous, and singular-continuous parts induce the corresponding
orthogonal decomposition of H. A bound state gives an atom of the measure.
A scattering wave packet has an absolutely continuous density. A delta-
normalized “eigenket” at one continuum energy is not a vector in H; it is a
distributional coordinate for this measure decomposition.

The spectral theorem also places a sharp restriction on resonances. Every
spectral projection of a self-adjoint H lies on the real spectrum. A pole at
Er ¢ R cannot be added to Eq. (3.5) as another orthogonal projector. It
appears only after continuing suitably tested resolvent matrix elements, or
as a genuine eigenvalue of a different, non-self-adjoint realization such as Hy.
This boundary between spectral measure and analytic continuation is the
mathematical core of resonance theory.
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3.1.4 Direct integrals: a continuum of channel Hilbert spaces

A direct sum describes discrete alternatives. A direct integral is its measure-
theoretic analogue. Let (X, X, i) be a sigma-finite standard measure space.
A field x — H, of separable Hilbert spaces is called measurable after choosing
a countable fundamental family of sections e, (z) € H, such that

x +— (em(z), en(x))p, is measurable, (3.7)
span{e,(z)} = Hq for almost every z. '

A section 9 (z) is measurable when all scalar functions z — (e, (z), ¥ (z)) are
measurable. Different fundamental families defining the same measurable
sections give the same measurable field. This condition is essential: there is
no useful direct integral of an arbitrary uncoordinated collection of Hilbert
spaces.

The direct integral
®
H= / M, dpe) (3.8)
X

consists of measurable sections z — 1(z), identified when they agree almost
everywhere, for which

1)) = /X ()3, dp(z) < oo (3.9)

The fiber dimension may vary with x. In scattering, this is exactly what
happens when a new channel opens at a threshold.

A measurable essentially bounded family = — A(x) € B(H,) defines a
decomposable operator

A= [TA@ @), (A9)a) = A@)(), (3.10)
X

with ||A]| = esssup,, ||A(z)||. The scalar diagonal algebra

@
D={ [ f@)Ldut): f e L¥(X0] (3.11)
is abelian. For any set X C B(H), its commutant is
X' ={B € B(H): BA= AB for every A € X}. (3.12)

Under the standard hypotheses, the commutant D’ is the algebra of all
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decomposable bounded operators. Thus “does not mix the base variable x”
is equivalent to “commutes with every bounded measurable function of x.”

Why the multiplicity-one commutant is diagonal

First suppose pu(X) < oo and the fiber is C. If A commutes with every
multiplication operator My, it commutes in particular with M, , for
every measurable A. Therefore A preserves functions supported in A.
Put g = A1. For a simple function s =}, cjxa,,

As = chAMXAjl = chMXAj Al = gs. (3.13)
J J

Density of simple functions gives A = M. Testing on characteristic
functions of sets where |g| > || A|| + € shows that g € L* and ||g[/cc <
|A||. On a sigma-finite space, apply the argument on an increasing
finite-measure partition; the local multipliers agree on overlaps. For
an m(z)-dimensional fiber, the same support argument leaves an
essentially bounded measurable matrix A(x) acting inside each fiber.
This is the decomposable-operator statement used below.

The multiplicity form of the spectral theorem supplies a measure space
and a unitary map such that

D
UH = / K du(E), (3.14)
o(H)
(UHU'W)(E) = Ey(E), (3.15)

where dim Kz is the spectral multiplicity. The measure and fibers are unique
only up to null sets and measure-class equivalence. This is why changing
continuum normalization changes density factors but not the unitary content
of the decomposition.

3.1.5 Worked example: the free-particle energy representa-
tion

The abstract construction becomes elementary in momentum space. For a
spinless free particle in three dimensions,

H=LRd%),  (Hod)(p) = 2—i(p). (3.16)
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Set p(E) = /2uE. Since
d3p = p? dpdQ = pp(E) dE dQ, (3.17)

the map
(Uo)(E, p) = [up(E))"*$(p(E)p) (3.18)

is unitary from L?(R3,d3p) onto

/0 - PL%(S%,d0) dE. (3.19)
The factor [up(E)]*/? is the square root of the density of states needed to
preserve the norm. In this representation Hy is multiplication by E, while
each fiber contains the angular directions at that energy. Spherical harmonics
further decompose the fiber into partial waves. Spin, internal states, and
reaction channels simply enlarge the fiber.

At this point we have only diagonalized Hy; no scattering operator has
been used. After Stage II constructs the wave operators, the same repre-
sentation will turn strong commutation with Hy into an almost-everywhere
family of on-shell operators. That implication and its hypotheses are derived
in Section 4.2.

3.1.6 Operator algebras, von Neumann algebras, and states

An operator algebra separates the abstract observables from a particular
choice of vectors. A C* algebra 2 is a norm-complete involutive algebra
satisfying

|ATA] = |1 A]%. (3.20)

When represented on H, it is a norm-closed * subalgebra of B(#). A von Neu-
mann algebra M C B(H) is a unital * algebra closed in the weak operator
topology. The bicommutant theorem gives the equivalent characterization

M=M" (3.21)

Norm closure is appropriate for uniform approximation of observables; weak
closure also includes limits determined by all matrix elements and produces
the spectral projections of self-adjoint generators. For this reason von Neu-
mann algebras are particularly natural for spectral theory and statistical
states [27, 31].
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An algebraic state is a positive normalized linear functional
w(ATA) >0,  w(1)=1. (3.22)

The Gelfand-Naimark—Segal (GNS) construction associates to it a Hilbert
space H,,, a representation 7, (2(), and a cyclic vector €, such that

w(A) = (), 7, (A)D). (3.23)

This reverses the usual order of presentation: the state and observable algebra
determine a representation, rather than every physical state being assumed
in advance to lie in one preferred Fock or Schrodinger Hilbert space. For
finitely many degrees of freedom the familiar irreducible representations are
essentially unique under regularity hypotheses. For infinitely many degrees
of freedom, inequivalent representations are generic. The infrared problem
of QED in Section 4.5 is a concrete scattering reason that this distinction
becomes unavoidable.

A state on a von Neumann algebra is normal when it is continuous under
increasing strong limits of projections, equivalently when it belongs to the
predual M,. On B(#), normal states have density matrices, w(A) = tr(pA).
Singular states need not. Unbounded observables are not elements of M,
but their spectral projections may lie in it; one then says that the operator
is affiliated with M.

3.1.7 Abelian spectral algebras and central decomposition

The bounded Borel functions of a self-adjoint H generate an abelian von
Neumann algebra

W*(H) = {f(H) : f bounded and Borel}". (3.24)

In the spectral representation it is the diagonal algebra L (X, ) acting as
f(E)1g. Its commutant consists of the decomposable operators acting inside
the multiplicity fibers. Stage II will show that strong commutation with Hy
is therefore equivalent to membership in W*(Hy)'.

There is a broader direct-integral theorem. Let M act on a separable
Hilbert space and assume the usual countable-decomposability hypotheses.
Its center

ZM)=MnM (3.25)
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is abelian and can be represented as L (X, u) on a standard measure space.
The reduction theory of von Neumann then gives

2

H = / Ho du(z), (3.26)
X
&

M = / M, du(x), Z(M,) =C1, for almost every x. (3.27)
X

The fibers M,, are factors [27, 28]. In finite dimensions this is the familiar
decomposition of a block-diagonal algebra into full matrix blocks. The
direct integral is the continuous version. This theorem decomposes a specified
representation of one von Neumann algebra. It does not by itself decide which
representations are physically admissible, nor does it classify all superselection
sectors of an abstract observable algebra.

Factors are classified coarsely into types. Type I factors contain minimal
projections and reproduce ordinary quantum mechanics, with M, ~ B(H,).
Type II factors have no minimal projections but admit a faithful semifinite
trace. Type III factors admit no nonzero finite projections and no ordinary
trace; local observable algebras in relativistic QF'T are typically type 111
under standard assumptions [30]. This explains why a local QFT region does
not behave like a finite tensor factor with an intrinsic density matrix, even
though detector probabilities remain well defined.

Three notions should not be conflated. The spectral direct integral of H
is taken over energy and diagonalizes W*(H). The central decomposition of
a represented observable algebra is taken over the center and resolves that
representation into factors. A superselection analysis additionally selects and
compares physically admissible representations of the abstract algebra, often
by a localization or asymptotic criterion. The base of a central decomposition
represents sector labels only when the chosen representation was constructed
to contain such a mixture and its center records those labels. The three
constructions use related measurable technology, but energy need not be
a superselection variable: generic observables can change it. In infrared
QED, by contrast, asymptotic electric flux or soft charge can label disjoint
representations. A statistical mixture of them may admit a direct integral,
but that operation creates no unitary intertwiner between disjoint fibers.
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3.1.8 Locally convex test spaces and generalized eigenvectors

The Hilbert norm deliberately forgets pointwise values, derivatives, and
analytic continuation. Scattering theory often needs all three. Choose a
dense invariant space ¢ C ‘H and give it a locally convex topology generated,
for example, by seminorms

Pmn(®) = [[{&)" (1 + H)"[l,  m,neN. (3.28)

For the free particle, the Schwartz space is the canonical model. Its topology
controls every polynomially weighted derivative, and its continuous dual con-
tains tempered distributions such as plane waves and Dirac deltas. Analytic
or Hardy seminorms can be added when contour deformation is required.

Continuity of a functional F' on @ means that for some finite set of
seminorms and a constant C,

N
[F(¢)] <CY pi9). (3.29)
j=1

This gives the Gelfand triple @ C H C &* used in Section 6.4. A generalized
eigenvector |E, a) € ©* satisfies

(Hp,E,a) = E(¢, E,0), ¢ € P, (3.30)

where « labels the spectral fiber. Under nuclearity and invariance hypothe-
ses, the nuclear spectral theorem turns the direct-integral expansion into a
generalized-eigenvector expansion [32]. The topology is therefore the bridge
between an almost-everywhere spectral representation and the physicist’s
energy kets.

The choice of @ is not arbitrary bookkeeping. A topology too weak
makes evaluation or continuation discontinuous; one too strong can exclude
physically prepared packets. Hardy spaces encode a time-oriented analytic
boundary value, Schwartz spaces encode rapid localization, and dilation-
analytic vectors encode complex scaling. Different choices can reveal different
generalized spectra without changing the self-adjoint spectrum in .
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3.1.9 Riesz projections and what an operator algebra does
not add

For a closed, not necessarily normal operator K, an isolated spectral set
inside a contour I' has the Riesz projection

Pr(K) = % ﬁ(z —K)'dz. (3.31)
It is idempotent but need not be orthogonal. Its range is the generalized
eigenspace, including Jordan vectors. For a complex-scaled Hamiltonian,
an exposed resonance has precisely such a finite-rank projection. At an
exceptional point the rank of the projection can remain fixed while the
geometric eigenspace shrinks and a nilpotent Jordan part develops.

For the original self-adjoint H, however, a resonance behind the cut is
not an isolated part of o(H), so Eq. (3.31) cannot encircle it on the physical
resolvent set. Neither norm closure nor weak closure of the observable
algebra manufactures the missing analytic sheet. One must supply analytic
vectors, weighted spaces, a Jost construction, or a complex deformation.
Operator algebras organize observables, representations, and measurable
decompositions; resonance theory adds the analytic continuation. Their
interface, rather than an identification of the two, is the useful unifying
structure.

3.2 Compact kernels, Fredholm determinants, and
finite model spaces

Calculation route

Prerequisites. The operator topologies, direct integrals, and resol-
vents constructed in Section 3.1.

Calculation goal. Identify the compact operator hidden in a scatter-
ing equation, replace the infinite-dimensional inverse by a Fredholm
determinant, and calculate the residue of a simple pole.

Completion criterion. Know exactly why a finite-basis calcula-

tion can converge even though the identity operator itself cannot be
approximated in operator norm by finite-rank projections.
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physical phrase precise mathematical object

energy distribution of a  scalar spectral measure i (A) = (¢, P(A))

packet

continuum channels at multiplicity fiber Kg in a direct integral
fixed energy

energy-preserving decomposable fiber A(FE) of an operator
bounded map A e W*(Hp)

generalized plane or continuous functional on a chosen test
Gamow wave topology

isolated complex-scaled finite-rank Riesz projection of Hy

resonance
factor component of a fiber in its central decomposition; a separate
representation selection criterion is required before calling it

a superselection sector

Table 3.2: A functional-analytic dictionary for scattering theory.

The Lippmann—Schwinger equation looks like a linear equation,

(1 - K(2))¥(2) = 6(2), (3.32)

but an inverse of an infinite matrix need not share the elementary properties
of a finite inverse. The missing hypothesis is usually compactness. Once
the interaction has been placed in a compact kernel, three operations used
throughout this book become legitimate versions of one another:

solve an integral equation <= locate a determinant zero,

<= extract a finite-rank pole residue.
(3.33)
This section develops that statement from the definition of a compact operator.
The theory is also the mathematical reason why Gaussian pseudostates,
Galerkin bases, and CDCC model spaces can approximate tested continuum
amplitudes without turning every positive-energy eigenvalue into a physical
level. Standard references include Refs. [33-35].
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3.2.1 Compactness is uniform finite-dimensionality after the
operator acts

A bounded operator K : Hi — Ho is compact if it maps the unit ball of
‘H1 into a relatively compact subset of Ho. Equivalently, for every bounded
sequence {9, } there is a subsequence for which K tp; converges in norm. A
finite-rank operator is compact, and a norm limit of finite-rank operators is
compact. On Hilbert space the converse also holds: every compact operator
is a norm limit of finite-rank operators.

This definition contains the important order of operations. Let Py be
orthogonal projections onto an increasing sequence of finite-dimensional
spaces with Py — 1 strongly. In an infinite-dimensional space,

11— Pyl =1 (3.34)

for every finite N. Thus a basis truncation never approximates the identity
in operator norm. If K is compact, however,

1A= Py)K[| —0,  [[K(1 - Py)[| —0. (3.35)

To prove the first limit, cover the compact closure of the image of the unit ball
by finitely many small balls. Strong convergence is uniform on their finite set
of centers and hence, by the triangle inequality, on the whole compact image.
The second statement follows by applying the first to KT. Consequently

Ky = PvKPyn — ||KN—KH—>0. (3.36)

Equation (3.36), not an imagined norm convergence Py — 1, is the compact-
ness mechanism behind a stable Galerkin calculation.

The nonzero spectrum of a compact operator consists of isolated eigenval-
ues of finite algebraic multiplicity, with zero as the only possible accumulation
point. A nonzero spectral point therefore has a finite-rank Riesz projection.
For a non-normal K, right and left eigenvectors need not be orthogonal
and Jordan chains may occur, but the root space belonging to a nonzero
isolated eigenvalue remains finite dimensional. This is the first place where
the infinite-dimensional problem recovers finite matrix algebra without being

replaced by it.
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3.2.2 Hilbert—Schmidt and trace-class kernels

Let s,(K) be the singular values of a compact operator, namely the eigen-
values of |K| = (KTK)Y? in decreasing order and with multiplicity. The
Schatten ideal &,, consists of operators for which

Kb = Z sn(K : (3.37)
The two classes needed here are

Sy = {Hilbert-Schmidt operators}, | K2 = tr(KTK), (3.38)
S, = {trace-class operators}, | K1 = tr|K|. (3.39)

One has &1 C &3 C K(H), where C(#H) denotes the compact operators. If
A, B are bounded and K € &, then

AKB €6y, |[AKBll, < [|A[IK]]p [IB]]- (3.40)
Thus these are two-sided ideals in B(H).

For H = L?(X,du), an integral kernel K (x,y) satisfying

[ [ 1K) an@duty) < oo (3.41)
XJX

defines a Hilbert-Schmidt operator, and the integral is || K ||3. This elementary
criterion is the most useful entry point for scattering. It also explains why
the order in which potential factors and a resolvent are multiplied matters:
a free resolvent is not compact on all of space, but a resolvent localized on
both sides by a sufficiently short-range potential can be Hilbert—Schmidst.

Domain or asymptotic warning

Neither a delta function nor a continuous-spectrum identity kernel is
square integrable on X x X. Discretizing such a kernel produces a
finite matrix, but finiteness of that matrix is not evidence that the
original operator was Hilbert—Schmidt. Compactness must be checked
before the discretization or proved in a weighted realization.




3.2 Compact kernels, Fredholm determinants, and finite model spaces 41

3.2.3 The Birman—Schwinger kernel of a Schrodinger operator

Let H = Hy +V on L?(R?%) and use the resolvent convention
Ro(z) = (z — Hy) L. (3.42)
For a real multiplication potential write V' = sgn(V)|V| and define
K(2) = |V|'*Ro(2) sen(V)[V]'/2. (3.43)
If (z — H)i =0 and ¢ = |V|"/?4¢), then
(1-K(2)¢=0. (3.44)

Conversely, a solution of Eq. (3.44) gives ¢ = Ro(z) sgn(V)|V['/2¢, subject
to the usual domain qualifications. Hence an eigenvalue or continued pole of
H occurs when 1 is an eigenvalue of K (z). If one instead defines the resolvent
as (Ho — z)~!, the corresponding eigenvalue is —1; many sign differences in
the literature are only this convention.

For d = 3 and z away from [0, c0), the free kernel is proportional to

Go(z;x —y) = , Rek(z) > 0, (3.45)
up to constants fixed in Section 4.1.3. If, for example, V' is bounded and
compactly supported, then

1K = [[ V@) Golz ~ y). V(w)| dad’y < 0o (3.46)

The singularity |z — y|~2 is locally integrable in three dimensions, while the
localization controls large separations. Much weaker hypotheses are available,
but this sufficient condition displays the mechanism without hiding it in a
theorem.

On the continuous spectrum the exponential decay in Eq. (3.45) dis-
appears. Compactness and boundary values are then formulated between
weighted spaces, or after localization by the potential. A Coulomb tail changes
the comparison resolvent itself. Thus the Birman—Schwinger argument does
not license using the free kernel for the long-range problems of Section 4.5.
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The resolvent identity follows by solving Eq. (3.32):
R(2) = Ro(2) + Ro(2) sgn(V)|[V|'*[1 = K(2)] [V['?Ro(2).  (347)

Every nontrivial singularity of the right-hand side is therefore carried by
[1 — K(2)]~!. This is the operator whose determinant will be compared with
a Jost function and with the exact-WKB incoming coefficient.

3.2.4 Analytic Fredholm theorem: why the continued inverse
is meromorphic

Let © C C be connected and let z — K(z) be analytic in operator norm with
compact values. The analytic Fredholm theorem states that exactly one of
the following occurs:

(i) 1 — K(z) is noninvertible for every z € Q;

(i) [1 — K(2)]7! exists except at a discrete set and is a meromorphic
operator-valued function whose principal parts have finite rank.

If the inverse exists at one point, alternative (ii) holds. In scattering, large
negative energy or sufficiently small coupling usually supplies that one point.

The finite-dimensional content of the theorem can be seen locally. Near
a point zp where 1 is an isolated eigenvalue of K(zp), take a small spectral
contour around that eigenvalue and form its finite-rank Riesz projection P.
Decompose H = PH & (1 — P)H. The block on (1 — P)H is invertible near
z0; a Schur complement reduces the remaining obstruction to a finite matrix
on PH. Its ordinary determinant has isolated zeros, and its inverse has a
finite-rank Laurent principal part. Compactness is precisely what made the
obstructing block finite.

This proof also identifies a limitation. A threshold is not, in general, an
ordinary interior point of an analytic domain: it is a branch point of the
continued kernel. The theorem is applied on a chosen momentum sheet or in
a uniformizing variable, not blindly across the threshold.

3.2.5 Fredholm and regularized determinants

If K(z) is trace class, its Fredholm determinant is

D(2) = det(1 — K(2)) = [][1 = Mn(2)], (3.48)

n
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where the eigenvalues are counted with algebraic multiplicity. The product
converges, D is analytic, and

D(z) =0 <= 1-— K(z) is not invertible. (3.49)

Where the inverse exists,

d _ —1 gt
T log D(z) = — tr([1 - K(2)] ' K'(2)) (3.50)

A Hilbert—Schmidt operator need not be trace class, so the linear term in
the product can diverge. The regularized determinant

det 2(1 — K) = det[(1 — K)e™] = JJ(1 — An)e™ (3.51)

is well defined for K € &3. The exponential removes the non-summable
linear contribution. Most importantly,

det2(1-K)=0 <= 1e€o(K), (3.52)

with the same zero multiplicity. Multiplication of a resonance determinant
by a nonvanishing analytic factor changes neither its zeros nor the local
null spaces. This is why a Jost function, a Fredholm determinant, and an
exact-WKB connection coefficient may differ in normalization while encoding
the same poles.

For a partial-wave Schrédinger problem one may schematically write

Cin(E) = N(E)E(k(E)) = N(E) det 5[1 — K;(E)], (3.53)

on a domain where all three objects have been constructed and where N,
N do not vanish. Equation (3.53) is not a universal equality of preferred
normalizations. It is the precise local statement that the three analytic
coordinates define the same divisor of resonance zeros.

3.2.6 Simple-zero residue without diagonalizing the whole
operator

Set A(z) = 1 — K(z) and suppose zR is a simple noninvertibility point.
Choose right and left null vectors

A(zr)u =0, A(zr)Tv =0, (3.54)



44 Chapter 3. Stage I-B: Multiplicity, operator algebras, and Fredholm theory

where the second equation represents the left functional in Hilbert-space
notation. If

Nr = (v, A'(zr)u) # 0, (3.55)
then ) o]
Alz) ™ = R0 4 A (2). 3.56
()7 = I Ae(2) (3.56)
The result follows by applying A(z) = A(zr) + (z — 2zr)A’(2r) + ... to the
—1x%

proposed Laurent term. The scale changes u +— cu, v — ¢~ *v cancel between

numerator and denominator.

Substitution in Eq. (3.47) gives the factorized resolvent residue. The
denominator (v, A’u) is the operator form of every derivative normalization
encountered later:

(v,Alv)  «— F/(kr) <+— CL(Er) <+— 1-=Y(Er). (3.57)

The last expression occurs after Feshbach elimination. Neglecting the energy
derivative of an effective interaction is therefore not an innocent normalization
choice; it changes the pole residue.

For a matrix incoming block Cin(E), the identical calculation gives

_ |u) {v|
Cin(B)™! ~ B0, 0GB (3.58)

This is the multichannel extension of dividing by C/, (Er) in exact WKB.

3.2.7 Worked model: a rank-one interaction

Let
V = Ag)(gl, geH. (3.59)

The transition operator has the separable form
T(z) = lg)7(2)(gl- (3.60)
Inserting it in T'=V + VR(T yields

(@)= gy PE=1=M) wl) = iR (36D
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The entire pole problem is now one Fredholm eigenvalue. If D(zg) = 0 and
D'(zr) # 0, then

_ AMa)gl — lg) gl
BT = D) T ) 02

The first equality has exactly the form N (EgR)/Cl,(Er). A numerical calcula-
tion that reproduces zg but not gj(zr) has not yet reproduced the resonance

strength.

The discontinuity of go(E + i0) supplies the open-channel width. A
threshold branch point remains in go(z) even though the algebra in Eq. (3.61)
is one dimensional. Finite rank does not remove continuum analyticity; it
isolates where that analyticity enters.

3.2.8 Galerkin, pseudostates, and CDCC as compact-kernel
quadrature

Let Ky = PyKPy. If K is compact, Eq. (3.36) implies that isolated
nonzero eigenvalues and their total Riesz projections are stable under a
sufficiently large truncation. If K € &9 and ||[Ky — K||2 — 0, the regularized
determinants converge locally uniformly. A practical pole calculation may
therefore proceed as follows:

1. construct the compact or Hilbert—Schmidt kernel before projection;
2. choose Py and calculate the finite matrix Py K (z)Py;
3. locate zeros of its determinant on a declared sheet;

4. enlarge Py and track a whole Riesz cluster, not a single sorted eigen-
value;

5. calculate the left-right derivative denominator in Eq. (3.55);
6. test the resulting residue between the physical source and detector.

The same logic clarifies continuum pseudostates. The projection Py is a
finite quadrature for matrix elements of a compactly tested resolvent. Most
positive-energy eigenvalues depend on basis ranges and should move as the
quadrature is refined. A resonance is identified by stability of a continued pole
or of its Riesz projection and residue. CDCC adds coupled relative motion
and physical channel boundary conditions, but its internal pseudostate space
obeys the same rule.
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3.2.9 Compact kernels versus decomposable scattering oper-
ators

Compactness should not be attached to the wrong operator. In the spectral
representation of Hy, the scattering operator is decomposable,

S— / s(B)dE. (3.63)

On a non-atomic energy interval, a nonzero decomposable multiplication
operator is ordinarily not compact. Indeed, if ||S(E) — 1|| > £ on a set
of positive measure, divide that set into disjoint subsets and choose unit
sections supported on them. Their images remain separated, so no convergent
subsequence exists.

There is no contradiction. The compact object is the localized off-shell
kernel, a Birman—Schwinger operator, or a difference of suitably weighted
resolvents. The on-shell scattering operator is a measurable family acting
throughout a continuum. Direct-integral theory tells us how it is organized;
Fredholm theory tells us how its analytic singularities arise. Exact WKB
then calculates the same singularity from global connection data.

Checkpoint

Before proceeding, the reader should be able to distinguish the strong
limit Py — 1 from the norm limit Py K Py — K, verify the Hilbert—
Schmidt criterion for a localized Green kernel, derive Eq. (3.56), and
explain why the derivative of a determinant or incoming coefficient is
part of the physical pole residue.

3.3 Problems for Stage I

I.1 Show that the Born rule for an effect 0 < F' < 1 gives a number in [0, 1].
Construct a two-outcome POVM that is not a projection-valued measure
and give it a finite-resolution detector interpretation.

1.2 For the momentum operator on (0, L), verify by integration by parts that
the boundary condition 1(L) = e®1(0) makes the operator self-adjoint.
Derive Eq. (2.14).

1.3 Let e, be an orthonormal sequence. Prove that e, converges weakly
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1.4

L5

1.6

1.7

L.8

1.9

1.10

I.11

I1.12

I1.13

to zero but not in norm. Interpret e,(x) = ¢(z — n) on the line as
probability escaping every fixed compact detector.

Starting from d3p = p? dpdQ2 and E = p?/(2u), derive the density factor
in Eq. (3.18) and verify unitarity explicitly.

Prove that a bounded operator commuting with every multiplication
operator f(E) in a multiplicity-one direct integral is itself multiplication
by an essentially bounded function. State the change when the fiber has
dimension m(E) > 1.

Calculate the spectral measure of a normalized vector for a two-level
Hamiltonian. Repeat for a wave packet of the one-dimensional free
Hamiltonian and identify the Jacobian between momentum and energy
density.

Use the resolvent identity to prove analyticity of R(z) = (z — H)™! in
operator norm on the resolvent set. Explain why this statement alone
cannot continue R through the continuous spectrum.

Derive the Feshbach operator Eq. (2.21). Differentiate its eigenvalue
equation with respect to E and identify the origin of 1 — OpHeg(F) in
pole normalization.

For a Lorentzian density cut off below a threshold, evaluate the contour
contribution to Eq. (2.22). Separate the pole term from the threshold
term and determine their qualitative time dependence.

Give one example each of norm, strong-operator, weak-operator, and
strong-resolvent convergence. For every example, name a physical state-
ment that would be false if the topology were silently strengthened.

Let Py — 1 strongly and let K be compact. Prove ||(1 — Py)K| — 0
by covering the image of the unit ball with finitely many e balls. Give a
counterexample when K is the identity.

For the three-dimensional off-shell free Green kernel and a bounded
compactly supported potential, verify the finiteness of Eq. (3.46). Treat
separately the diagonal singularity and large separations.

Prove the Birman—Schwinger equivalence Eq. (3.44) with the resolvent
convention of the book. Re-derive it using (Hy — 2)~! and explain the
sign change.
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I.14 Starting from left and right null vectors of A(z) =1 — K (%), verify the
Laurent coefficient in Eq. (3.56). Show explicitly that it is invariant
under reciprocal rescaling of the null vectors.

I.15 On L%([0,1],dE), prove that multiplication by a nonzero essentially
bounded function is not compact. Reconcile this result with compactness
of a localized Birman—Schwinger kernel.



Chapter 4

Stage II: Construct scattering data
before continuing it

Reader contract

Starting from two-body kinematics and wave packets, this stage derives
the resolvent, Mgller operators, cross sections, partial waves, and Jost
functions. Short-range hypotheses are stated where they are used.
Coulomb, three-charge, and QED asymptotics then show exactly which
premise fails when the free comparison dynamics is chosen incorrectly.

4.1 Step 1: Extract asymptotic coefficients from a
scattering problem

Calculation route

Prerequisites. The Schrodinger equation, wave packets, and elemen-
tary partial-wave decomposition.

Calculation goal. Define the comparison dynamics, flux normaliza-
tion, Jost bases, and incoming/outgoing coefficients that will enter the
exact-WKB connection problem.

Completion criterion. Given a short-range potential, write the
Lippmann—Schwinger and partial- wave problems with consistent sheet,

flux, and Wronskian conventions.

This section fixes the elementary scattering-theory conventions used in
the rest of the book. The order of presentation follows the traditional route
from wave packets and cross sections to partial waves, integral equations,
scattering matrices, and Jost functions. Useful complementary treatments
are given by Sasakawa, Taylor, Perelomov and Zel’dovich, and Rakityansky
[36-39]. These references record provenance and alternative conventions; the
definitions and derivations needed below are developed here. The steps that

49
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begin as ordinary collision theory will later become analytic continuation,
resonance normalization, and complex spectral deformation.

4.1.1 Two-body reduction and the class of potentials

Consider two spinless particles with masses m; and my interacting through
a translationally invariant potential V(r; — r2). With center-of-mass and
relative coordinates

R mumitmer: (4.1)
mi + ma

the Hamiltonian separates as

2 2

Hiop = —Mvg +H, H=Hy+V, Hy= —;vi, (4.2)

where p = myma/(m1 + mg) is the reduced mass. The center-of-mass plane

wave is dynamically trivial, so the collision problem is the spectral problem
for H.

We first assume a real, local, central potential V' (r) that is nonsingular

enough at the origin and short ranged at infinity. A representative sufficient

condition for the simplest one-channel statements is
o0
/ drr|V(r)| < oco. (4.3)
0

The exact hypotheses vary with the result: existence of wave operators,
analyticity of Jost functions, and dilation analyticity require different weights
or regularity. Coulomb forces violate Eq. (4.3); one must then replace free
asymptotic waves by Coulomb waves and factor out the known Coulomb
phase. Nonlocal, coupled-channel, optical, and energy-dependent interactions
are introduced only after the one-channel structure is clear.

For a central potential, separation in spherical harmonics gives

vir) =3 Oy ), (@)
lm

and the reduced radial equation

n? d?  RA(+1)
“gnaE T g TV )| ulr) = Bul). (45)
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Regularity of the full wave function requires u;(r) = O(r!T!) at the origin.
The second boundary condition at infinity distinguishes bound, scattering,
virtual, and resonant solutions. This is the first indication that these are not
four unrelated differential equations, but four boundary-value realizations of
the same radial equation.

4.1.2 Wave packets, asymptotic states, and wave operators

A plane wave is not normalizable and does not by itself describe a collision
prepared at a finite time. Begin instead with a free wave packet

4’k ik-r—iEgt/h 1k
p(r,t) = / (2r)3 a(k)e KT, Ep = W7 (4.6)
with a(k) concentrated near an incident momentum kj. The interacting
packet is required to approach a free packet before or after the collision.
When the strong limits exist, this statement is encoded by the Mgller wave

operators
Q&) = slim eth/hefiHOt/hPac(Ho)' (4.7)

t—Foo

Here P,.(Hp) projects onto the absolutely continuous subspace. The state
Q(+)¢ has the prescribed incoming free packet in the remote past, whereas
Q)¢ has the prescribed outgoing free packet in the remote future. The

scattering operator is
s =), (4.8)

If the wave operators are isometric and asymptotically complete, S is unitary
on the free scattering space. Asymptotic completeness means that all states
orthogonal to bound states eventually resolve into scattering channels. It
is a theorem under specified hypotheses, not an automatic consequence of
writing H = Hy+ V.

The stationary scattering states used below are distributional limits of
these packets. Their delta-function normalization is therefore a shorthand for
a wave-packet construction. This distinction matters for resonances: neither
an exact plane wave nor a Gamow state is an ordinary Hilbert-space vector,
but both define continuous functionals on a suitable test space.
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4.1.3 Free resolvent and the Lippmann—Schwinger boundary
condition

Let
Ro(z) = (= — Ho) ™" (4.9)

For E = h?k?/(2u1) > 0, the coordinate kernel of its outgoing boundary value

1S
ik|r—r'|

Uoe

. no_
(rRo(B +10)lr') = —5 o0 — o

(4.10)

The sign +i0 is not a formal decoration. Fourier inversion places the radial
momentum pole on the side of the contour that produces an outgoing spherical
wave. The opposite boundary value produces an incoming wave.

For an incident plane wave (r|k) = e*7 the outgoing Lippmann—
Schwinger equation is
k") = [k) + Ro(Ex +i0)V[v). (4.11)

Substitution of Eq. (4.10) and expansion at large r give

. ikr
P () ~ e 4 (7, k)er , T — 00, (4.12)
where )
A 3,0 —ikrr! (+)
PR = — 5 / & e WY (1) (). (4.13)

Thus the radiation condition is already contained in the resolvent boundary
value. Later, analytic continuation of precisely this boundary value turns the
outgoing solution into a resonance state.

The transition operator

T(z) =V +VRo(2)T(2) (4.14)
packages Eq. (4.13) as
k) == :BZ (k7T (Ey + i0)|K). (4.15)

Normalization-dependent factors change if momentum states are normalized

differently, but pole positions and on-shell observables do not.
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4.1.4 Flux, cross sections, and the optical theorem

For a wave function obeying a real-potential Schrodinger equation, the
probability current is

il = 2’; (6" — V). (4.16)

The incident plane wave in Eq. (4.12) carries flux hk/u, and the outgoing
spherical wave carries radial flux proportional to |f|?/r2. Their ratio gives

do R
Conservation of total flux and interference between the incident wave and
the forward part of the scattered wave imply the optical theorem

4 N
ot = % Im f(k, k). (4.18)

In operator form it follows from the discontinuity of the free resolvent and
the identity

T(E +10) — T(E — i0) = —2mi T(E — i0)5(E — Ho)T(E +i0).  (4.19)

Equation (4.19) is the precise reason that the imaginary part of an effective
Hamiltonian represents lost flux into open channels while the full theory
remains unitary.

If V is replaced by a complex optical potential, elastic flux alone is not
conserved. The deficit represents channels removed from the reduced model.
One then has |S;| < 1 rather than |S;| = 1, and the reaction cross section
measures the missing flux. This elementary example anticipates the Feshbach
effective Hamiltonian of Section 6.1.

4.1.5 Partial waves, phase shifts, and threshold data

The plane-wave expansion
eF T = 4 N iy (k) i (F) Vi (R) (4.20)
Ilm

reduces central-potential scattering to independent radial channels. For a
real short-range potential, the large-r form of the regular radial solution can
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be normalized as
wilk, ) ~ o [Su(R)elrtn/2)  qitbrtn/2)] (4.21)
Elastic unitarity gives
Sy(k) = ek 5 (k) e R, (4.22)

and the scattering amplitude becomes

1 o
=% (2041 — 1] Pi(cosv). (4.23)
=0
Consequently
Oel = % > (204 1)sin’ 4, (4.24)
_ Si(k) -1 1 B
k) = =5 = Freot 5,(k) — ik (1=0). (4.25)

Near a short-range threshold, the effective-range expansion for the s wave
is

1 1
kcotdo(k) = —— + §rok‘2 + O(kY), (4.26)
0

where ag and rg are the scattering length and effective range. A large |ag|
signals a pole close to threshold, but the pole can be a shallow bound state
or a virtual state depending on its sheet. This is why a large cross section
alone does not classify the singularity.

The standing-wave or reactance matrix is particularly useful on the real
axis. In one partial wave set K; = tan d;; then

141K

S, = .
' 170K,

(4.27)

For a real potential K is real, while S; is unitary. The T', K, and .S matrices
therefore emphasize, respectively, outgoing boundary values, principal-value
standing waves, and the mapping from incoming to outgoing channel ampli-
tudes. Their singularities are related, but a pole of K; on the real axis is not
by itself the invariant definition of a resonance.
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4.1.6 Jost solutions as a common coordinate basis

The regular solution used in Eq. (4.21) builds the origin boundary condition
into the differential equation. Jost solutions instead build the asymptotic
boundary conditions into it. Let f;(k,r) and f;(—k,r) be solutions of Eq. (4.5)
satisfying

fi(k,r) ~ e Gr=tm/2) ey oo (4.28)

where an [-dependent constant phase has been absorbed into the definition.
For k # 0 they form a basis of the two-dimensional solution space. If ¢;(k, )
is regular at the origin, it has the expansion

aulk,r) = s [RCRAK D)~ ARACRD]. (429)

With the Wronskian convention Wu, v] = uv’ — u’v, the coefficients are

The normalization in Egs. (4.29) and (4.30) is consistent with

Wfi(k), fi(—k)] = —2ik.

The Jost function is thus not an auxiliary spectral determinant introduced
after solving the problem. It is the coefficient of the incoming Jost basis
vector in the solution regular at the origin. The quotient

_ F(=k)

Sib) = (4.31)

follows immediately. A zero of Fj(k) removes the incoming component, leaving
a solution that is regular at the origin and outgoing at infinity. Depending on
the position of the zero in the k£ plane, the same algebraic condition describes
a bound, virtual, or resonant state. This is the central unification emphasized
in the Jost-function approach [39].

For a finite-range potential the Jost solutions and Jost function possess
a large analytic domain in k; for exponentially decreasing potentials the
domain is restricted by the decay rate. The point k£ = 0 requires separate
threshold analysis, and Coulomb interactions require Coulomb-modified Jost
functions. In an N-channel problem, Fj(k) becomes a Jost matrix and bound
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or resonant states satisfy
det F(E) = 0. (4.32)

Each channel momentum k,(E) supplies its own square root, so the determi-
nant lives on a multi-sheeted energy surface. Keeping these sheets explicit
is essential when a resonance crosses a threshold or coalesces with another
pole.

4.2 The on-shell scattering operator as a direct
integral

The energy representation constructed in Section 3.1.5 becomes a scattering

representation only after the Mgller operators have been defined. We now

prove the missing step. This is also the point at which the symbol S acquires

its full operator meaning; it is not an unspecified object that happens to
commute with a Hamiltonian.

4.2.1 Intertwining is stronger than a formal commutator

Use the convention of Eq. (4.7): Q) describes an incoming state and Q(~)
an outgoing state. Suppose the strong limits exist on Hoac = Pac(Ho)H.
Translation of the limiting time gives, first for the unitary groups and then
for every bounded Borel function f, the intertwining relation

FH)Q®) = o) £(Hy). (4.33)

The statement includes spectral projections, not only vectors in the domain
of Hy. In particular,

Py (A)QE) = oF) Py (A) (4.34)

for every Borel set A.
Define
S =0QF) on Ho ae. (4.35)

Using Eq. (4.34) twice gives
Pr,(A)S = SPy,(A). (4.36)

This is strong commutation with Hy. The shorthand [S, Hy] = 0 is safe only
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after Eq. (4.36) has been established; a formal commutator on an unspecified
common domain would be weaker.

If the wave operators are isometries, S is an isometry. If their ranges
coincide with the absolutely continuous subspace of H—the asymptotic-
completeness statement—then S is unitary on Hpa.. Completeness is there-
fore the step that upgrades flux conservation in all represented channels to
operator unitarity.

4.2.2 Decomposability and the on-shell fibers

Let Uy be a multiplicity representation of Hy,
52
UoHoae = | oy P WOE), (UoHOUL)(E) = By(E). (437
Oac\110

Here o,.(Hp) denotes an essential support of the absolutely continuous
spectral measure; changing it on a null set changes no direct-integral vector.
Equation (4.36) says exactly that UOSUg lies in the commutant of the diagonal
algebra. The decomposability theorem of Section 3.1.4 therefore yields

UoSUY = / Y S(B) duo(B). (4.38)
Tac(Ho)

The family £ — S(FE) is measurable and essentially bounded; when S is

unitary, S(E) is unitary for pg-almost every E. This almost-everywhere

family is the rigorous meaning of the on-shell scattering matriz.

The conclusion is representation independent, although its displayed
matrix is not. Replacing the measure by di(E) = w(E)duo(E) rescales fiber
coordinates by w(E)~/2. Channel amplitudes and delta functions acquire
compensating density factors. Probabilities, pole positions after analytic
continuation, and the unitary equivalence class of the decomposable operator
do not change.

4.2.3 The free particle and partial waves

For the three-dimensional free particle, Eq. (3.18) gives
Kg = L*(5%,dQ), E > 0. (4.39)

Thus S(E) is an operator on angular wave functions at fixed energy. Ro-
tational invariance implies that it commutes with the angular momentum
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representation. For a spinless central interaction,
S(E)Yim = Si(E) Y, — Si(E) =X, (4.40)

The familiar sequence of partial-wave numbers is therefore a second, discrete
decomposition inside one energy fiber. Energy is the direct- integral base;
(I,m) are multiplicity coordinates in the fiber.

In generalized momentum notation the same fact is often written
(K'|S|k) = 0(Ey — Ey)sp(k k). (4.41)

The energy delta function is not an additional dynamical assumption. It
is the distributional kernel of a decomposable operator. Its normalization
depends on the chosen momentum measure, which is why working first with
packets avoids spurious factors.

4.2.4 Thresholds and channel multiplicity

Suppose channel a has threshold E,. A convenient fiber is

Kg = @ ]Ca,E- (442)

a:E>FE,

The fiber dimension jumps at thresholds. Since isolated threshold energies
form a null set for Lebesgue measure, the measurable direct integral has no
difficulty with the jump. Analytic continuation does: the channel momentum

V QNQ(E — Ea) (4.43)

ka(E) = A

introduces a branch point and a sheet choice. Direct-integral theory tells us
what the real-axis on-shell operator is almost everywhere; it does not supply
the analytic relation between different energies or sheets. Jost functions,
resolvent boundary values, and exact WKB provide that extra structure.

Checkpoint

The statement [S, Hp] = 0 has now been unpacked into three claims:
wave operators exist, their spectral projections intertwine, and the
resulting scattering operator is decomposable in the spectral represen-
tation of the comparison Hamiltonian. None of these claims says that
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S commutes with an arbitrary interacting Hamiltonian.

4.2.5 What a finite channel calculation approximates

A finite coupled-channel matrix SN)(E) approximates the fiber operator
S(E), not the full operator before energy decomposition. Its truncation
contract must specify the retained channel subspace Py(E)Kg, the energy
interval, and the norm or observable in which convergence is tested. Pointwise
convergence away from thresholds need not be uniform at a threshold or
pole. Conversely, exact unitarity of a finite matrix does not prove that
omitted breakup channels are negligible. The CDCC Stage will turn these
observations into a numerical convergence protocol.

4.3 Half-line Sturm—Liouville theory as the source
of Jost data

Calculation route

Prerequisites. The radial Schrédinger equation, partial waves, and
Jost asymptotics of Section 4.1.

Calculation goal. Construct the self-adjoint half-line operator from
its differential expression, derive its Green kernel and spectral measure,
and then continue the Wronskian that becomes the resonance condition.

Completion criterion. Given a radial potential, classify both end-

points, calculate the regular and outgoing solutions, form their Wron-
skian, and differentiate it to obtain a pole residue.

A radial equation becomes a scattering problem only after two logically
different choices have been made. At the origin one chooses an operator
domain. At infinity one chooses a comparison solution and, after analytic
continuation, a sheet. Sturm-Liouville theory controls the first choice and
the physical spectral measure; Jost theory adds the analytic data required
for the second. Exact WKB joins them by transporting the origin solution
to the asymptotic sector and calculating their Wronskian.

The purpose of this section is not to place an abstract theorem beside
the radial equation. We derive each object in the order in which it is
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used in a calculation. References for the underlying spectral theory include
Refs. [35, 39-41].

4.3.1 The differential expression and the Hilbert space

On an interval (a,b), possibly with singular endpoints, consider

1 d du
_ _= = 4.44
ru= s = (P05 ) + auto). (4.4
where p > 0, w > 0 almost everywhere and 1/p, ¢, w are locally integrable.
The natural Hilbert space is

_ 72 [ *
Hy = L*((a,b),w(r)dr), (Uy V) —/a u(r)*v(r)w(r) dr. (4.45)

The maximal domain consists of functions for which u and pu’ are locally
absolutely continuous and 7u € H,,. Absolute continuity, rather than twice
continuous differentiability, is enough to make integration by parts meaningful
and includes many potentials used in scattering.

For u,v in the maximal domain define the boundary bracket
[u, v](r) = p(r) (w(r) ' (r) — o' (r)*v(r)). (4.46)
Direct integration gives Lagrange’s identity
(Uy TOYy — (TU, V) = [u, v](b) — [u,v](a), (4.47)

where endpoint values are limits from inside the interval. Equation (4.47)
is the radial version of probability-current conservation. It also shows why
the differential formula alone does not define a self-adjoint Hamiltonian:
a domain must make the boundary form vanish for every pair of domain
vectors.

For the reduced radial Schréodinger equation one has p = w = 1 after
multiplying by 2u/h?,

_ 2

I(1+1)
r2 - h2

nu=—u" + +U(r)| u, U(r) Vr), (4.48)

and the spectral parameter is k? = 2uE /h?. The reduced function u belongs
to L%(0,00;dr) for a bound state; the factor r? in the three-dimensional
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volume element has already been removed.

4.3.2 Regular endpoints and the boundary condition at the
origin

An endpoint a is regular if it is finite and 1/p, ¢, w are integrable near it.
The boundary values u(a) and (pu’)(a) then exist. A separated self-adjoint
condition is

u(a) cosa + (pu')(a) sina = 0, a€[0,m). (4.49)

Substituting two functions obeying the same condition into Eq. (4.46) makes
the bracket vanish. Dirichlet and Neumann conditions are the cases @ =0
and a = 7/2.

For the three-dimensional s wave with a nonsingular potential, the reduced
operator —d?/dr? on (0, 00) needs a boundary condition at r = 0. Regularity
of the full wave function wu(r)/r selects

u(0) = 0. (4.50)

Other self-adjoint extensions describe additional contact physics and should
not be introduced accidentally by a numerical boundary stencil. The phrase
“regular solution” means the solution satisfying the declared origin domain,
conventionally normalized by

ok, 0)=0,  (k0)=1 (4.51)

for an s wave.

4.3.3 Singular endpoints and Weyl’s alternative

At a singular endpoint, individual boundary values may not exist. Weyl’s
classification asks instead how many solutions of

TU = 2u, z € C\R, (4.52)

are square integrable near that endpoint:

o the endpoint is limit circle if every solution is locally in L2 there;
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e it is limit point if, up to scale, at most one solution is locally in L2
there.

The classification is independent of the chosen nonreal z. A limit-circle
endpoint requires one boundary condition. At a limit-point endpoint the
boundary bracket vanishes automatically on the operator domain, and no
boundary condition is added. Imposing one anyway can overconstrain the
problem.

The inverse-square model makes the criterion calculable. Near » = 0 let

2 2 _ 1
d v i

Ty — —@ 7”2 . (453)
The two Frobenius behaviors are
wy (1) ~ P2 u_(r) ~rl/2v (4.54)

for v # 0, with a logarithmic replacement at v = 0. Since f; rl=2vdy
converges exactly when v < 1, the origin is limit circle for 0 < v < 1 and
limit point for v > 1. For I(I + 1)/r%, v = [ + 1/2. Thus the bare s-wave
endpoint needs the regular boundary condition, whereas [ > 1 is limit point.
The Langer map of Stage V replaces I(I + 1) by (I + 1/2)? in the WKB
momentum; it does not erase this operator-domain analysis.

For a sufficiently short-range potential, r = co is limit point. A self-adjoint
half-line Hamiltonian therefore uses the origin condition but no independent
L? condition at infinity. Bound-state square integrability emerges from the
spectral equation. Outgoing resonance behavior is an analytic continuation
of a comparison solution, not a second self-adjoint boundary condition on
the original operator.

4.3.4 Fundamental solutions, the Weyl solution, and the
Green kernel

Choose real entire fundamental solutions 6(z,r) and ¢(z,r) at a regular left
endpoint so that

W10, ¢ := p(0¢' — 0'¢) = 1. (4.55)

The solution ¢ is chosen to obey the left boundary condition. If the right
endpoint is limit point, then for z ¢ R there is a unique coefficient m(z) such
that

U(z,r) =60(z,7) + m(z)p(z,r) (4.56)
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is square integrable near b. The scalar m(z) is the Weyl-Titchmarsh function.
With the conventional choice of fundamental solutions it is a Herglotz function,

Imz>0 = Imm(z)>0, (4.57)

and has an integral representation whose measure is the spectral measure of
the half-line operator.

In the convention used throughout the book, let Ry (z) = (z — H)~L. If
uq(z,7) obeys the left boundary condition and uy(z,7) is the Weyl solution
at the right, then
Ua(zv r<)ub(za T>)

G ) = w2

(4.58)

solves (z — H)G = 6(r — ") /w(r’). To check the sign, integrate across r = r':
the jump in pd,G is +1, exactly as required by the leading term +(pu')" in
z—H.

Equation (4.58) is more than a formula for inversion. It shows immediately
that a zero of the Wronskian is a pole of the Green function and that the
numerator factorizes at that zero. The remaining task is to identify u; on
the physical continuum and to continue it.

4.3.5 The spectral measure and generalized eigenfunction
expansion

The boundary values of m recover the spectral measure p. At an absolutely
continuous energy one has, in the distributional sense,

d 1
d”g = —Tmm(E +0), (4.59)

while poles of m on the real axis supply point masses. If ¢(F,r) is the
left-regular solution in the same normalization, the spectral transform is

N b

fey = [ otBnseytr) ar (4.60
£ = [ o(E)FE) ap(E) (1.61)
1712 = [ 1FE)E do(E) (4.62)

The continuum normalization is therefore not guessed from a delta function.

It is determined by the pair consisting of the regular solution and its spectral
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measure. Rescaling ¢(E,r) rescales dp(FE) inversely and leaves Eqgs. (4.61)—
(4.62) unchanged. This is the one-channel realization of the direct integral in
Section 3.1.4.

The self-adjoint expansion contains bound states and the physical con-
tinuum, but no off-axis resonance projection. Resonance poles appear only
after a boundary value of the Green kernel or m function has been analyti-
cally continued. This clean separation prevents a Gamow vector from being
inserted as an extra orthogonal term in the physical spectral theorem.

4.3.6 Volterra construction of the Jost solution

Consider the s-wave equation in dimensionless form
u”"(r) + [k* = U(r)]u(r) = 0. (4.63)
The Jost solution is fixed at infinity by
fk,r) ~ e, (4.64)
Variation of constants gives the Volterra equation

Fllr) = &7 4 % / F e[k — MU fe ) A, (4.65)

Applying d2/dr? + k? verifies the differential equation; the upper-triangular
integration region enforces the outgoing normalization. Successive substi-
tution produces a Neumann series. Weighted integrability of U controls
convergence and analyticity in k in the appropriate half plane. For [ > 0,
Riccati-Hankel functions replace the exponential and the kernel contains the
corresponding free radial Green function.

The regular solution follows from the forward Volterra equation

sin kr

k

1 T
o) = "5 [ sinlh(r = Ul 0 (466)
0
with Eq. (4.51). The Jost function is the constant Wronskian

At r = 0, this convention gives F'(k) = f(k,0) for the s wave. At infinity, the
same Wronskian is the incoming coefficient of the regular solution, up to the
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fixed normalization displayed in Eq. (4.87). Constancy of the Wronskian is
the reason the origin domain and the radiation condition can be tested at
different ends of the interval.

4.3.7 Worked example: the attractive spherical square well

Take

~Uy, 0<r<a,
Ur) = { 0 N (4.68)
0, r > a,

and define ¢ = (k% 4+ Up)*/? on a stated branch. The regular solution is

o(k,r) = sn;qr, 0<r<a. (4.69)
For r > a write
o(k,r) = A(k)e* + B(k)e ™" (4.70)
Continuity at a gives
2B(k)e ke = 2T %cos qa, (4.71)
q
24 (k)elFe = ek L %cos qa. (4.72)
q

A convenient Jost normalization is therefore
ika ko
F(k) =¢e"™ |cosqa —i—singal . (4.73)
q
The purely outgoing condition B(k) = 0 becomes
q cot(qa) = ik. (4.74)

For k = ik on the physical sheet it gives a decaying bound state; continued into
the lower half-plane it gives virtual and resonant poles. No new differential
equation was introduced when the pole changed its name: only the sheet and
asymptotic behavior changed.

To compute a residue, differentiate Eq. (4.73) on the same branches of
k and g. The result enters as F'(kr) in Eq. (4.91). Numerically, finite
differencing F' across a branch cut will give the wrong normalization even if
a root finder happened to locate the pole.
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4.3.8 Wronskian derivatives and Zel’dovich normalization

The relation between a Wronskian derivative and a bilinear norm follows
from Lagrange’s identity with two nearby spectral parameters. For simplicity
let

(=02 +U(r) — K*Ju(k,r) = 0. (4.75)

Differentiate with respect to k£ and subtract the equation multiplied in the
opposite order. Integration to R gives

R
2% /0 w(k, )2 dr = Wu, O] (R) — Wu, 9ai] (0). (4.76)

There is no complex conjugation: the resonance normalization is bilinear. The
origin term is fixed by the regular normalization. For a bound state the term
at infinity vanishes after the decaying solution is normalized. For a resonance
it diverges on the real axis, but analytic continuation or a Zel’dovich Gaussian
factor assigns the continued boundary value. The result is proportional to
F'(kr).

Equation (4.76) is the calculational core of Berggren’s normalization proof
in Section 6.4.2: the regularized integral is not postulated independently of
the pole. It is the continued derivative of the same Wronskian that defines
the pole. Complex scaling makes the boundary term vanish along a rotated
ray; exact WKB calculates it by connection and monodromy data. These
are different realizations of one analytic identity.

4.3.9 Exact WKB computes the Jost Wronskian globally

Let 1)y denote the exact-WKB solution selected by the origin domain,
including the Frobenius and Langer data when the endpoint is singular. Let
Pout be the Borel-resummed branch selected by the outgoing sector at infinity.
Then

Cin(Ea h) X W[wouta Q/Jreg} X Fl(k(E)) (477)

Local WKB series do not determine this Wronskian. One must transport the
two solutions through the Stokes graph, multiply the connection matrices in
the correct order, and retain the exponentially small entries. A zero of the
result removes the incoming component. Its derivative gives the residue by
Egs. (4.91) and (4.76).

This is the novel reorganization used in the rest of the book. Sturm-—
Liouville theory determines the physical operator and continuum measure;
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Jost theory identifies the analytic Wronskian; exact WKB calculates that
Wronskian nonperturbatively. Complex scaling and rigged Hilbert spaces
will change the realization of the resulting pole but not the connection zero

or its derivative.

4.3.10 Where Coulomb and many-body asymptotics change
the construction

For a two-body Coulomb tail, the half-line differential operator and its self-
adjoint spectral theorem remain valid, but the comparison solutions are not

eT* One uses Coulomb-Hankel functions with the logarithmic phase

l
kr — nlog(2kr) — g + o;. (4.78)

The Coulomb-modified Jost function is a Wronskian with those reference
solutions. Applying Eq. (4.65) with the free kernel to the full Coulomb
potential fails because the integral is not short ranged.

For three charged particles, different cluster regions carry different loga-
rithmic phases and no single universally usable scalar asymptotic Jost basis
is known. A finite-dimensional coupled equation can still be solved in a
controlled interaction region, but the global comparison dynamics must be
declared separately. This is the same structural difficulty that appears as
infrared dressing in QED: long-range correlations change the asymptotic
state space before one asks for a pole. Section 4.5 develops that obstruction
rather than hiding it in a formal plane wave.

4.3.11 A reproducible half-line pole calculation

For later laboratories, the complete calculation can be organized into the
following steps:

1. specify p, ¢, w and the Hilbert-space measure;
2. classify every singular endpoint as limit point or limit circle;

3. impose only the boundary conditions required for a self-adjoint physical
Hamiltonian;

4. construct the regular solution by an initial-value or Volterra equation;
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5. choose the correct short-range or Coulomb comparison solution at
infinity and construct the Jost solution;

6. form their Wronskian and verify that it is independent of the matching
point;

7. declare the momentum sheet before continuing and finding a zero;
8. calculate the Wronskian derivative and a tested resolvent residue;

9. vary the matching point, integration contour, and numerical basis while
tracking the pole as one analytic object.

Checkpoint

The reader should now be able to derive the Green kernel from its
derivative jump, explain why an s-wave origin condition is domain data
rather than a numerical convenience, obtain the square-well condition
Eq. (4.74), and identify the exact-WKB incoming coefficient with a

continued Sturm-Liouville Wronskian.

4.4 Step 2: Identify the analytic quantity that can
have a resonance

Calculation route

Prerequisites. Jost solutions, resolvent boundary values, and the
physical-sheet scattering matrix.
Calculation goal. Continue the incoming coefficient through the

continuum cut and relate its zero to resolvent and S-matrix poles.

Completion criterion. State the sheet, boundary condition, and
residue associated with a proposed resonance rather than identifying
it only from a complex eigenvalue.

4.4.1 Self-adjoint starting point and resolvent boundary val-
ues

Let H be a separable Hilbert space and let H be a self-adjoint Hamiltonian
on a dense domain D(H) C H. For a complex number z ¢ o(H ), where o(H)
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is the spectrum, define the resolvent
R(z) = (» — H)™L (4.79)

The operator-valued resolvent of a self-adjoint H is analytic away from the
real spectrum. If H has continuous spectrum on an interval I C R, the limits
R(E +i0) are generally meaningful only in a weighted space or as matrix
elements between sufficiently localized test vectors. The two signs are the
outgoing and incoming boundary values.

Choose test vectors ¢, from a dense space @ with stronger topology
than H. A resonance is a pole z = zg of a meromorphic continuation of

Fyy(2) = (BIR(2)[9) (4.80)
through the continuous spectrum to an unphysical sheet. For a simple pole,

(0, PR) (TR, ¥) | e
F, = 20 L FRB(2). 4.81
u(z) = IR ) (481)
The right and left pole functionals are denoted by Wr and {IVIR, respectively,
and F;Zg is regular at zg. For a time-reversal-invariant one-channel problem,

the pole energy is conventionally written
2r = E.— =T, E, e R, I'>0. (4.82)

The pole lifetime is 7 = h/I" when the isolated-pole approximation is valid.

Definition (4.80) is deliberately phrased in terms of matrix elements. The
continued resolvent need not be a bounded operator on the original Hilbert
space. Its poles nevertheless define finite-rank residues between weighted
spaces or between @ and its dual. This distinction becomes central in the
rigged-Hilbert-space construction of Section 6.4.

4.4.2 Momentum sheets and outgoing boundary conditions

Consider a one-dimensional Hamiltonian

n? a2
2mda?

V(z), xz €R, (4.83)

where m > 0 is the particle mass and V() is real on the real axis. Assume
for the moment that V' (z) is short ranged. The energy and momentum are
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related by
h2k?
E=——. 4.84
o (4.84)
The square root makes the E plane two-sheeted. On the physical sheet, a
positive-energy scattering solution has real k£ > 0. Analytic continuation

through the cut changes the sign of k.

With time dependence e 'E¥/" a purely outgoing solution obeys
Yr(x) ~ A_e ikre T — —00,
Yr(z) ~ A etikre, T — +00. (4.85)

Here A_ and A4 are nonzero amplitudes. For a decaying resonance, kg lies
in the fourth quadrant, so Imkg < 0. Both spatial asymptotic forms in
Eq. (4.85) then grow exponentially. This is not a pathology that should be
removed before defining the pole; it is the spatial counterpart of temporal
decay. Regularization or analytic deformation is introduced only after the
outgoing condition has selected the physical solution.

For a spherically symmetric problem, the reduced radial function u;(r)
in partial wave [ satisfies an analogous condition at r — oo. The regular
condition at the origin replaces the left outgoing condition. With several
thresholds, each channel momentum has its own square root, producing
multiple sheets. A sheet must then be labeled by the signs chosen for all
channel momenta rather than by a single phrase such as “the second sheet.”

4.4.3 Jost functions, the scattering matrix, and pole residues

We now continue the textbook construction of Section 4.1.6 into the complex
momentum plane. For a short-range radial potential, let f;(£k,r) be Jost
solutions with asymptotic behavior

fi(xk,r) ~ eTihr, r — 00. (4.86)
Let ¢;(k,r) be the solution regular at the origin. Its expansion in the Jost
basis defines the Jost function Fj(k):

1

oi(k,r) = o [Fy(—Fk) fi(k,7) — Fi(k) fi(—k,7)]. (4.87)
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Position of k asymptotic behavior  interpretation
k=+ik, k>0 e " bound state
k=—ik, k>0 ethr virtual or antibound state

Rek >0,Imk <0 outgoing and growing decaying resonance

Rek <0,Imk <0 time-reversed partner antiresonance

Table 4.1: Classification of one-channel zeros of Fj(k) for a real short-range
potential. Threshold zeros at k = 0 require a separate analysis.

Up to a convention-dependent phase, the partial-wave scattering matrix is

_ R(-k)
(k)

Si(k) (4.88)
A zero of Fi(k) removes the incoming component and therefore enforces the
Siegert condition. The same zero is a pole of Sj(k). This establishes the first

two arrows in Eq. (1.2); rigorous versions use analytic Fredholm theory and
weighted resolvents [36, 37, 39, 42].

For a real potential, complex conjugation gives the reality relation
F(—k") = Fi(k)". (4.89)

The conventional classification of simple zeros is summarized in Table 4.1.
The terms “physical” and “unphysical” refer to sheets of the energy surface,
not to whether the corresponding pole has observable consequences.

The outgoing radial Green function makes the relation between a Jost
zero and a resolvent pole explicit. With r := min(r, ) and r~ := max(r,7’),
its kernel can be written

27M§0[(k,T<)fl(k',’l“>) )

Gl(Jr)(k;Ta 7",) - = K2 Fl(k)

(4.90)

The coefficient follows by integrating the Green equation across r = r’ and
using the Wronskian. If Fy(k,) = 0 and Fj(ky) # 0, then

201 Qs 7<) fihins 75)
h? Fy (k)

IE%S Gl(+)(k; r,r') = . (4.91)

At the zero, ¢;(ky,r) is proportional to fi(ky,r), so the residue factorizes
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into a right—left dyad. Passing from a k-plane residue to an energy-plane
residue introduces 1 )
d& = @ (4.92)
dk I
The derivative F}(ky) therefore fixes the pole normalization. In Section 6.4
the same normalization is recovered from the Zel’dovich bilinear integral;
the equivalence is a residue identity, not an accidental agreement of two
prescriptions.

The Jost function can also be computed without matching a rapidly
growing solution at a distant boundary. Write the regular solution as a
running linear combination of incoming and outgoing reference solutions and
impose a variation-of-constants condition that removes second derivatives of
the running coeflicients. The radial Schrodinger equation then becomes a
pair of first-order equations for those coefficients. Their asymptotic limits
are Fj(k) and Fj(—k). This formulation extends directly to Jost matrices,
complex angular momentum, Coulomb-modified reference functions, and
complex k; it is particularly useful for locating poles numerically [39].

Near an isolated one-channel pole, unitarity on the real axis and real
analyticity imply the factorization

*

S(E) = eziabgw)g X Sou(B) (4.93)

—Z

The background phase dpg and the factor Sgow vary slowly only when the
pole is well isolated from thresholds and other singularities. Under that
approximation, a cross section contains the Breit—Wigner denominator

2

r
|E — zg)* = (E—E*)2+Z. (4.94)
The residue is as important as the pole position. It controls excitation
strength, channel branching, and whether interference makes a peak, a dip, or
an asymmetric Fano profile. In black-hole language the analogous quantities

are excitation factors and residues of the retarded Green function [43-45].
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4.4.4 Phase shift and time delay

For one elastic channel, write S(E) = ¢?%(F) where §(E) is the scattering

phase shift. The Wigner—Smith time delay is
dé(FE)

E)=2h——. 4.95

rw(B) = 2n (195)

For a unitary multichannel matrix S(F), the corresponding Hermitian matrix

is
dS(F)
dE

A narrow isolated resonance contributes a positive Lorentzian to tr Q(E),

Q(E) = —ihST(E) (4.96)

but time delay is not a universal resonance criterion. Repulsive backgrounds
can yield negative delays, thresholds create non-Lorentzian singularities,
and an exceptionally broad pole may leave no identifiable maximum. Pole
continuation remains the invariant definition.

4.4.5 From poles to time evolution

Let |x) be a normalized wave packet localized in the interaction region. For
t > 0, its survival amplitude can be written as an inverse Laplace transform
of the resolvent:

A = (e 1) = 5 [ aze RGN, (@9)

The contour C runs above the spectrum before deformation. Moving it onto
a nonphysical sheet produces pole terms plus integrals along deformed cuts.
A simple pole gives Eq. (1.1); a threshold at E = FE}, gives a power-law
contribution whose exponent depends on the threshold density of states.
Thus an operational decomposition is

Ax<t) = Apole(t) + ACut(t) + Aarc(t)~ (498)

The arc term depends on the large-energy deformation and is relevant to the
short-time expansion. This contour picture anticipates complex scaling: the
rotated continuum is the spectral representation of the deformed cut, rather
than numerical debris to be discarded.
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4.5 When Step 1 fails: long-range scattering and
infrared sectors

The standard scattering construction compares the full dynamics with a free
reference at large times. This works for a short-range interaction because the
phase accumulated on an escaping classical trajectory is finite. If 7(¢) ~ vt
and V(r) = O(r~17¢), then

+oo
/ IV (wt)] dt < oo. (4.99)

For a Coulomb tail, Vo (r) = g/r, the same integral grows as g|v|~!In |¢|. The
interaction never becomes negligible in phase, even though the force tends to
zero. Consequently the ordinary wave operators comparing H directly with
Hy do not exist in the form used for short-range scattering. The cure is not
to discard the phase but to put it into the asymptotic dynamics [46-48].

This observation links three problems that are often taught separately.
The two-body Coulomb problem requires Coulomb-distorted plane waves.
The three-body Coulomb problem requires different correlated expansions in
different asymptotic sectors. QED requires coherent soft-photon dressings and,
in general, representations inequivalent to the vacuum Fock representation. In
all three cases a long-range correlation changes the definition of an asymptotic
state.

4.5.1 Two-body Coulomb waves rather than free plane waves

Consider 2 .
H=Hyo+?  Hy=-2v2 gp=2% (4.100)
r 2u 2u
and introduce the Sommerfeld parameter
K9 g
=0 = —. 4.101
T= Wk T ho (4.10)

For repulsion, ¢ > 0 and n > 0. A conventionally normalized outgoing
solution is

Y () = e ™21 + in)e* T Fy (< Lii(kr — k7). (4.102)

These formulas and their partial-wave counterparts are standard consequences
of the confluent hypergeometric representation of the Coulomb problem
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[37, 38]. At fixed nonforward angle and large r, its two pieces have the form

T;Z)]S(+) (,’,.) ~ ei[k-rnln(kr—k~r)]

—_— —
Coulomb-distorted incident wave
ei[krfn In(2kr)]

+ fe(V)——— (4.103)

Thus the incident object is not a plane wave. Both the incident and outgoing
parts contain logarithmic phases. The expansion is nonuniform in the forward
direction, where the distinction between the two terms itself becomes delicate.

With
oi(n) =argl'(l + 1+ in), (4.104)

the Coulomb amplitude is

— n 2icp—2inInsin(9/2)
9 <190 n 4.1
fC( ) 2k Sill2(79/2) ’ ( 05)

and its modulus gives the Rutherford cross section

dog 772

dQ ~ 4k?sin®(9/2)

(4.106)

The forward divergence is physical for an ideal unscreened infinite-range
force; a realistic angular resolution or screening prescription is needed for an
integrated rate.

The radial Coulomb functions make the modified boundary condition
especially clear. With p = kr,

HE (1, p) ~ cHlrnn@o—§+a] (4.107)

If a short-range interaction W is added to g/r, the regular solution can be
written asymptotically as

w(r) ~ % (SN (k) (0, k) — B (k)] (4.108)

where SZN — 29" is the Coulomb-modified nuclear matrix. Relative to free
partial waves, the full matrix is

Sy (k) = ®om g (k). (4.109)

Likewise, the correct distorted-wave Lippmann—Schwinger equation uses the
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Coulomb Hamiltonian Ho = Hy + g/ as reference:
WSy = 1SN 4 (B +10 — Ho) WL, (4.110)

Coulomb-modified Jost functions are coefficients of H l(i), not of e**". Fac-
toring out the known I'-function and logarithmic structure is essential before
searching for additional short-range resonance poles.

4.5.2 Dollard comparison dynamics

The same modification has a time-dependent formulation. Along a free
trajectory the asymptotic Coulomb operator in momentum space is

Vb(p) = %' (4.111)

Choose an arbitrary reference time ty > 0 and define

sgn(t t
#(t,p) = B2 o) 1, (4.112)
Up(t) = e Hot/he=i®n(tp), (4.113)

Up to sign conventions for incoming and outgoing labels, the modified wave

operators are
O = slim /MU (1) Pac(Hy). (4.114)

t—Foo
The logarithm removed by Up(t) is the time-domain version of the logarithm
in Eq. (4.103). Changing ¢y changes a conventional channel phase but not
a cross section. A screened Coulomb potential can also be used, but its
screening radius cannot simply be sent to infinity at the level of the undressed
S matrix: a divergent phase must be removed first.

For many particles, asymptotic velocities and cluster decompositions enter
the comparison dynamics. Pairwise Coulomb phases are correlated because
the relative momenta share the same particle momenta. This is the first sign
that the many-body problem is not obtained by multiplying independent
copies of the two-body answer.



4.5 When Step 1 fails: long-range scattering and infrared sectors 77

4.5.3 Three charged particles: known sectors and the missing
uniform form

For three particles,
H=H+ Y % (4.115)
— _ Tij
1<i<j<3 'Y
Choose Jacobi coordinates (o, Yq), where x, is the separation inside the
pair a = (f8v) and y, separates the spectator from that pair. Infinity has
several geometrically different sectors:

QQ : 712 ~ 193 ~ I'31 — 00, (4.116)

Qo : Ya — 0, ZTa/Ya — 0. (4.117)

The first is the democratic three-body breakup region. The second is a cluster
region in which a pair remains close compared with the spectator distance.
Their asymptotic expansions are not uniform limits of one another.

In ©g, the Redmond or 3C incident wave incorporates the leading Coulomb

phase of every pair. In a common notation,

\Ifgc(X) = KX H {e_ﬂ'ﬁij/QF(l + inij)lFl(_inijS 1; 1CZJ)} , (4118)
1<j
Gij = Kijrij — kij - Tig, i = /”7;’2]5” (4.119)
ij

The pair momenta are constrained by the common three-body kinematics.
The product reproduces the leading logarithmic phases when all separations
are large, but it is not an exact factorization of the three-body Schrédinger
equation. Cross derivatives and correlations generate subleading terms.

In a cluster sector €2, the close pair must instead be described by its
full two-body state while the spectator feels its net charge and multipole
corrections. Sectorial expansions by Alt and Mukhamedzhanov and later
refinements construct leading terms in these overlap regimes [49-53]. The
literature therefore does contain important three-body Coulomb asymptotics.
The precise open difficulty is stronger and more useful than the slogan that
no asymptotic form is known: there is no analogue of the single two-body
Coulomb wave that is elementary, exact, and uniformly controlled across all
breakup, rearrangement, and coalescence sectors with simple matching of
every scattering amplitude. The continuing refinement of terms in different

sectors is evidence of this nonuniformity.
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The original Faddeev kernel is compact for suitable short-range forces but
loses this property when an unsplit Coulomb potential is inserted. Faddeev—
Merkuriev theory repairs the integral equations by a configuration- space
splitting

Vf(a}a) = Vogs)(wa» Ya) + Vogl) (Tas Ya), (4.120)

chosen so that the short-range part is active in the corresponding two-body
sector and the long-range parts are included in channel Hamiltonians. The
resulting equations have the compactness and channel structure needed for
analysis and numerical resonance calculations [54, 55]. This is a powerful
solution at the operator-equation level, but it does not reduce the global
coordinate-space boundary condition to a product of three independent
Coulomb waves.

4.5.4 From Coulomb phases to soft photons in QED

The nonrelativistic Coulomb logarithm has a direct field-theoretic analogue.
For massive charged particles moving with asymptotic momenta p;, the large-
time electromagnetic interaction decreases as 1/|t|, not faster. Integrating
it produces a logarithmic phase and a coherent displacement of soft photon
modes. The leading dressing function for one charge has the schematic
small-|k| behavior

ep-ex(k)
f ’)\(k) ~ |k| — 0, (4.121)
. (p- k)v2|K|
with gauge-dependent longitudinal pieces arranged so that physical observ-
ables satisfy Gauss’ law. Since f, \(k) behaves as |k|~3/2 for generic direction,

Adlk|
Z/kl Ad k| fpa(k / e . (4.122)

The coherent cloud contains an infinite expected number of arbitrarily soft
photons. Its soft energy can nevertheless remain finite because insertion of
one factor of |k| makes the integral convergent. The formal Weyl displacement
is therefore not implemented by a unitary operator on the vacuum Fock space
when the infrared cutoff is removed. This is a change of representation, not
merely a large perturbative coefficient [56-58].

The many-particle soft factor depends on the entire scattering process
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through the eikonal current

JH (k)zzei pél *Ze- péf‘
soft pi'k J Lk

i€out J€in pj

(4.123)

Its squared norm contains pairwise terms for every pair of external charges.
Adding particles therefore adds correlated infrared data; it does not merely
tensor another independent one-particle cloud. Charge conservation removes
some leading pieces, but velocity-dependent soft correlations remain.

Gauss’ law sharpens the statement. A charged state carries an electric
flux detectable at arbitrarily large distances. Under general assumptions such
a state cannot be a sharp eigenstate of the mass operator [59]. The isolated
one-particle delta function expected by the LSZ/Fock picture is replaced
by an infraparticle threshold with continuous spectral weight. Thus the
phrase the initial electron state in Fock space already fails before an ordinary
scattering amplitude is calculated. Rigorous constructions of infraparticle
scattering states exist in models of nonrelativistic QED and illustrate how
much asymptotic information must be added [60].

Three standard infrared strategies answer different questions:

1. Inclusive Bloch—Nordsieck or Yennie-Frautschi—-Suura observables sum
over experimentally unresolved soft radiation. Virtual and real diver-
gences cancel in sufficiently inclusive probabilities [61].

2. Chung and Kulish-Faddeev constructions modify the asymptotic states
and dynamics by coherent photon dressings. They aim at an infrared-
finite amplitude between dressed sectors rather than between finite-
photon Fock vectors [57, 58].

3. Algebraic approaches retain the observable algebra and describe charged
or soft sectors by inequivalent representations, asymptotic flux observ-
ables, and superselection data [30, 59].

The work of Hirai and Sugishita makes the second strategy particularly
concrete and also explains why it cannot be separated from Gauss’ law [62—64].
Write a general asymptotic charged state schematically as

‘a; F) _ ez)\ fd3k: (Fa»\(k)a;(k)—F;y)\(k)aA(k)) |a>hard' (4124)

At finite infrared cutoff this is an ordinary coherent state. Removing the
cutoff is meaningful only after the incoming and outgoing dressings have been
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matched to the soft current of the hard process. In a convention-independent
form, the infrared-safe “dress code” is that

Fg%\ (k) — Folénk(kz) — Jgar(k) is square integrable at k =0,  (4.125)
where Jgq, is the transverse polarization component of the universal eikonal
current in Eq. (4.123); signs can be moved between J and the definitions of the
in/out dressings. Equivalently, the coefficient of the logarithmically divergent
norm must vanish. Terms softer than the universal 1/(p - k) profile remain
genuine choices of the asymptotic state rather than infrared counterterms.

This condition has three complementary readings. Dynamically, it is
the cancellation of the virtual soft factor by the coherent clouds attached
to the asymptotic states. Gauge theoretically, the dressing supplies the
electric field required by the Gauss constraint, so an arbitrary Faddeev—
Kulish-like coherent factor is not automatically sufficient. Asymptotically,
the matching condition is conservation of the large-gauge charge and can
be read as the electromagnetic memory relation between past and future
null infinity. Hirai and Sugishita further show that the choice of dressing
matters even for inclusive measurements: tracing over unresolved photons
can erase interference between hard wave packets unless the initial and final
clouds obey the corresponding dress code. The dressed-state and inclusive
prescriptions are therefore compatible but are not interchangeable.

An inclusive cross section can be finite even when no unitary S matrix
exists between the naive charged Fock vectors. Conversely, specifying a
dressed state requires more information than specifying an experimental
resolution. Conflating these two statements is a common source of apparent
contradictions in discussions of the infrared problem.

4.5.5 Composite charged operators and long-range correla-
tions

A local bare electron field is not gauge invariant. A gauge-invariant charged
operator must also create its electric field. A Dirac-type dressing is

Up(z) = ) V@AW gy 8, fi(2) = 6O)(2), (4.126)
The Coulomb choice fi(z) = —0'(4n|z|)~! extends to spatial infinity and
creates the Coulomb field together with the charge [65]. A Wilson-line
dressing chooses a different field geometry. Neither is a compactly supported
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local composite operator.

It is therefore useful, with a qualification, to describe part of the QED
infrared problem as an infrared singularity of a composite operator produced
by long-range correlations. The qualification is that three structures must be
distinguished:

1. soft divergences of amplitudes between inappropriate Fock states;

2. the absence of a sharp charged one-particle mass pole, or infraparticle
phenomenon;

3. infrared sensitivity of nonlocal gauge-invariant dressings and their
correlation functions.

They have a common origin in massless propagation and Gauss’ law, but they
are not identical divergences. Wilson-line composites also possess ultraviolet
endpoint or cusp renormalization, which should not be relabeled as infrared
merely because the line reaches infinity.

For several charges, a product of individually dressed fields is generally not
the final asymptotic operator. Cross terms determined by relative velocities
and total soft charge correlate the dressings. This mirrors the three-body
Coulomb problem: the long-range cloud is a property of the whole channel
and its cluster limits, not a universal one-body factor attached after the
calculation.

4.5.6 Operator-algebraic interpretation of infrared sectors

Let 2A,ps be an abstract algebra of gauge-invariant observables. The vacuum
defines a Fock representation my(2(ops) through its GNS state. A coherent shift
by a square-integrable one-particle wave function is unitarily implemented in
that representation. The infrared displacement in Eq. (4.122) is not square
integrable, so the limiting charged state can define a representation g
disjoint from my. The abstract observable algebra can remain the same while
the Hilbert-space representation changes.

Asymptotic electric flux, soft charge, or velocity data may supply central
or superselection labels for an enlarged asymptotic algebra. Under appropriate
separability and measurability assumptions, a mixed representation can be
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problem naive comparison long-range appropriate
state obstruction replacement
short-range free plane wave or  none after an ordinary Mgller
two-body packet integrable phase wave operators
two-body free plane wave logarithmic phase = Coulomb wave and
Coulomb along a free Dollard dynamics
trajectory
three-body product of incompatible sectorial
Coulomb independent pair breakup and asymptotics and
waves cluster limits Faddeev—Merkuriev
channels
QED charged finite-photon non-square- inclusive
scattering charged Fock integrable soft observables, dressed
vector cloud and Gauss’  states, or non-Fock
law sectors

Table 4.2: The hierarchy of long-range modifications. Each row changes the
asymptotic comparison problem, not the local equations of motion.

organized schematically as

(S5}

Has = /X H§ dﬂ(§)7 (4127)
®

Mas = [ Medp(e). (4.128)

Here £ can include soft or flux data and p describes the statistical mixture.
This direct integral is an organizational theorem, not a cure by itself: a choice
of measure and measurable field must be supplied, and disjoint fibers are not
connected by a unitary operator in any one fiber. Scattering should instead
be formulated as an intertwiner between appropriate incoming and outgoing
representations or as a map of asymptotic observable algebras.

4.5.7 Consequences for resonances, complex scaling, and ex-
act WKB

Long-range asymptotics changes the analytic surface on which a resonance
is defined. Because n < 1/k, the Coulomb factors contain I'(l + 1 + in) and
logarithms with an essential threshold structure at & = 0. A short-range
square-root sheet is therefore insufficient. Pole searches should factor the pure
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Coulomb contribution and continue the Coulomb-modified Jost determinant.
Response functions should be compared with a reference Hamiltonian carrying
the same Coulomb tail.

Complex scaling can be applied to important Coulombic Hamiltonians
under appropriate dilation-analytic hypotheses, but it does not restore free
asymptotics. Exterior scaling, channel-adapted coordinates, and Faddeev—
Merkuriev decompositions may be required in many-body problems. A
rotated eigenvalue must be interpreted relative to the correct Coulomb
thresholds and reference continuum.

Exact WKB displays the two-body logarithm immediately. At large r,

p(r) = /21 (E - i’) = hk — %% + 02, (4.129)

%/Tp(r') dr’ = kr —nlnr +O(r™ ). (4.130)

SO

The Coulomb phase is therefore a global WKB period reaching infinity.
In the three-body problem the corresponding Hamilton—Jacobi function is
multivariable and its cluster limits are nonuniform. In QED the asymptotic
phase becomes an operator-valued soft dressing.

A genuinely field-theoretic resonance theory must combine these infrared
representations with analytic continuation of multiparticle correlation func-
tions. For a charged unstable excitation, an infraparticle cut and a resonance
pole need not be separable by the elementary pole-plus-background ansatz.
Constructing an asymptotic algebra, its incoming and outgoing GNS rep-
resentations, and a continued spectral object carrying widths and residues
is a central open problem in extending the present program from potential
scattering to gauge theory.

4.6 (Gauge constraints, observable algebras, and
physical Hilbert spaces

Long-range QED exposes a question that is already present in every gauge
theory: which Hilbert space is physical? A gauge-fixed field algebra, a BRST
complex, a gauge-invariant observable algebra, and the Hilbert space used
by a lattice simulator are related, but they are not the same object. Direct
integrals clarify the relation only if they are applied at the correct stage.
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They decompose a representation that has already been selected; they do not
select the physical representations by themselves.

This section gives an observable-first construction and compares it with
the BRST route. It then separates two sources of nonfactorization: generic
local QFT structure and the additional constraint imposed by Gauss law.
The aim is not a nonperturbative construction of Yang—Mills theory. It is a
precise list of the data such a construction would have to provide.

4.6.1 Three layers that must not be collapsed

It is useful to keep three mathematical layers visible:

(i) a kinematical field space, possibly gauge fixed and possibly carrying an
indefinite inner product;

(ii) an abstract net or algebra 2,ps of gauge-invariant observables; and

(iii) one or more positive Hilbert-space representations (m, H, ) selected
by a state, an energy condition, and a charge or asymptotic criterion.

Gauge-dependent fields can be invaluable coordinates for calculation, while
the observable algebra records what can be measured without choosing those
coordinates. A Hilbert representation adds the state-dependent meaning of
expectation values, spectrum, and weak closure. In systems with infinitely
many degrees of freedom there need not be one representation containing all
physically relevant sectors.

For a relativistic theory the observable-first datum is a net

O r— Q[(O), O C Oy — Q[(Ol) C 9[(02), (4.131)
with locality
[A1,Ag] =0 if O; and O3 are spacelike separated. (4.132)

Covariance, a spectrum condition, and an appropriate vacuum or thermal
state complete the basic data. The quasilocal C* algebra is obtained by
norm completion of the union of local algebras. A state w then constructs
the Hilbert space through GNS:

w(A) = (Qy, 7, (A)Q0), He = T (Aobs) Qeo- (4.133)
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Thus positivity belongs to the state on observables, not to a particular gauge
potential.

4.6.2 The BRST cohomological route

Covariant gauge fixing enlarges the field space by longitudinal modes, ghosts,
and auxiliary fields. Let IC denote the resulting Krein space and @ a nilpotent
BRST charge,

Q*=0. (4.134)

The algebraic physical space is the cohomology
1 .
Hyker = ker Q/im Q. (4.135)

To obtain a Hilbert space one still has to prove that the induced sesquilinear
form is positive semidefinite, quotient its null vectors, and complete the
result. Observables are represented by BRST-closed operators modulo exact
ones. In the Kugo—Ojima framework this implements the quartet mechanism
and connects color confinement to the global BRST charge under explicit
assumptions [66].

Equation (4.135) is elegant because local covariant fields and positivity
are reconciled after taking cohomology. It is not, however, a definition
that can simply be assumed in an arbitrary nonperturbative theory. One
needs a globally defined nilpotent charge, a controlled domain, positivity
of the quotient, and a state space on which the construction is complete.
Gribov copies obstruct a global gauge slice, and their topology warns that
a perturbative BRST complex need not automatically extend to the full
configuration space [67, 68]. Abandoning these global questions may be
a deliberate approximation, but it must then be identified as part of the
truncation contract.

4.6.3 The observable-first definition

If BRST cohomology is not taken as the global starting point, a nonpertur-
bative physical Hilbert space should be defined in the following order:

1. construct a positive gauge-invariant observable algebra or net, including
its dynamics;

2. select a class of physical states by positivity, the Gauss constraint,
energy and regularity conditions, and the desired vacuum, thermal,
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charge, or asymptotic behavior;
3. apply GNS to each selected state or folium;

4. compare the resulting representations by unitary equivalence, quasi-
equivalence, or disjointness; and

5. only then form direct sums or direct integrals when a specified mixed
representation and measure call for them.

In symbols, a selected family {w¢}eex can produce

%) @
ma= [ medn(©,  Hu= [ Heduo). (4.136)

provided the fields are measurable. The measure p is part of the state
or ensemble; it is not determined by the abstract algebra alone. A pure
sector may require only one factor representation. A finite compact lattice
problem more often gives a direct sum. A genuine direct integral is natural
for continuous charge or flux data, infinite volume, or a central decomposition
with a nonatomic center.

This answers the apparent dilemma. Insisting on a direct integral “on
the observable side” is legitimate as a posterior decomposition of a chosen
representation. It cannot replace the state-selection problem. Without the
selected state class and measure, the phrase “the physical Hilbert space” is
underdetermined.

4.6.4 Central decomposition is not sector classification

Let M, = 7,(2Aops)”. Reduction theory gives, under the hypotheses of
Section 3.1.7,

D
M, = / Moeduo(€),  Z(Mug) = Cle ace. (4.137)
X

This decomposes one represented algebra into factors. A superselection
theory asks a different question: which representations of the abstract net
are physically admissible, and how do charges compose? The DHR criterion
selects charges indistinguishable from the vacuum outside bounded regions
[69]. Gauss-law charges are detectable at arbitrarily large distances and do
not satisfy that compact-localization criterion. Spacelike-cone localization
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and asymptotic constructions provide weaker alternatives in suitable theories
[59, 70].

Consequently, a factor fiber in Eq. (4.137) should be called a factor
component until a physical selection criterion identifies it with a charge
sector. Conversely, two charge sectors may be disjoint representations of the
same simple quasilocal algebra even though the abstract algebra has trivial
center. The center appears after representation or after restricting to a region
with boundary data; it need not be present in the global abstract algebra.

4.6.5 Solving Gauss law on a lattice

Hamiltonian lattice gauge theory makes the reorganization operational [71].
Before imposing constraints, a finite graph with links e has a kinematical
tensor product

Hiin = Q) He @ () H . (4.138)

At every vertex, the Gauss operator G, generates a gauge transformation.
The physical subspace is

Hphys = {¥ € Hiin : Gotp = 9 for all v} (4.139)

for a finite gauge group, with the corresponding zero-generator condition for
a Lie group. The orthogonal projector is the group average

Pg = HLdgv Uv(gv)' (4'140)

Since a vertex transformation acts on all incident links, Pg does not factor
into independent projectors for arbitrary spatial subregions.

One can solve the constraints explicitly by choosing a spanning tree and
expressing tree-link variables through matter charges and the remaining loop
variables. This can reduce the number of degrees of freedom and is valuable
for quantum simulation [72]. The price is that an operator local in the
original link variables may become a string along the chosen tree. The exact
shape of that string is encoding dependent. The need to carry boundary flux
and the failure of a naive regional tensor product are not.
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4.6.6 Laboratory: the smallest Z, boundary-flux sector

Consider a connected region whose interior is a single link joining two vertices.
One external link crosses the boundary at each vertex. In the electric basis
write the Zg labels as qr, ¢, qr € {0,1}. With no interior matter charge,
Gauss law gives

qr+q¢=0, ¢+qr=0 (mod 2). (4.141)

Hence q;, = q = qgr. If the exterior is not included in the regional Hilbert
space, the physical regional space has the decomposition

HpRhyS =Hro® HR,1- (4.142)

Each summand has fixed boundary electric flux. Gauge-invariant operators
strictly inside the region cannot change that label. The boundary-flux
operator therefore lies in the center of the regional observable algebra and
the projectors onto Hr o and Hp 1 are central projections.

For this finite compact example the correct structure is a direct sum, not
a direct integral. Joining the region to its exterior requires matching the
left and right boundary representations and contracting their indices. An
“extended Hilbert space” can instead introduce edge variables so that a tensor
product is restored before imposing the matching condition [73, 74]. These
are different encodings of the same gauge-invariant content, provided the
boundary algebra and its center are tracked.

4.6.7 Which nonlocality is an artifact?

The answer has two parts.

Encoding-dependent nonlocality.
A spanning tree, Jordan—Wigner-like ordering, gauge fixing, or choice
of edge modes determines where strings are drawn and which qubits
store a loop variable. Changing the encoding can move or shorten those

strings.

Structural nonlocality or nonfactorization.
Gauss law ties charge in a region to flux through its boundary. Charged
fields cannot be both gauge invariant and compactly localized with-
out an accompanying dressing. Regional observable algebras possess
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boundary superselection data, and the physical subspace generally fails
to equal a tensor product of independently physical subregions.

Thus not every long Pauli string seen by a simulator is fundamental, but
the constraint that makes some boundary or dressing data unavoidable is
fundamental.

There is also a logically separate AQFT effect. Local von Neumann
algebras in continuum relativistic QF T are typically type III and therefore
are not ordinary tensor factors with density matrices, even in a theory without
gauge charge. When nested regions 01 € Oy satisfy the split property, there
exists a type I factor N such that

A(01)" C N C A(O,)". (4.143)

The collar between the regions permits an approximate subsystem structure
[75]. Type III nonfactorization, failure of the split property, and a Gauss-law
boundary center should therefore be diagnosed separately; calling all three
“nonlocal encoding” loses the distinction.

4.6.8 Connection coefficients sector by sector

The observable-first picture meets the analytic strategy of this book when a
Hamiltonian or radial problem decomposes over a measurable sector variable:

Ho= [ Heape),  H= [ Heane) (1144)

If each fiber has a connection problem, exact WKB produces an incoming
coefficient Cin(F,&). A fiber resonance satisfies

Cin(ER(£),€) =0. (4.145)

But performing this calculation independently in every fiber is not yet an
operator theorem. One must prove measurability in &, choose analytic
continuation domains uniform on the relevant set of sectors, control residues
near thresholds, and justify interchanging continuation with the direct integral.
If pole curves collide or escape through a sector-dependent cut, no single
contour need isolate them uniformly.

This is a concrete open interface between exact WKB and operator al-
gebras. The connection coefficient supplies analytic information that the
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measurable decomposition alone lacks; the direct integral supplies the topol-
ogy and measure needed to assemble fiber calculations into a physical state
space. Neither construction subsumes the other.

Checkpoint

A nonperturbative gauge theory is not assigned a physical Hilbert
space by writing a direct integral. It is assigned an observable algebra,
dynamics, and a physically selected state class; GNS constructs the
representations. Direct sums, direct integrals, and central decomposi-
tions then organize those representations. Solving Gauss law can make
a chosen encoding nonlocal, while boundary flux, charged dressing,
and nonfactorization are structural data that any faithful encoding
must preserve.

4.7 Problems for Stage 11

I1.1 Derive the reduced mass and center-of-mass separation for two particles.
State precisely which potential hypotheses allow the internal and center-
of-mass domains to factorize.

I1.2 Starting from the resolvent identity, derive the Lippmann—Schwinger
equation for [y(t)). Check the sign of the outgoing Green function
using the time convention of the book.

I1.3 Evaluate the free Green kernel in three dimensions and recover its
outgoing asymptotic form. Use it to derive the first Born amplitude.

I1.4 Derive the probability current and the factor ky/k; in a multichannel
differential cross section. Show how flux normalization removes this
factor from the unitarity relation for the on-shell S matrix.

I1.5 Prove the optical theorem from partial-wave unitarity. Then insert
a complex optical potential and identify the additional reaction cross
section.

I1.6 Express a radial Green function in terms of regular and outgoing Jost
solutions. Show that a zero of the Jost function gives a pole and compute
the residue for a simple zero.
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I1.7

I1.8

I1.9

I1.10

I1.11

11.12

I1.13

11.14

I1.15

Derive the logarithmic Coulomb phase by integrating the potential along
a straight asymptotic trajectory. Explain why replacing a Coulomb
wave by a plane wave changes the definition of the scattering amplitude.

Verify directly that the ordinary Mpgller limit fails for the Coulomb
Hamiltonian at the level of the phase. Construct the corresponding
Dollard modifier in the one-particle relative problem.

List the three cluster asymptotic regions of a three-charge problem and
the different large variables in each. Explain why pairwise Coulomb
phases do not automatically give a uniform approximation in their
overlap.

For a coherent soft-photon dressing with profile f(k), determine the
condition for a finite Fock norm. Compare it with the infrared behavior
required by the Coulomb field of a charged particle.

Derive Lagrange’s identity Eq. (4.47) for the general Sturm-Liouville
expression. Show that two functions obeying the same separated regular-
endpoint condition have zero boundary bracket.

For —d?/dr? + g/r?, calculate both Frobenius exponents and reproduce
the limit-point threshold g = 3/4. State the domain condition needed
for the physical s wave.

Derive the sign and normalization of the Green kernel Eq. (4.58) by
integrating across r = 7’. Repeat for the opposite resolvent convention.

Match the regular square-well solution at » = a and obtain Egs. (4.73)
and (4.74). Track one bound-state zero as the well depth is reduced
through threshold.

Differentiate the radial equation with respect to k and derive Eq. (4.76).
Evaluate the boundary term for a decaying bound state and explain
which analytic continuation is required for a Gamow state.
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Chapter 5

Stage III: Build the global connec-
tion problem

Reader contract

This stage constructs the resonance rather than postulating a complex
eigenvalue. Local Riccati branches are Borel resummed, transported
through Stokes sectors, and assembled into a Wronskian-preserving
connection matrix. The stage ends when the prohibited incoming
coefficient, its zero, its derivative, and the decay width can all be

calculated.

5.1 Step 3: Construct the local resurgent basis

Calculation route

Prerequisites. The spectral curve y? = Q(x, ') and the asymptotic
coefficients fixed in Sec. 4.1.

Calculation goal. Generate the all-order Riccati series, separate odd
and even parts, Borel resum in a declared direction, and identify the
turning-point Stokes data.

Completion criterion. Produce normalized sectorial WKB branches
whose ambiguity and domain of validity are explicit.

5.1.1 Riccati equation and formal WKB solutions

Consider the Schrédinger equation in the form

2
[—h2d + Q(=, E)] P(x) =0, Q(z,E) =2m[V(x) — E]. (5.1)

dz?
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The coordinate z and energy E may be complex. Introduce the logarithmic
derivative

W(z) = el St (5.2)

Then S satisfies the Riccati equation

25 @
2, 00 W
S+ o 12 (5.3)
Seek a formal solution
SE)(z, h) = Z hn S (5.4)
n=—1
The leading terms are
10y
s& = +vQ, si = 10 (5.5)
4Q
For n > 0, the remaining coefficients obey
+ + = + +
25%) 50 = —9,8(9) — 3" 5H st (5.6)
j=0

Define odd and even parts under exchange of the two leading branches:

Sodd = % <S(+) - S(_)) ;

1 1
_ ~(ao#) =) — _—
Seven = 5 (S + S ) = 281 log Sogq. (5.7)

The formal WKB solutions normalized at a reference point x( are

V() = ¥ g Soaa(@da’ (5.8)
Sodd ()
The square root, integration path, and sheet of /@ are part of the definition.
A local asymptotic series becomes a global spectral statement only after these
data and the Stokes transitions are specified.

If the original differential equation contains a first-derivative term, a local
gauge transformation first removes it and shifts Q by a term of order h2.
Such terms are easily dismissed in leading semiclassics but can carry essential
monodromy at a regular singular point. The radial Langer term in Section 7.1
is the principal example.
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5.1.2 Borel transform and lateral resummation

The series in Eq. (5.4) is generally divergent. For a formal series

f(h) =" anh", (5.9)
n=0
define its Borel transform by
00 an .,
Bf(€) =3 ¢ (5.10)
n=0 """

If Bf can be analytically continued with suitable growth along the ray
arg & = ¢, its directional Borel sum is

Sef) =5 [ ace B (e) (511)

When a Borel singularity lies on the integration ray, define lateral sums
Sp+. Their difference is exponentially small in A and is governed by a
Stokes automorphism. This is the point at which nonperturbative saddles
enter a perturbative expansion. In a metastable problem, the same analytic
discontinuity that resolves a Borel ambiguity produces the imaginary part of
the resonance energy [76-79].

The phrase ezact WKB does not mean truncating the WKB series at
high order. It means using Borel-resummed WKB solutions and their exact
connection formulae. Truncation may approximate a Borel sum before
the least term, but it does not determine lateral continuation or global
monodromy.

5.1.3 Turning points and Stokes geometry

A simple turning point a satisfies

Q(a, E) =0, 0.Q(a, E) # 0. (5.12)

Choose a branch of the classical action

Wz E) = /ax \/Q(z', E)da'. (5.13)
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In the convention used here, Stokes curves are trajectories on which

Tm [W“(x;E)} = 0. (5.14)
h

Some literature interchanges the names Stokes and anti-Stokes curves; the

connection matrices, rather than the label, fix the convention. Three curves

emanate from a simple turning point. On crossing one of them, the coefficient

of a subdominant solution changes by a multiple of the dominant solution.
Let the local solution be represented by a coefficient column ¢ = (¢4, c_)T.

Up to orientation and normalization, simple turning-point connections have

triangular form

M, (o) = (é j) , M_(0) = (i ?), (5.15)

where the Stokes multiplier o is +i or —i for the standard Airy normalization,
depending on the crossing direction. A global connection problem is an
ordered product of such matrices, propagation factors, and monodromy
matrices. The physical boundary condition states that one component of the
final coefficient column vanishes.

5.1.4 Voros symbols and exact quantization

For a path or cycle v on the spectral curve y? = Q(z, E), define the formal
Voros integral and symbol by

V,(E, h) = / Sz, h)de,
Y

V,(E, h) = (BN, (5.16)

Both are understood through a specified lateral Borel sum. For a simple two-
turning-point bound-state problem, the connection condition often reduces

to
1+ Vv(E, h) = 0. (5.17)

At leading order this gives the Bohr—Sommerfeld rule including the Maslov
phase. More complicated graphs produce polynomial or cluster-like relations
among several Voros symbols [12-14].

For a resonance, the algebra is the same but the selected subdominant
sectors are different. Let Ci,(F, i) be the connection coefficient of the incom-
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ing asymptotic solution after transporting an outgoing solution across the
Stokes graph. The exact resonance condition is

Cin(E,h) = 0. (5.18)

Thus the last arrow in Eq. (1.2) is not an analogy: Ci, is a Jost function
expressed in resurgent coordinates.

5.1.5 Local normalization versus global invariants

The starting point of a WKB integral, the normalization of local bases, and the
detailed shape of a connection path are not separately physical. Changing
them conjugates connection matrices or multiplies rows and columns by
nonzero factors. Zeros of the incoming coefficient, closed Voros periods, and
monodromy conjugacy classes are invariant. We will refer to the local choices
as a connection gauge. This language is useful in radial problems, where
an open path from the origin to infinity and a closed contour encircling the
origin can encode identical quantization data [25].

5.2 Step 4: Transport the basis without losing the
Wronskian

Let ¥ = (¢4 ,%_)T be a local WKB basis with constant Wronskian. Crossing
a simple Stokes curve multiplies its coefficient vector by one of the triangular
matrices in Eq. (5.15). Transport between reference points a and b gives a
diagonal matrix

Vab b
Py = (e N b), Vi :/ Soaq da. (5.19)
0 e Ve a

A global connection matrix is an ordered product
My = M;, Py 14+ Mj, P1aMj, . (5.20)

Changing local normalization conjugates or diagonally rescales Mp. Its
relevant zero condition and monodromy eigenvalues are unchanged.

For an equation without a first-derivative term, the Wronskian

W1, 102] = 105102 — ¥20:91 (5.21)



98 Chapter 5. Stage III: Build the global connection problem

is independent of x. Consequently every exact connection matrix has unit
determinant after consistent basis normalization. This algebraic constraint is
a useful check on symbolic and numerical Stokes calculations.

5.3 Step 5: Turn the no-incoming condition into a
pole equation

5.3.1 Outgoing conditions as subdominance after continuation

On the real axis a resonance wave grows at both spatial ends. In the complex
x plane, the same exponential is decaying in appropriate sectors. Exact
WKB analysis selects a Borel-summed solution that is subdominant in one
such sector, transports it across the Stokes graph, and requires it to be
subdominant in the sector representing the other outgoing end. Complex
scaling implements a fixed contour through these sectors; exact WKB records
the sector changes algebraically.

Suppose V(z) — 0 at both ends and define k£ by Eq. (4.84). Asymptoti-
cally, Syqq — ik or —ik. Rotating the coordinate by = = iy changes which
exponential is subdominant according to Eq. (6.16). The exposure condition
of complex scaling is therefore a statement that the chosen contour lies inside
the exact-WKB subdominant sectors. From this viewpoint, rotation of the
essential spectrum and deformation of the Stokes graph are complementary
descriptions of the same analyticity [16, 17].

5.3.2 The inverted Rosen—Morse barrier

The inverted Rosen—Morse, or Poschl-Teller barrier, is

Uy

V(i) = ———, Uy > 0, > 0. 5.22
() coshz(ﬁx) 0 b ( )
It is short ranged and exactly solvable, yet its analytic continuation has an
infinite periodic structure of poles and turning points. It therefore tests both
scattering and exact-WKB descriptions without reducing the problem to a

polynomial potential [80-83].
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Introduce
h2k?
€ = tanh (). e
2mUy

The Schrodinger equation becomes an associated Legendre equation. A
solution outgoing at x — +o0o may be written in terms of a Gauss hyper-
geometric function. Its incident coefficient at x* — —o0 is, up to a nonzero
convention-dependent phase,

I'(1 —ik/B)T(—ik/B)
T(—ik/B — s)D(—ik/B+s+1)

Ain(k) o< (5.24)

The resonance condition Aj, (k) = 0 follows from a pole of either Gamma
function in the denominator.

For a barrier satisfying
8mUy

3252

define the positive dimensionless number

ISTTLUO

The resonance momenta in the fourth quadrant are

> 1, (5.25)

kRzg[ﬁ—l(Qn‘i'l)]a n:0’1,27, (527)

n

and the corresponding energies are

gr = 5 [k —i(2n + 1)]? (5.28)
= Kk —1i(2n : .

" 8m

The antiresonant partners obey kX = —(k2R)* for a real potential.

In exact-WKB language, the turning points satisfy

Y%

cosh?(Bz) = I

(5.29)

They repeat under imaginary shifts because cosh z is periodic up to sign.
The spectral curve also has double poles at zeros of cosh(fSx). A connection
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path crosses the relevant Stokes curves, changes sheets at branch cuts, and
returns through infinity. The exact connection coefficient can be identified
with Eq. (5.24); hence the resummed WKB condition reproduces Egs. (5.27)
and (5.28) exactly [15, 16].

The lesson is broader than solvability. Barrier resonance does not require
a real-axis potential well. In complex configuration space, turning points and
subdominant sectors can trap analytic continuation around a nontrivial cycle.
The pole measures that global complex geometry. This statement should not
be misread as a sufficient criterion based only on visual minima of Re V' (z);
the invariant criterion is the vanishing connection coefficient.

5.3.3 Transmission and reflection from connection matrices

Choose an incoming wave of unit amplitude from the left. The asymptotic
solution is

() ~ e 4 R(k)e k7, T — —00,
Y(z) ~ T(k)elk, T — 400, (5.30)

Let M(E, h) be the exact connection matrix between asymptotic WKB bases.
With a consistent normalization, R and T are ratios of its entries. The
resonance condition is the zero of the entry multiplying the incoming wave
when the right solution is chosen outgoing. On the real axis, Wronskian
conservation gives

[R(E)P +|T(E)] =1 (5.31)

for a real one-channel potential with equal asymptotic velocities. Exact WKB
therefore reconstructs both the continued poles and the unitary physical
scattering matrix from the same connection data [17].

Near a simple pole, the connection coefficient has the local expansion

Cin(E) = Ci,(Er)(E — Er) + O((E — Er)?). (5.32)
The derivative C{,(ER) determines the residue. This is the exact-WKB route
to excitation strength, and not only to the pole location.
5.3.4 Complex scaling as a change of Stokes sector

For an asymptotically free problem, the continuous spectrum corresponds
to oscillatory WKB solutions on the real axis. Under z = €'y, the classical
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action is continued to a ray on which one solution decays and the other grows.
The energy at which neither is exponentially preferred lies on the rotated
ray arg F = —26. Thus the continuum rotation in Eq. (6.20) follows directly
from the asymptotic WKB exponent. A pole is # independent because its
global connection condition is invariant while the contour remains in the
same homology class and crosses no singularity.

This gives an alternative geometric reading of the ABC structure. It does
not replace the operator theorem: exact WKB controls differential-equation
solutions and their analytic continuation, while the theorem controls operator
domains, essential spectrum, and resolvent matrix elements. Their agreement
is powerful precisely because the two analyses have different failure modes.

5.3.5 Continuum states in exact-WKB language

At real £ > 0, a continuum state is specified by a boundary value F + i0
and by incoming channel amplitudes. In exact WKB, these choices select a
lateral Borel sum and a side of the Stokes graph. The continuum is therefore
not obtained by solving the resonance condition for a dense set of energies; it
is a family of connection problems parametrized by real E.

After complex scaling, the continuum becomes a line of generalized
eigenvalues E = e=2h2¢%/(2m) with ¢ > 0. A finite basis discretizes ¢, while
exact WKB retains it as a continuous parameter. The equivalence between
the two descriptions is clearest at the resolvent level: both deform the same
continuum contour while keeping pole residues inside the deformation fixed.

5.4 Calculation laboratory III: From a Stokes graph
to a resonance width

Calculation route

Prerequisites. Asymptotic scattering coefficients, the Riccati recur-
sion, lateral Borel sums, simple-turning-point connection matrices, and
the no-incoming-wave condition.

Calculation goal. Scattering poles, the cubic oscillator, and the
complete inverted Rosen—Morse calculation, including its repeated
Stokes geometry.

Completion criterion. Reproduce the inverted Rosen—Morse pole
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condition and decay width from the ordered Stokes data and verify
them against the exact solution.

This Laboratory reconstructs the calculation underlying Ref. [15]. Scat-
tering and exact-WKB definitions have already been fixed in Stages II and
IIT; the source-paper recapitulation is therefore omitted. What follows is the
model-specific Stokes transport, including the original intermediate algebra
and TikZ geometry.

5.4.1 Worked Stokes geometry: cubic decay and the solvable
barrier

The definitions of lateral Borel sum, Stokes curve, and connection matrix are
those of Sec. 5.1. We now apply them without redefining them.

Application to unstable QM: Anharmonic oscillator with cubic
potential

As an example, let us consider the cubic potential, V(x) = 2%(1 — z). This
is not well-defined but is pedagogical for our purpose. The Stokes graph
for 0 < £ < maxV(xz > 0) is shown in Fig. 5.1. The black solid curves
are the Stokes curves. The index of each curve 4 implies that 1) increases
exponentially and

Refi™! /m dz’'/Q = 0. (5.33)

Three Stokes curves gather at one point, called the turning point, which
is depicted as a black point. The blue wavy lines are branch cuts. Due to
the unbounded potential, it is difficult to define physical phenomena only
on x € (—o0,00). For example, let us choose the red arrowed path and then
see what happens. At first, near x = —oo, ¥~ sufficiently decreases and so is
normalizable. When we jump over the Stokes curve with the index + starting
from the same turning point (I—II), the Stokes phenomenon gives rise to

U\ wﬁ)
(1) = (). -
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Figure 5.1: Stokes graphs for the cubic potential. The black solid curves are
the Stokes curves and black points are the turning points connecting three
Stokes curves. The blue wavy lines are branch cuts. The red arrowed curve
is a possible physical path on which the wave function is defined.

where M depends on the rotation of the path around the turning point,

M, if anticlockwise for the index +,
MY if clockwise for the index +,

+ (5.35)
M_  if anticlockwise for the index —,

M~!  if clockwise for the index —,

M, = <(1) 1) : M_ = C 2) . (5.36)

The above matrix is called the monodromy matrix. Inside region II, we need

and

to connect the different turning points, a; and as. The wave function is
related to each other by the factor,
+ [*2dz S,
o Jay 97 Soaa (5.37)
Finally, in the exchange of regions II and III, we again use the connection

rule (5.34). If this system is just the harmonic oscillator, V(z) = 22, the above
strategy completes our task. For the wave function to converge near x = oo,
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we have the quantization condition
1+A=0, A=efdeSoa (5.38)

Here the cycle, A, comes from the connection between the turning points aq
and ag. Actually, by analytically continuing, A can be rewritten as the

1
A = 2™ E+ e have the usual

integral around the point of infinity. That is,
quantized energy spectrum E = h (n + %) with n € Z>o. Now, for the cubic
potential, the analytical continuation should be stuck because of the branch
cut attached to the point of infinity. However, a path on the upper-half plane
must differ from that on the lower-half plane. This reproduces the usual
result of some kind of tunneling analysis. This section is now finished but we

will see a concrete result being identical to the exact solution.

5.4.2 Resonant states in exact WKB analysis
What is a resonant state from the viewpoint of exact WKB?

Given a potential V() as a function of z € R, let us complexify the coordinate
as z € C. In the complex plane z, if the potential Re V'(z) possesses local
minima, all of which are not stable physical states, then the Hilbert space
of the system includes resonant states. This is because observations from
the exact WKB analysis, i.e. structures of Stokes curves, are sensitive to the
change of signs of V' (z) — E. For instance, in an unusual harmonic oscillator,
V(x) = —22, one finds that in Fig. 5.2 there is no local minimum; no resonant
state exists. On the other hand, some kind of potential has the local minimum
which is not a true vacuum, such as in 1/ cosh?(z — a) + 1/ cosh?(z + a);
there are resonant states. Additionally, it is known that for the potential,
V(z) = 1/ cosh? z, we observe nontrivial complex energies of resonance. This
is the so-called barrier resonance, which traps the wave function into the
bump. In fact, in Fig. 5.3, we can see the existence of local minima in Re V'(2)
with Imz # 0. In what follows, we focus on an exactly solvable model,
where we can see barrier resonant states explicitly. Also, from the above
picture, we will have the same complex energies by using the exact WKB
analysis.
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(a) Real part (b) Imaginary part

2

Figure 5.2: Potential structure of harmonic oscillator, —z~, in complex plane

(a) Real part (b) Imaginary part

Figure 5.3: Potential structure of 1/ cosh? z in complex plane
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Inverted Rosen—Morse potential

Exact solution Let us consider the inverted Rosen—Morse potential defined
by
h? d2 Uo

s cosh%v] U(x) = Ep(z), Uy > 0. (5.39)

This Schréodinger equation is exactly solvable as follows: By using & = tanh Sz
and

VmE 2mU0 1 8mU0
k;— N —BQHZ —S(S+1), 8—5 —1+ 1—W (540)

h
the equation can be rewritten as

el -]+

N 2
s(s+1)— (;) 1_1521 v=0.  (5.41)

This is a general Legendre equation. After changing variables as

P(@) = (1 — )5 w(E) (5.42)

and %(1 — &) = u, one finds the hypergeometric differential equation,

u(l—u)(ijzw—i- (i;—kl) (1—2u)diuw— <i§—s) (ig+8+1>w20.
(5.43)

It is known that there are two independent solutions to the above equation.
One solution is finite at £ = 1, i.e. * = 0o, while another one is divergent
there. The former is given by
_ ik ik ik ik 1-¢
P(z) = (1 —£?) 25F(——s,——|—s—i—1,—+1,), 5.44
() = ( s SeLe). (A

where F' is the Gaussian hypergeometric function.

Traditional approach to resonance The exact solution (5.44) has com-
plex energies. To see this from the traditional viewpoint, the asymptotic
behavior of the solution is of importance. At first, in the case that z — oo,
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we see
(1—€2)7 2 4 25¢ike (5.45)
and

i i i _¢

Thus, we have the asymptotic form of the exact solution at x — oo
ik .
Y(x) — 4725tk (5.47)

Here, the above expression means the transmitted wave. Next, if z — —oo,
the overall factor becomes

(1-€)75 = (~4) me e, (5.48)

On the other hand, noting that

g g 5 2
F(1—¢>I’<@> " " " I
= AT ) F(‘lﬂ‘s"lﬁ““ Fris)
F(“%ﬁ(‘%) 146\ ik 1+¢
+F(—i§—s)r(—i§+s+1)( 5o) F (st 55
(5.49)
the hypergeometric function behaves as
ik ik ik 1-¢
F(—IB— s-g+s +1_6+12> |
_)F( 5)F(Fk> n F( _%)F(_%) o2k (5.50)
S

FA+sT(=s) 1 (% —5)(-% +5+1)

Therefore, we have in the x — —o0o region
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_{_(_4)—%611433 F( _%>F<_%>
F(—%—ﬂ)F(—%+s+ly

where the first term on the right-hand side indicates the reflected wave, and

(5.51)

the second term is the incident wave. Imposing purely outgoing boundary
conditions (Siegert boundary condition [1]) yields the resonance condition,
where the coefficient of the incident wave ¢'** vanishes. Hence, T’ (—% — s)

or I’ (—% + s+ 1) should be divergent, and hence those Gamma functions
become I'(—n) with a nonnegative integer n (i.e. n =0, 1, 2, ...). Therefore,
this leads to discrete complex energies as follows:

e The case that I’ (—% + s+ 1) diverges.
The divergence point of the Gamma function is expressed as

ik
—%—1—34—1:—71, n=0,1,2,.... (5.52)
Solving this equation for k, we obtain

. 18mUj .

Here, if the inequality, 1 < 8mUy/(5%Rh?), is satisfied, the complex wave

I
2

. (5.53)

number and the complex energy are given by

R_P| [8mbo .
=t [ o~ 1—ien+1) (5.54)
and
L R282 [ [smlp ’
ER — C—i@n+1 .
n= 2L [ i i2n+1)| | (5.55)

respectively. The wave number is in the fourth quadrant of the complex
k-plane. Therefore, this solution corresponds to a resonant state.

e The case that I’ (—% — s) diverges.
In the same way as the above case, we can obtain the divergence point
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of the Gamma function as
—— — 5= -—n, n=0,1,2 ..., (5.56)

which gives

AR _ B | [8mUp
kal = l N e 1 ien ) (5.57)
and
w1262 [ [8mU, ?
E = —— —1+1i(2 1 .
. S [ 5212 +i(2n+1) (5.58)

The wave number is in the third quadrant of the complex k-plane.
Equations (5.54) and (5.57) satisfy the following relation:
by = = (k™) (5.59)

n

which means that the state with k2R is a time-reversal state of the

resonant state, the so-called “antiresonant state.”

Stokes graph So far, we have derived the exact resonant solution and its
energy. Here, we proceed with the perspective of the exact WKB analysis.
Figure 5.4 shows the Stokes graph for the inverted Rosen—Morse potential,
V(z) = 1/ cosh®z, with 0 < E < 1. The left and right panels are devoted
to Im A > 0 and Im A < 0, respectively. The black points denote the turning
points and the solid/dashed curves are the corresponding Stokes curves. Note
that the potential possesses the periodicity of Imz € [—7/2,7/2] due to the
cosine function on Rex = 0. The blue point is the double pole and the blue
wavy lines are branch cuts. To see the resonant states, we choose a path of
the analytic continuation from Imx — 00 to Imx — Foo along the Stokes
curves depicted in Fig. 5.4. Especially, because of normalizability, we need
to take ©_ for both regions of Imx — 4+o00. Such a path can be chosen as
shown in Fig. 5.5. The red path in the figure implies the path in the above
sense. Note that the red solid curve is on the Riemann sheet depicted while
the red dashed curve is on another Riemann sheet after passing through the
branch cut. We make a remark on analogy to the CSM. From the ABC
theorem, resonant states after complex scaling are some kind of bound states.
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Rex

Rex

\ + _ 7

Figure 5.4: Schematically illustrated Stokes graph for the inverted Rosen—
Morse potential, V(z) = 1/cosh?z. (Left) ImA > 0, (right) Im#% < 0.
The black points denote the turning points and the solid curves are the
corresponding Stokes curves. The dashed ones, also Stokes curves, mean the
periodicity of Imz € [—7/2,7/2] due to the cosine function on Rex = 0.
The blue point is the double pole and the blue wavy lines are branch cuts.

It indicates that resonant states can be normalized in complexified asymptotic
regions. In fact, in the Stokes graph in Fig. 5.5, we observe that there is a
path in the complex plane along which the wave function decays; we regard it
as the normalizable path. Figure 5.5 gives rise to the following quantization
condition along the red arrowed path:

1—A=0. (5.60)

(A more rigorous derivation under regularization is provided in Sec. 6.5.)
Here, A is the nontrivial cycle, the A-cycle, shown as the green dashed loop.
From now on, let us calculate A in the leading order of the exact WKB and
a completely exact analysis.

Leading order In the leading order, we carry out an integral of the WKB
approximation between the turning points:

/coshl\/gdx Q(V(CU) —E) _ \/ﬁ/dx % - F. (561)

cosh” x
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Im x

Figure 5.5: Quantization condition with Im% > 0 and Im £ < 0. The red
path is an option to carry out the analytical continuation, along which we
can normalize the exact WKB solution. The nontrivial cycle, A-cycle, is
shown as the green dashed loop.

Here we set almost all parameters as units for simplicity. After some calcula-
tions, we find that

/COShl \/gl drr/2(V(2) — E)

_ -1 /1
cosh o

—F —tanh?(2) + 1
= —2cosh
cos (x)\/E cosh(2z) + E — 2

X [‘camh1 < v2sinh() ) —VEsinh™! (smh(x))]

VE cosh(2z) + E — 2

VE cosh(2z) + F — 2

| ( v/2sinh(x) > _ VFsinh-! (sinh(z) ]

(5.6
= +V2r(1+ VE). (5.64)
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Then, from the quantization condition (5.60),
2v2r(1 + VE) = 2rin, (5.65)

with n € Z. Therefore, the leading complex energy is given by

Jo <1 - \%)2 | (5.66)

This is quite suggestive because we observe resonance in the fourth quadrant
even in the leading order of the exact WKB method.!

Exact WKB analysis for resonance In the above Stokes graphs, the
exact solution on the normalizable path is explicitly written by the exact
solution (5.44). Note that another solution has opposite signs for Stokes
curves. This means that the WKB solution can be exactly given by

fz dx’SOdd ( lk lk k' 1 - g)
e’ = (1-¢> B[ —8,——+s+1,——+1,——
( ; B B B 2

9
at x

(5.67)

where x( is a reference point. The A-cycle, $ Sodd  hetween turning points
T cosh™! /TUy/E can be realized by the exchange of reference points. That
is,
coshflx/U /E 7cosh71\/U /E cosh™ UO/E
62 fIO 07 dg Sodd % —2 sz 0 dx Spad _ 2[ cosh— lmdz Sodd'
(5.68)

From the fact that A = 1 for the existence of a normalizable solution, we see

F(-% s %451, 41, 150)

_ik _ o _ik _ik 1+
F(ﬁ s, ﬁ—i—s—i—l ,B+1’2)

=1, (5.69)

'For the usual (noninverted) Rosen-Morse potential, higher-order contribution from S;
vanishes. (This is the reason why it possesses shape invariance in the same way as the
harmonic oscillator.) Then, one finds an exact solution. On the other hand, higher-order
terms S; do not vanish for the inverted Rosen—Morse potential. We need some careful
treatment.
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where |¢| = tanh(8 cosh™! /Uy /E). Here, we use the formula of the hyper-

geometric function as

ik ik ik 1¢]
F(——s,—+s+1,——|—17 >
B ) B 2
ks ik s+l
=UAF (—— -2 =
2 <25 TR \€|>
ik s—1 ik s
F-—— BN
FB < 25 5 25+2+ !£|>
= AF, F BFg, (5.70)
where
MG RDLE
A= ik s—1 ik s ’
T(-&-)r(-+5+1)
(4
B = ik _ s ik os4+1)° (5.71)
D=3 —5)0 (-3 + %)
Substituting this into the quantization condition (5.69), we find that
QlFA+‘BFB>2
— | =1 5.72
(QlFA —SBFp ( )

To obtain (+1)2 on the left-hand side in Eq. (5.69), it is easy to find B = 0.

Therefore, I’ ( 5% — %) or I' (—— + SH) should be at pole singularities.
Then, —% — 8= —2n or —%—I—S-}-l =—-2n (n=20,1,...). The former

corresponds to antiresonance and the latter is resonance, being identical
to the above observation in Section 5.4.2 with even numbers of nodes. On
the other hand, we also have another condition when the left-hand side in

Eq. (5.69) becomes 2. then, I' (—dk —s=1) or + + 1) should
2
diverge such that 2% = 0. Then, —% —s=-2n—1or —% —|— S —|— 1=-2n-1
(n=0, 1, ...). This is a completely identical result to the complex energies
with odd numbers of nodes. Totally, indeed, one finds that —% —s=-n
or _F +s5+1=-n(n=0,1,...), which is identical to EX® or ER,
respectively.?

%In contrast to Gamow’s method which yields an exponentially small imaginary part
for the energy from the leading tunneling action, the exact WKB method systematically
incorporates all orders and treats the resonance condition with full analytical rigor (as in
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Laboratory checkpoint

Before moving to the next stage, perform the following checks without copying

the displayed final answer.

1.

5.5

I11.1

I11.2

I11.3

I11.4

ITL.5

IT1.6

Recompute the ordered product of Stokes matrices and identify the
entry that multiplies the prohibited incoming branch.

. Derive the resonance condition both from the exact hypergeometric

solution and from the exact-WKB connection coefficient.

Change the continuation path or lateral Borel side and record how the
sheet label changes while the physical pole remains consistent.

Problems for Stage III

Substitute the logarithmic WKB ansatz into Eq. (5.1) and derive the
first four Riccati coefficients. Verify the parity relation between the
two branches.

Calculate the Borel transform of the factorially divergent series
2 n>0 nlhA" 1. Evaluate its two lateral sums and find their nonpertur-
bative difference.

Reduce a simple turning point to the Airy equation. Derive the
local connection matrix with the book’s ordering of dominant and
subdominant solutions.

Multiply three generic triangular Stokes matrices and one propagation
matrix. Determine which orderings preserve the Wronskian and show
why path order cannot be replaced by a commutative product.

For a barrier with two real turning points, derive the leading outgoing
resonance condition and the Gamow width. State which all-order

object replaces the classical barrier action.

Starting from the hypergeometric connection formula for the inverted
Rosen—Morse potential, derive the incoming coefficient and its Gamma-
function zeros. Identify the resonant and antiresonant branches.

Eq. (5.

69)).
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II1.7

IT1.8

IT1.9

II1.10

Let S(E) = N(E)/Cin(E). Derive its Laurent expansion at a simple
pole and at a double zero. Anticipate the Jordan resolvent term that
will appear in Stage VII.

Draw Stokes graphs for a cubic metastable potential on both sheets of
Q. Mark a path that imposes outgoing behavior and record every
branch and Stokes crossing in order.

Demonstrate explicitly that a simultaneous analytic coordinate rotation
of turning points, cycles, and integration contour leaves a Voros period
invariant until a singularity crosses the deformation region.

Implement a transfer-matrix calculation for a piecewise constant barrier
and compare its pole condition with the WKB connection condition.
Use the determinant as a numerical error monitor.



Chapter 6

Stage IV: Realize one analytic pole
in several spaces

Reader contract

The exact-WKB zero is now represented by a continued resolvent, a
Feshbach operator, Zel’dovich regularization, analytic dilation, and
a rigged-space functional. Each construction is derived from its hy-
potheses and checked against the same invariant pole and residue. The
continuum is retained as part of the response rather than discarded as
background.

6.1 From the connection zero to resolvents and
effective Hamiltonians

6.1.1 Lippmann—Schwinger equation and the transition oper-
ator

Write the Hamiltonian as H = Hy + V', where Hy is the asymptotic Hamilto-
nian and V is the interaction. The resolvent identity gives

R(z) = Ro(z) + Ro(2)VR(2), (6.1)
Ro(z) = (z — Hy) L. (6.2)

For a generalized free eigenstate |¢g), the incoming and outgoing scattering
states are the boundary values

[E7) = 165) + Ro(E £10)V i), (6.3)
The transition operator T'(z) is defined by
T(z) =V +VRo(2)T(2). (6.4)

116
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On shell, matrix elements of T'(E + i0) determine scattering amplitudes. A
resonance appears as a pole of T'(z) and of the full resolvent. The Lippmann—
Schwinger equation therefore expresses in operator language what the Jost-
function construction expressed through differential equations.

For real E above threshold, the discontinuity of the free resolvent is

Ro(E +10) — Ro(E — i0) = —27i §(E — Hy). (6.5)

Together with Eq. (6.4), this identity yields the optical theorem. It also
shows how an imaginary part can arise from an underlying self-adjoint theory:
the imaginary part is the boundary value of a continuum resolvent, not a
fundamental violation of probability conservation.

6.1.2 Feshbach projection and energy-dependent effective
Hamiltonian

Let P be an orthogonal projection onto a selected subspace and let Q =1— P.
Decompose a stationary state as |¥) = P|U) + Q|¥). Eliminating the @
component gives

[Z - Heff(z)] P’\II> =0, (66)

with

Heg(z) = PHP + PHQ QHP. (6.7)

1
z—QHQ
The second term is the self-energy. For z = E +i0 above a ()-space threshold,
it has the decomposition

S(E +10) = A(E) — %W(E), W(E) = 0. (6.8)

Here A(FE) is a dispersive energy shift, W (FE) is a positive semidefinite decay
matrix, and > 0 denotes positive semidefiniteness. Thus Heg(F + i0) is non-
self-adjoint even though H is self-adjoint. Its non-self-adjoint part records
probability flux into the eliminated continuum [4, 5, 9].

The resonance equation is nonlinear because the operator depends on its
own spectral parameter:

det [z — Heg(2)] = 0. (6.9)

Replacing Heg(z) by a constant matrix near a narrow pole is a controlled
local approximation only if the self-energy varies slowly. Near a threshold,
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Y (z) has a branch point, and a finite constant matrix cannot reproduce the
correct nonanalyticity. This observation is important for exceptional points
involving a continuum: the branch order can differ from that of a generic

finite-dimensional exceptional point [21].

6.1.3 Equivalence of the Feshbach and Siegert pictures

The Feshbach and outgoing-boundary descriptions impose the same pole
condition in different coordinates. In a tight-binding lead, for example,
eliminating the semi-infinite lead produces a surface Green function in Heg(2).
Choosing its retarded branch is exactly the choice of an outgoing wave in the
lead. Conversely, substituting an outgoing ansatz at the boundary reduces
the open problem to a finite region with a spectral-parameter-dependent
boundary operator. General versions of this equivalence are discussed in
Ref. [84].

This equivalence suggests a useful principle. Non-self-adjointness is often
a representation of openness rather than a modification of the microscopic
theory. Different representations distribute the analytic continuation differ-
ently: in Heg(z) it resides in a self-energy; in complex scaling it resides in a
deformed operator domain; in a rigged Hilbert space it resides in the dual
pairing; and in exact WKB it resides in Borel-summed connection data.

6.1.4 Resonance expansion and the role of the continuum

For suitable finite-range or dilation-analytic problems, one may deform the
real momentum contour into the complex plane. The resulting Berggren-type
completeness relation has the schematic form

1= |un) (| + D ur){a| + /L+ dk [u(k)) (k)| (6.10)

neB reR

The set B contains bound states, R contains resonance poles enclosed between
the original and deformed contours, and L™ is the remaining continuum
contour. Tildes denote the dual system appropriate to the non-self-adjoint
representation. Equation (6.10) is not a statement that resonance vectors
alone form a complete basis. The deformed continuum is indispensable and
carries threshold and background response [3, 8, 85].

In a finite numerical basis the continuum integral is replaced by a string
of discrete points. The points move when the contour, scaling angle, or basis
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is changed, whereas an exposed isolated pole is stable. This contrast is the
first practical diagnostic for distinguishing a resonance from a continuum

pseudostate.

6.2 Represent the outgoing branch as a square-
integrable eigenvector

Calculation route

Prerequisites. The continued pole condition, closed operators, an-
alytic families, and the distinction between point and continuous
spectrum.

Calculation goal. Choose an admissible coordinate deformation that
makes the outgoing branch square integrable while rotating, rather
than discarding, the continuum.

Completion criterion. Identify an angle-stable eigenvalue and
connect its Riesz projection to the same continued resolvent pole.

6.2.1 Analytic dilation

Let the configuration-space dimension be d. For a real dilation parameter s,
define the unitary operator

[U(s)¢] (=) = ey (). (6.11)

Complex scaling analytically continues s to s = i, with a real angle 6.
Formally,
[U(0)y] (x) = ¥/ ( ). (6.12)

For @ # 0, this transformation is not unitary on the original L? space and is
generally unbounded. It should be defined first on a dense set of analytic
vectors. This is why it is safer to speak of an analytic family of deformed
operators than of an everywhere-defined similarity transformation.

For the Hamiltonian
— ﬁ V2

+V (@), v,

(6.13)
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the complex-scaled operator is
Hy = U(i)HU (—if) = e 2T + V(). (6.14)

Equation (6.14) requires the potential to admit analytic continuation in
the sector swept out by the deformation. Coulomb singularities, multiple
coordinates, and nonanalytic potentials require refined forms such as exterior
complex scaling or smooth complex deformation [86-88].

6.2.2 Why an outgoing wave becomes square integrable

Write the resonance momentum as

kr = [krle™®, 0<g@< %. (6.15)
On the positive half-line, the scaled outgoing wave is
eierew _ ei|kR|rcos((9—<p)
x ¢ Iknlrsin(@=¢) (6.16)

It decays for 8 > . The same condition regularizes the outgoing wave on the
negative half-line when the contour is rotated consistently. Thus the Siegert
state becomes an L? eigenfunction of Hy once the rotated continuum has
passed below the pole. The divergent unscaled wave and the normalizable
scaled wave are analytic continuations of one solution, not different physical
states.

6.2.3 The Aguilar-Balslev—Combes structure

The Aguilar—Balslev—Combes theorem is sometimes quoted only as the rule
that the continuum rotates. Its real content is a statement about an analytic
family of closed operators and the meromorphic continuation of resolvent
matrix elements [6, 7, 89, 90]. We state a one-threshold version before
explaining its proof.

Let Hy = —h?V?/(2m) on L?(R?) and assume that V is Hy-compact, or
satisfies a suitable relative-form compactness condition. Assume further that

s Vs :=U(s)VU(—s) (6.17)

has an operator- or form-valued analytic continuation from real s to a strip
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|Im s| < Omax. Such a potential is called dilation analytic. The deformed
Hamiltonian

H(s)=e *Hy+V, (6.18)

then forms an analytic family, of type A when a common operator domain
can be used and of type B when the construction is made through quadratic
forms. For s = if with 0 < 0 < Opax, write Hy := H (i0).

Under these hypotheses, the theorem gives the following spectral picture:

1. Hy is a closed non-self-adjoint operator. Its essential spectrum is

Oess(Hg) = 72910, 00). (6.19)

2. Bound-state eigenvalues remain on the real axis and are independent
of 6. Their algebraic multiplicities are unchanged for an admissible
deformation that does not encounter another threshold or singularity.

3. A discrete nonreal eigenvalue in the wedge —260 < arg z < 0 is indepen-
dent of # while it remains isolated from the rotated essential spectrum.
It coincides with a pole of the continued physical resolvent and is
therefore a resonance.

4. For many-body or coupled-channel problems, each continuum ray start-
ing at a threshold E, rotates as

Eq +[0,00) — E, + ¢ 290, 00). (6.20)

Cluster thresholds and channel branch points therefore remain as an-
chors of the spectral geometry.

For a threshold at zero, a pole with energy ER is exposed when
—20 < arg Eg < 0. (6.21)

The bridge to scattering theory is obtained on a dense set A of analytic
vectors. For real s unitarity of U(s) gives

(¢l(z = H)"') = (U(s)¢l(z = H(s)) U (s)lw), b, €A (6.22)

Both sides are analytic in a common initial domain. Continuing Eq. (6.22)
from real s to s = i0 continues the physical matrix element through the
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original continuous spectrum into the wedge uncovered by the rotated ray.
Analytic Fredholm theory makes the right-hand side meromorphic there. Its
poles are the isolated eigenvalues of Hy, with finite-rank Riesz projections.
This is stronger than a graphical rotation of a cut: it identifies the deformed
eigenvalue with a pole of the undeformed scattering problem.

The theorem should not be paraphrased as a general completeness the-
orem for arbitrary Gamow states. It describes the spectrum and resolvent
continuation under specific analyticity and compactness assumptions. A
resonance expansion still contains the rotated continuum, and completeness
of a chosen eigenfunction expansion is an additional statement. The Berggren
relation in Section 6.4.2 is one such statement for radial short-range problems.

The phrase “f independent” has a precise but limited meaning. In
the exact operator problem, an isolated exposed pole is invariant under
admissible changes of #. In a truncated basis, every eigenvalue has residual
angle dependence. A numerical pole is identified by a stationary trajectory or
a plateau under simultaneous variation of 6, basis size, nonlinear basis scales,
and arithmetic precision. The pseudospectrum provides a more honest error
diagnostic than eigenvalue motion alone for strongly non-normal matrices
[91-93].

A detailed proof architecture, including the essential-spectrum and Fred-
holm steps, is given in Sec. 6.3. That discussion also explains why global
complex scaling does not immediately provide an ABC theorem for black-hole

potentials written in tortoise coordinates.

6.2.4 Exterior and smooth complex scaling

Global scaling evaluates V' at complex coordinates everywhere. If the inter-
action has singularities or if one wishes to preserve an inner physical region,
choose a radius Ry > 0 and deform only outside it. A piecewise-linear exterior
contour may be written

T, 0 § r S Ro,
z(r) = , (6.23)
Ro+ (r— Ro)e’, r > Ry.

A smooth contour avoids a derivative discontinuity at Ry. Exterior complex
scaling is especially useful when the potential is analytic only in the asymptotic
region or when an inner wave function must retain a direct probabilistic
interpretation. Perfectly matched layers and complex absorbing potentials
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are closely related numerical devices, but their finite-parameter eigenvalues
must be extrapolated to distinguish physical poles from absorber modes.

6.2.5 Biorthogonality and the complex-symmetric case

Let Hy|UR) = E,|UR) and (VL|Hy = E,(VL|. Away from degeneracies, left
and right eigenvectors may be normalized by

(\IJ%J\IJE) = 6mn- (6.24)

If a real potential and basis make the matrix representation complex sym-
metric, H(;r = Hy, the natural bilinear form is the ¢ product

(69 = / dz p(a)i(x), (6.25)

without complex conjugation of the first factor. The ¢ product is not a positive
norm. It is a bilinear pairing that implements left—right biorthogonality in
this representation. Confusing it with a probability norm is a common source
of paradoxes concerning complex expectation values [88, 94].

At an exceptional point, Eq. (6.24) cannot be maintained with bounded
normalization because the eigenvector becomes self-orthogonal. The divergent
normalization and the vanishing bilinear norm are two sides of the same
Jordan singularity. We return to this point in Section 9.1.

6.2.6 Spectral representation of the complex-scaled resolvent

In a formal discrete-plus-continuum notation, the deformed resolvent has the
expansion

Ro(z) = (2 — Hg)*1

-y e L3 \PL\

\IIR U (W
Z' /dE" EF'. (6.26)
r Ly Z =

The first sum runs over bound states, the second over exposed resonances, and
Ly is the rotated continuum. This is the operator counterpart of the contour
deformation in Eq. (4.97). It also explains why a finite-basis diagonalization
can approximate both pole and continuum contributions using one matrix
spectrum.
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6.3 Derive the Aguilar—Balslev-Combes mecha-
nism step by step

This chapter supplies the functional-analytic chain behind the statement in
Section 6.2.3. We first state one precise one-threshold version; the following
steps prove its mechanism. Operator-domain and quadratic-form variants
enlarge the admissible class of potentials [6, 7, 89, 90].

Theorem 6.1 (Aguilar-Balslev-Combes, type-A one-threshold form). Let

Hy = —h2A/(2u) on L*(R?) with domain H*(R?), and let H = Hy+ V be

self-adjoint. Suppose there is 0y > 0 such that for |Ims| < 0y the dilation

Vs = U(s)VU(—s) is analytic as an operator from D(Hy) with its graph norm

to L%, and Vy(Hy + 1)~1 is compact locally uniformly in s. Assume also that

H(s) = e 2 Hy+ Vy is a closed type-A family on the common domain D(Hy).
For 0 <0 <6y, put Hy = H(i0). Then

(i) Tess(Hp) = e219(0, 00);

(ii) the remaining spectrum away from this ray consists of isolated eigen-
values of finite algebraic multiplicity;

(iii) matriz elements (¢, (z — H)~19) between dilation-analytic vectors con-
tinue meromorphically from the physical resolvent set into the wedge
swept by the ray, and their nonzero-residue poles coincide with the
discrete eigenvalues of Hy there; and

(iv) these eigenvalues and their algebraic multiplicities are independent of
0 while they remain in a common uncovered wedge. Negative isolated
eigenvalues of H remain unchanged.

The assumptions are deliberately visible. Coulomb tails, a potential that
is not analytic in the swept coordinate sector, and threshold accumulation
require modified theorems rather than an invocation of the displayed result.

Step 1: real dilations and analytic vectors

For real s, the map
U(s)vl(e) = e p(e’m) (6.27)

is unitary on L2(R?) and satisfies

U(s)HoU(—s) = e 2*H,. (6.28)
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The continuation s — i is not a bounded unitary operation on all of L2. One
therefore chooses a dense set A of vectors for which s — U(s)¢ is analytic
in a strip. Gaussian functions and finite linear combinations of oscillator
eigenfunctions provide standard examples. The vector set is used to continue
matrix elements; the operator H(if) is defined independently as a closed
analytic-family member.

Assume that Vs = U(s)VU(—s) continues analytically and that
Ve(Ho+ 1)1 (6.29)

is compact, locally uniformly in the analytic strip. A common-domain
construction gives a type-A family

H(s)=e *Hy+V,,  D(H(s)) = D(Hy). (6.30)

Singular interactions are often better handled by analytic quadratic forms,
which give a type-B family. Subsequent resolvent arguments are structurally
the same.

Step 2: the rotated free spectrum

For s =16,
Hy g = e~ 29 Hy,. (6.31)
The spectrum of Hy is [0, 00), so multiplication by the complex number e~
gives
o(Hog) = e~ 5900, 0). (6.32)
0

This is the elementary source of the angle 26: the coordinate scales as €',

momentum as e~ ¢, and kinetic energy as the square of momentum.

For z off the free ray, the second resolvent identity in the convention
R(z) = (z — H)™! gives

(2= Hg) ™" — (2 — Hop) ™"
= (2 — Hp) "Wy(z — Hop) ™" (6.33)
Under the relative-compactness hypothesis, the right-hand side is compact

whenever both resolvents exist. With the Fredholm definition of essential
spectrum appropriate to a non-self-adjoint operator, compact resolvent per-
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turbations do not change that spectrum. Hence

Oess(Hp) = 72910, 00). (6.34)

Step 3: analytic Fredholm theory
Away from the rotated ray, factor
2= Hy = |1 = Vy(z = Hop) '] (= = Hog). (6.35)

The operator
Ko(2) = Vo(z — Hopp) " (6.36)

is compact and analytic in z. For sufficiently negative real z, or at another
point controlled by a resolvent estimate, 1 — Kjy(z) is invertible. The analytic
Fredholm theorem then states that

[1— Kp(2)] " (6.37)

is meromorphic away from the rotated ray. Its singularities are isolated, and
the principal parts have finite rank. By Eq. (6.35), these singularities are
precisely the discrete eigenvalues of Hy, counted with algebraic multiplicity.
If v is a small contour around one such eigenvalue z,, the Riesz projection
is
Po(6) = i y{(z — Hy) tdz. (6.38)
2mi Jy
Its rank is the algebraic multiplicity. This formulation includes nontrivial
Jordan blocks; diagonalizability is not assumed.

Step 4: continuation of physical resolvent matrix elements
Let H(s) = U(s)HU(—s) for real s. Unitarity gives, for ¢, € A,
(@l(z — H) ') = (U(s)o|(= — H(s)) " U(s)[¥). (6.39)

To continue this identity holomorphically, one must remember that the inner
product is antilinear in its first argument. The analytic expression is

(U@)e, (= = H(s)) U (s)v). (6.40)
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For z initially above the physical spectrum, it extends jointly in (s, z) to an
overlapping complex domain and agrees with the physical matrix element for
real s. The identity theorem permits continuation to s = if:

<¢‘(Z - H>_1’¢>continued = (U(_19)¢’(z - He)_lU(IQ)W) (641)

The left-hand side is notation for a continued scalar matrix element, not
a bounded resolvent on the original Hilbert space. The right-hand side
is meromorphic by Step 3. Therefore a discrete eigenvalue of Hyp in the
uncovered wedge is a pole of the continued physical matrix element.

The opposite signs in the two analytic vectors are forced by sesquilinearity;
using U (if) in both slots would continue a different expression.

Conversely, a pole that couples to analytic vectors appears as an eigenvalue
once the rotated ray lies below it. A particular pair ¢, can have a zero
residue and fail to see a pole, but the pole is detected by some vectors in a
dense analytic set.

Step 5: angle independence and bound states

Take two admissible angles 87 < 62 and a domain of the energy plane
uncovered by both rotated rays. Equation (6.41) represents the same analytic
continuation for either angle. Uniqueness of analytic continuation therefore
prevents an isolated pole from moving with 6. Applying the argument
to matrix elements of the Riesz projection shows that its rank, hence the
algebraic multiplicity, is also constant until the pole meets the essential
spectrum or exits the analyticity domain.

A negative-energy bound state is already an isolated eigenvalue of the
undeformed self-adjoint Hamiltonian. For real s it is unchanged because H(s)
is unitarily equivalent to H. Analyticity in s then continues this constant
eigenvalue to complex s. This is the mathematical origin of the stationary
real points in a complex-scaling plot.

Step 6: several thresholds and the limits of the theorem

For an N-body Hamiltonian, cluster decompositions produce thresholds E,.
Relative motion in an open cluster channel supplies a kinetic continuum, so
the corresponding essential spectrum rotates about its own threshold:

Oess(Hy) = [Ea +e727[0,00)] (6.42)
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under the hypotheses of the many-body theorem. A pole must be classified
on the multi-sheeted surface generated by these thresholds.

The argument also displays its failure modes. They include a potential
with no analytic continuation in the swept sector, loss of relative compactness,
a deformation crossing a singularity, a long-range remainder not separated
from the asymptotic Hamiltonian, and a threshold at which the Fredholm
sheet changes. Exterior complex scaling relaxes interior analyticity by deform-
ing only outside a finite radius, but it still requires control of the asymptotic
operator. For black-hole equations, logarithmic tortoise coordinates, multiple
horizons, inverse-power tails, and frequency-dependent or coupled poten-
tials must be checked individually. Successful numerical rotation is strong
evidence, but it is not by itself a proof that all ABC hypotheses hold.

6.4 Define the resonance functional and its norm

6.4.1 Gaussian regularization of a Gamow state

Let 1r (z) obey the outgoing condition and grow exponentially on the real axis.
Zel’dovich regularization defines a bilinear overlap by inserting a Gaussian
and analytically removing it:

(| vn)z = lim [ doe ™ yr(a) (6.43)
n—0t J o

The square is not an absolute square. It is the bilinear pairing appropriate to
a time-reversal-invariant resonance problem. The integral is first evaluated
where > 0 makes it convergent and is then continued to the desired
parameter domain [2, 3].

The regulator can be expressed as a nonunitary multiplication operator

”712

Gy=e¢ 'z, Hy,=GHG" (6.44)
For the kinetic operator, the transformed momentum is

d
G,pG-! = p — ihnz, = —ih—. 6.45
WGy~ =p —ihn p e (6.45)
Consequently H,, is non-self-adjoint. The transformation and complex scaling
look different, but both move the asymptotic growth into the operator and

leave a regularized vector in a square-integrable representation. Exact WKB
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analysis makes their common analytic content particularly transparent [16].

6.4.2 Berggren’s proof: orthogonality, normalization, and
completeness

The Gaussian formula in Eq. (6.43) becomes mathematically useful only
after three questions are answered: what analytic continuation is being
taken, why different resonant states are orthogonal in the resulting bilinear
pairing, and why the resonance sum must be accompanied by a deformed
continuum. Berggren’s construction answers these questions for radial short-
range problems [3, 85, 95]. We give the proof in enough detail to expose its
assumptions.

Theorem 6.2 (Finite-range weak Berggren expansion). Fiz a partial wave
on L?(0,00) with the regular boundary condition at the origin. Let the real
potential be locally integrable and vanish for r > R. Assume that its Jost
function has no threshold zero, spectral singularity, or multiple zero in the
region swept between the positive real k axis and a piecewise smooth contour
L™ in the fourth quadrant. Let ®;+ consist of radial test functions whose
Jost transforms are analytic in that region and decrease sufficiently that the
closing arcs and the small threshold arc vanish.

Then, as a weak identity from @+ to its antidual,

S fun) |+ b ulh)) ()| = 1 (6.46)

nebud

The set b contains bound-state poles and d contains precisely the simple decay-
ing poles between the two contours. The discrete vectors are normalized by the
analytic continuation of the bilinear Zel’dovich pairing, and the continuum
uses the corresponding biorthogonal delta normalization.

The finite-range assumption lets the tail and the contour deformation
be checked directly. Exponentially decreasing, Coulomb-modified, coupled-
channel, and nonlocal potentials have useful Berggren extensions, but their
analytic domains, threshold terms, and test spaces must be restated; they
are not automatic corollaries of Theorem 6.2.
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The regulated outgoing integral

First consider the elementary tail integral
o0 2, .
Iy(¢; R) :/ dre”™ T > 0. (6.47)
R

Completing the square gives

In(¢; R) = 2\\//7;(;127 erfc <\/17R — 2i\qﬁ ) . (6.48)

For every fixed i > 0 this is an entire function of ¢. In the upper half-plane

Im g > 0, the regulator can be removed by ordinary dominated convergence:

[e.e] . 1.
lim I,(¢; R) = / dr el = LeiaR, (6.49)
R q

n—0t

The right-hand side is analytic for ¢ # 0. Its unique analytic continuation

defines the Zel’dovich value in a resonance sector where the unregulated
integral diverges: _
= {leiqR] . (6.50)
a.c.

{ / drel?”
R q

Writing “take n — 0”7 without the analytic-continuation qualification is

Z

incomplete: different asymptotic sectors of the complementary error function
are separated by Stokes lines. The prescription is fixed by first working in
the convergent half-plane and then continuing the resulting analytic function.

Orthogonality on a finite-range s-wave model

Let V(r) = 0 for » > R and write the reduced s-wave equation as

2
[_;Tz + U(T)] Up (1) = k%un(r), U(r) = %V(T), (6.51)

with u,(0) = 0 and the purely outgoing tail
Un (1) = up (R)eFn(T—F) r> R. (6.52)

For two distinct solutions, Green’s identity gives

R
(k2 = k) [ ar ()
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= [untiy, — umuy],_p = i(km — kn)un(R)um(R). (6.53)

Consequently
i

R

On the other hand, Eq. (6.50) with ¢ = k,, + ky, gives

A e e L

The interior and exterior terms cancel exactly:

=0, k2H#Kk2. (6.56)

R 0o
(Un | um)z == / dr wpuy, + [/ dr unum,
0 R Z

No complex conjugation appears. The pairing is the ¢ product appropriate

to a time-reversal-invariant complex-symmetric radial problem. Ordinary

Hermitian orthogonality would be incompatible with two outgoing states.
For m = n, the same prescription gives the finite Gamow norm

R i
N2 = (u | un) 7 = / dr tup (r)? + ——tn(R)?. (6.57)
0 2kn
The norm is generally complex before a normalization convention is imposed.
One may rescale u,, so that N> = 1. At an exceptional point the bilinear
norm can vanish; this self-orthogonality signals a higher-order pole and cannot
be repaired by ordinary rescaling.
For [ > 0, the outgoing tail is a Riccati-Hankel function rather than a
single exponential. The proof is unchanged in structure. If
O fi(k, R)
Lk R) .= L0 6.58
! ( ) fl (ka R) ( )
is the outgoing logarithmic derivative, the analytically continued exterior
part of the norm is

un(R)2 ALY (k; R)

T 5 (6.59)

/Roo dr w, (r)?

k?:kn

For [ =0, L(()+) = ik, and Eq. (6.59) reduces to the surface term in Eq. (6.57).
Formula (6.59) follows either by analytically continuing the finite Riccati—
Hankel expansion or by taking the coincident limit of Green’s identity. This
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boundary form is often more stable numerically than integrating a Gaussian
at very small regulator.

Connection with the Jost derivative and the pole residue

At a simple zero Fj(k,) = 0, the regular and outgoing solutions are propor-
tional. Differentiate the radial equation with respect to k, pair it bilinearly
with u,, and integrate by parts. The interior contribution and the outgoing
surface term combine into Eq. (6.59). The result relates the regularized norm
to the derivative of the incoming Jost coefficient:

NE o F (kn), (6.60)

where the proportionality factor depends only on the chosen normalizations
of ¢; and f;. Substitution into Eq. (4.91) gives

)y Un(r)un (1)
ER:eES‘n Gl (E, r,Tr ) = Tg (661)
in the book’s convention R(E) = (E — H)~!. Thus Zel'dovich normalization

is the coordinate-space form of unit residue normalization. This is the
mathematical reason it is compatible with scattering theory.

Contour deformation and the Berggren completeness relation

Begin with the real-energy radial completeness relation, normalized so that
the continuum states satisfy a Dirac delta:

Z up(r)up(r') + /oo dku(k, r)u(k,r’) = 6(r —1"). (6.62)
’ 0

The sum contains physical bound states. For test functions whose momentum
representatives have sufficient analyticity and decay, the continuum kernel
can be continued into the fourth quadrant. Deform the positive real k£ axis to
a contour L™ that passes below selected decaying resonance poles but avoids
threshold and other singularities. Cauchy’s theorem gives the residues of
every crossed Jost zero. With the residue normalization of Eq. (6.61), the
result is

Sl (@l + [ akfuk)@e)] = 1. (6.63)

bd
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Here b labels bound states and d the decaying poles between the real axis and
L*. The tilde denotes the bilinear dual, not ordinary complex conjugation.
The large arc vanishes only on an appropriate test space; hence Eq. (6.63) is
naturally a weak identity in a rigged Hilbert space. If L™ is returned to the
real axis, the resonance residues are reabsorbed into the continuum integral
and Eq. (6.62) is recovered.

This proof explains four features that are sometimes conflated. First,
Zel’dovich regularization defines the bilinear norm of an outgoing residue.
Second, Green’s identity proves orthogonality after the regulated tail is
included. Third, Jost analyticity identifies the same norm with a pole residue.
Fourth, contour deformation proves completeness only for the combined set
of bound states, enclosed resonances, and the L™ continuum. Dropping
the continuum destroys the identity and removes threshold and background
physics.

6.4.3 The Gelfand triple

A rigged Hilbert space, or Gelfand triple, is a nested sequence
®CHC P (6.64)

The space @ is dense in ‘H and carries a topology stronger than the Hilbert
norm. The antidual ¢* consists of continuous antilinear functionals on @.
Generalized continuum eigenvectors and Gamow vectors live in ¢* rather
than in H. The choice of @ is part of the physics: it specifies localization,
smoothness, analyticity, and allowed contour deformations [96-99].

The arrows in Eq. (6.64) are continuous embeddings, not only set in-
clusions. A Hilbert vector v is embedded in the antidual by ¢ — (¢, ).
In the energy direct integral of Eq. (3.14), evaluation of an L? section at
one energy is not continuous and is not even defined independently of its
almost-everywhere representative. A test topology imposing energy regular-
ity makes the evaluation functional continuous. This elementary fact is the
rigorous content behind the notation (F, a|¢). Analytic continuation of that
evaluation functional can then define a Gamow vector at complex energy,
provided the chosen seminorms control the required continuation.

For a test vector ¢ € @, a resonance functional can be defined by the
pole residue

(6, Wx) = Res (6, R(2)x). (6.65)
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where y € @ is chosen so that the residue is nonzero. The functional satisfies

a generalized eigenvalue equation

(Ho, ¥r) = 2r (¢, UR)- (6.66)

No contradiction with self-adjointness arises because Ui ¢ H and Eq. (6.66)
is an identity in the dual pairing, not an ordinary Hilbert-space eigenvalue
equation.

6.4.4 Hardy classes and time direction

One can choose energy wave functions in Hardy classes analytic in an upper
or lower half-plane. Contour closure then produces a semigroup time evolu-
tion for Gamow vectors: decaying poles contribute for ¢ > 0, and growing
time-reversed poles contribute for ¢ < 0. This construction gives a clean
mathematical encoding of preparation and detection, but it is not forced by
the Hilbert-space Hamiltonian alone. It depends on the test space and on
which boundary values are identified with prepared states and observables.
We therefore use the rigged-space formalism to define pole functionals with-
out claiming that a microscopic arrow of time follows solely from analytic
continuation.

6.4.5 Relation to complex scaling

For analytic test vectors, the complex-scaled eigenvector and the Gamow
functional represent the same resolvent residue. Schematically,

(¢, UR) = (U(0)p| T ), (6.67)

where \119R € L? is the eigenvector of Hy and the right-hand side uses the
left—right pairing appropriate to the deformed operator. Equation (6.67) is
independent of # as long as the pole remains exposed and the test vector
is analytic under the deformation. The equality has been demonstrated
explicitly in solvable models and in the Friedrichs model [16, 100].

This relation also explains why the number of discrete resonance eigen-
values visible in Hy depends on 6 while the underlying pole set does not.
Changing @ changes which poles are represented by L? eigenvectors and which
remain behind the rotated continuum. The rigged-space functional exists
through continuation beyond that particular representation, subject to the
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analytic domain of the problem.

6.4.6 Probability, observables, and normalization

An expectation value formed from a Gamow state can be complex. This
is not a probability expectation in a closed system. It is a pole residue
or a biorthogonal matrix element that may encode both a central value
and a decay scale. Observable probabilities are obtained from real-energy
scattering states, wave packets, detector models, or a unitary dilation of the
open dynamics. Resonance vectors are efficient intermediate objects in those
calculations.

Three normalizations should therefore be kept distinct. Hilbert nor-
malization uses [ |¢|> = 1 for a bound state or wave packet. Continuum
normalization uses a Dirac delta, such as (k|k’) = 6(k — k’). Resonance
normalization uses an analytic bilinear prescription, a residue condition, or a
biorthogonal pairing. The singular transition between the last two normal-
izations is precisely what must be controlled when a resonance reaches the
complex-scaled continuum at an exceptional point.

6.5 Calculation laboratory IV-A: One Gamow pole
in three realizations

Calculation route

Prerequisites. The resonance connection coefficient, analytic con-
tinuation of a Gamow solution, Gaussian regularization, and analytic
dilation.

Calculation goal. Generalized Riccati equations, Borel summation,
Gaussian regularization, analytic dilation, and the rigged-Hilbert-space
interpretation in one explicit model.

Completion criterion. Show on the same solvable model that
Zel’dovich, complex-scaled, and rigged-space pairings encode the same
continued resonance datum.

This Laboratory reconstructs the calculation underlying Ref. [16]. The
generalized Riccati recursion and local connection formula use the canonical
conventions of Sec. 5.1; they are not derived a second time. The calculation
begins where the choice of regularization first matters.
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6.5.1 One pole, three realizations

The continued Gamow branch is the zero of the incoming connection coefficient
constructed in Stage III. We now compute its Zel’dovich, complex-scaled,
and rigged-space representatives.

6.5.2 Zel’dovich regularization
Hamiltonian under Zel’dovich transformation

The wave function of a resonant state diverges in the asymptotic region. This
singular nature causes difficulty in investigating the state as follows: In the
3-dimensional space, the radial wave function ¢(r) of a resonant state with
k = k. —ik; (k;, k; € RT) has the typical asymptotic form

ikr _ ik, kir
gp(r)me = e"rei (6.68)

which grows up exponentially because of €¥". The integration of the norm,

o] 2, i
a factor, e'* with € > 0, suppress the e

is also ill-defined. Similarly, in time-independent scattering theory,
—1Et oscillations in stationary solutions.
An analogous approach, called the Zel’dovich regularization [2], can be
introduced in order to obtain a finite value of the norm as

(o.9)

ng(r)HQS = lim dre”

er? 2,.2
Jim | o(r)re. (6.69)

Using this regularization, Berggren [3] proved the orthogonality and com-
pleteness properties of the resonant states. Now, the square of the wave
function is integrated with the norm not only of the bound states but also of
the resonant states. For the Schrodinger equation, we can have a similarity
transformation associated with Zel’dovich regularization. The Zel’dovich
transformation is given by

Hy=E¢yp = Hg{s = Evs (6.70)
with

Vs = S, Hg=SHS™ . (6.71)
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Here S is the Gaussian factor e—<"". Note that the Zel’dovich-transformed

Hamiltonian [88] is related to the original one as

2
HS:H—%(V'T—FT-VH—O(EZ). (6.72)

For the 1-dimensional system, one finds that

2 2
m m dx

Inverted Rosen—Morse potential

The Stokes graph via the Zel’dovich transformation is identical to the original

graph with f(z) = —fn—sx in Eq. (6.73). For the inverted Rosen-Morse
potential,
Uo
Vz)= —2—  Uy>0, 6.74
() cosh? B 0 ( )

see Figs. 6.1 (ImA 20 and ImF = 0) and 6.2 (ImA 2 0 and Im F < 0, but
Im E ~ 0) [15]. Note that Im Eg < 0 for the complex energy of resonance,
ERr. Now, since the wave function is expected to be normalizable after the
Zel’dovich transformation, Note that the normalizability of the wave function,
i.e., the dominance of ¢~ at infinity, gives rise to the quantization condition
which is given by the analytical continuation and the connection formula. One

may choose the simple path depicted on the left panel in Fig. 6.3 for giving

“2dz S,
the quantization condition. The non-perturbative cycle, A = eﬁll ¥ oodd

contributes M_ Ny, 4, M4, where aq o is a turning point; a simple convergence
condition that 1™ should vanish at Im 2z — oo gives rise to 1 — A =0 as is
given in Ref. [15]. We should now observe the convergence of (norm of) the
wave function at © = £oo. Then, the actual connection path is given by the
red path on the right panel in Fig. 6.3. The red solid line is on the Riemann
sheet depicted and the red dashed line is on another Riezmann sheet after
passing through the branch cut. In the WKB solution, e~ J7de’ Soaa along the
Stokes curve with thezindex — exponentially dumps, and hence the dominant
effect comes from ef dr'f _ g=2e2%/m At Tmz = +o00, the overall factor of
the WKB solution diverges exponentially, while at Re x = 400 it converges
exponentially. As a consequence, we find that this consistency provides the
connection formula for 1 = (¢7,4 )T between # — +o00. Let A_ denote
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Rex

Rex

\ + _

Figure 6.1: Schematic illustration of Stokes graph for the inverted Rosen—
Morse potential, V(z) = 1/ cosh? z, via the Zel’dovich transformation. This
geometry itself is identical to the original one [15]. The left/right panels are
devoted to Imh 2 0 and Im E 2 0. The black points are the turning points
and the solid curves are the associated Stokes curves. The dashed Stokes
curves mean the periodicity of Imz € [—7/2,7/2] due to the cosine function
on Rex = 0. The blue points are double poles and the blue wavy lines are
branch cuts.

analytic continuation from —oo to lim,_,o(—a — 27win/fB), and let A denote
continuation from lim,_,«(a + 27in/f) to +o00; both are taken within the

corresponding Borel-summable region. Then

0
w‘x—>—oo =A_ x H M—_lNfa727ri(n+1)/,3,fa727rin/ﬁ

n=oo

x MZ'N_g  M;?

0o
X H Na+27rin/ﬁ,a+27ri(n+1)/BMf

n=0
X A tlamsoo. (6.75)

Hence, ¢*|,,_o is a linear combination of ¥ |; oo and ¥~ |z eo. Refer-
ence [15] states that the resonant wave-function is described by the connection
formula of ¥~ from Imx — oo to Imax — —oo. From the observation of

the explicit asymptotic behavior of the exact solution (see Section 4.2.2 in
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Imx Imx

Rex Rex

\ + _ 7

Figure 6.2: Schematic illustration of Stokes graph for the inverted Rosen—
Morse potential. Same as Fig. 6.1, but Im A 2 0 and Im £ < 0. For simplicity,
ImFE ~ 0.

Ref. [15]), the analytical-continued wave-function 1)~ |z~ corresponds to the
wave function being normalizable on a path extended in the Im z-direction,
but is divergent on the current horizontal path in the Re z-direction as the
non-normalizability problem of resonance. Then, the analytically continued
1|2 —o0 is an indeed non-normalizable solution.! Now, noting that

_ _ 1 -
--.MlNa,aM+1...o<< — ) (6.76)
—i A—l

where A is the non-perturbative cycle as A = ej; 4 Soaa and the dots “---7”
do not alter the structure of the matrix, the coefficient of ¢, the (2,2)
entry, must vanish due to the consistency of blowing-up behaviors of ¥~ |z 00
and ¥ 7|, . To satisfy this normalizability of the wave function, the
quantization condition is given by

0 = eJoiZ e Soaat D) | T efevamnss - W CSonat | (g _ g

n=0

!Note that the current path in this paper is similar near = a to that in Ref. [15],
but is quite different near x = —a from it. Then the latter path reverses the asymptotic
behavior of 1*.
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+: -?9 +)+ +t -Zq +)+

Figure 6.3: Quantization condition with Im % > 0 and Im E < 0 for resonance.
The red path on the left panel is a simple option to carry out the analytical
continuation, along which we can expect the normalizability of the exact
WKB solution. The right panel shows actual connection manipulations of it.
The red solid line is on the Riemann sheet depicted and the red dashed line
is on another Riemann sheet after passing through the branch cut; the red
dotted curve is the analytical continuation at infinity. The nontrivial cycle,
A-cycle, is shown as the green loop.

o0 —a—2min/fB —a—ioco
X H ef—a—27ri(n+l)/ﬂ dx(_SOdd+f) ef—a.—oo dx(_SOdd—i_f) (677)
n=0

— efo dr(=Seaat (1 _ 4), (6.78)
where the turning point @ = S~ cosh™! /Uy /E. In the second equality,
we have used some properties shown in Fig. 6.4. Note that if ¢ = 0 (the

usual resonant state) then the integration over x € (—o0, c0) cannot be finite
Footico
dx S,

because e/+oo 44 diverges, so we should take the other contour given

in Ref. [15].2 The quantum system with the (inverted) Rosen—Morse potential

ZWhen € > 0, we can take an asymmetric path at infinity, but one finds an overall factor
that is irrelevant to the quantization condition. Equation (6.78) implies that the path is
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Imx
(a,2m(n+1)
e In
(a,2mn)
—a a i
@ ® Rez

(—a,2mn)
n — ef Sodd+f

(4a,20(n + 1))

Figure 6.4: Tllustration of computing Eq. (6.78). § = 1. Although f(z) di-
verges near | Imz| — oo, f(—z) = —f(z) and hence f(x) does not contribute
to efi. Note that I,,, in and I, are finite. (If f = 0 then e’ is divergent.)
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is exactly solvable. The solution is given by

2 ik ik ik ¢
P(x)=e " (1— 2ﬁF< —3,—+s—|—1,——|—1>, 6.79
@ = (1 =) Fp (-5 -5 -3 L5t (679)
where the first factor depending on ¢ is the Zel’dovich regulator; & = tanh Sz

V2mE 2mUj 1 8mUy
k= ) _ﬁ2h2 =s(s+1), 3—5 -1+ I_W , (6.80)

h
and F' is the Gauss hypergeometric function. Therefore, we can compute the
exact expression in Eq. (6.78) as (we can take the limit & — 0); the formula

of A-cycle is explicitly given in Ref. [15] and one finds

o T P
(-5 0 ) =1, (6.81)

F(-%—s %4541, _F+1 L)

where |¢| = tanh(cosh™ \/TUy/E). Writing the Gauss function as F/(a, b; ¢; 2)
and defining

_ i f b __E_'_S—i-l
=TT Ty - T g T T
ik s-—1 ik s
_ ik h — 1, 6.82
a 23 5 + 25+ + (6.82)

we use the quadratic transformation

ik ik ik 1+ |£|>
F(—— +s+1,—— +1,

B B p 2
—aF (- b il¢P)

342
:F%F a+7b+; 57 ’§| ) (683)
where
o LEETE)
= : 7

anti-symmetric.
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N ETELIE)

we observe the complex energy for resonance with 867721520 >1

2
s n e ZZO' (685)

g~ LoiCn+D)

8m

o 232 l 8mU,

Remarks on difficulties of irrational potential

We make remarks on some technical and conceptual points. Figure 6.1
corresponds to ImhA 2 0 and Im £ = 0, while Fig. 6.2 is Imh 2 0 and
Im £ < 0. In the case that Im i > 0, originally, for Im £ > 0, ¢ beginning
at the left turning point, —a, is absorbed into the above double pole. However,
for Im E < 0, the curve of 1™ becomes flat and so falls down. Actually, this
phenomenon is quite difficult since we focus on non-polynomial and irrational
potential functions such as the inverted Rosen—Morse potential. It is not
straightforward to consider the monodromy and connection formula around
the double poles. In fact, for an irrational potential, the residue theorem
can be violated; it makes the derivation of explicit connection formula hard
since estimations of some contour integrals become too nontrivial. To our
best knowledge, in particular, the Stokes phenomenon across the Stokes
curve connecting the two turning points in Fig. 6.2 is subtle. Furthermore,
though we mentioned Im E ~ 0, for large |Im E| there are two Stokes curves
extending from a double pole to Imx — +oo. The monodromy associated
with these curves may be unidentifiable in an analytic sense due to such an
irrational potential.?

6.5.3 Complex scaling method

Solving method within complex scaling method

For the inverted Rosen—Morse potential, the Schrodinger equation with the
complex scaling method (CSM) is given by

P U
2mdz’?  cosh? Bz’

U(a') = Ey(a’), (6.86)

3The validity of our analytical strategy should be examined through numerical verification
in future studies.
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where we have replaced z € R by 2/ = ze' € C with the scaling angle . The
range of 6 is restricted to 0 < 6 < w/4 in the CSM. Using & = tanh 32/, the
equation is represented as

d K2 —2mE

hall 1 N = = — .
=@ st ) - g e =0 =Y (es)
Letting ¢ (2') = (1—£2)2w(€) and substituting this into Eq. (6.87), we obtain
the following equation:

u(l —u)w” + (k+1)(1 —2u)w’ — (k — 8)(k + s+ 1)w = 0, (6.88)

u:%;.(%%

Here primes denote derivatives with respect to u. The solution of this
equation, which is regular at z = 0, is given by

Yosm(z) = (1 — €22 F </@— s,k+s+1,k+1, 2§> (6.90)

In general, as © — —o0 (§ — —1), the Gauss hypergeometric function
diverges. However, physical wave functions of resonant states under CSM are
normalizable because of the ABC theorem [6, 7]. To ensure the normalizability
of the wave function, the hypergeometric function should be expressed as a
finite-order polynomial. This requirement leads to the condition, kK — s = —n
(n € Z>g), which gives

Ezmmlsm%

2
o 1+ i(2n + 1)] . (6.91)

8m

This complex energy is completely the same result as Eq. (6.85).

Exact WKB framework of complex scaling method

The potential @Q of the CSM Schrédinger equation can be rewritten by

Qesm(z) = 227 (UO —~ E) : (6.92)

cosh? fBzeif

The Stokes graph, i.e., Fig. 6.1, is rotated by 6. Now, the path for the
quantization condition can be schematically depicted as in Fig. 6.5. Thus,
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we have the almost same quantization condition as Eq. (6.77) with f(z) =0,
but the interval of the integration [ S,qq is smaller as follows:

+r +etify 0
lim S dd — lim S . 6.93
r=o0 [ 114y r=00 J(14qyr 0% (6.93)
The CSM excludes the region near x = 400, where the solution is most
singular. At Rex — o0, the analytic continuation is supposed to be carried
out from the argument 7/4 to 6. Therefore, from the formula in Ref. [15],
we have the overall convergent factor in the quantization condition as

elm/4,

hm efeiﬁ,r Sgdd
r—00
F(“*S,ﬁ+s+1,n+1,w) _
- 1 b Breif = finite if0< < —.
r—00 F(n—s,/ﬁ+s+1,/@+1’%> 1

(6.94)

The non-perturbative cycle A is now given by

—io i 2 2
= ffZe*ig SSaa —_ wCSM(aeIQ)] — 1/)(@) - ffa Sodd
A=e L/JCSM(—GG_M) L/J(—a)] ‘  (8959)

where Yogv(2'e ™) = 1p(2’), ae™? denotes the turning point after complex
rotation, and a is the original turning point with 6 = 0. We obtain the
well-defined complex energy being identical to Eq. (6.85).

6.5.4 Rigged-space reading of the model pole

The topology and duality of a Gelfand triple have already been constructed
in Sec. 6.4; they should not be inferred from an informal classification of
“linear spaces” attached to successive WKB operations. For the inverted
Rosen—Morse model, choose the test space so that its energy representatives
admit the same continuation used in the connection problem. The Gamow
functional is then defined by the residue

(6, ¥r) = Res (6, (E—~H) "), 6,x€ . (6.96)

—LR

Its normalization is fixed by the derivative of the same incoming connection
coefficient that produced Eq. (6.85). The Zel’dovich integral realizes this
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Imaz

. “e~ip

e

@e~ig

Figure 6.5: Rotated path on the inverted Rosen—Morse potential by 6. The
black points and the blue points denote the turning points and the double
poles, respectively. The orange path is the usual contour (§ = 0) given
in Figs. 6.3 and 6.4, which is rotated by 6 under the CSM. The endpoints of
the path in the CSM are at x = 400, and so the interval of the integration
J Sodd is smaller than the usual one by 6. I/ is finite for 0 < 6 < 7/4.

residue as an analytically continued bilinear pairing; complex scaling realizes it
as a left-right eigenvector pairing of an exposed discrete eigenvalue. Removing
either regulator returns the functional to @, not to a new canonical Hilbert
space of resonances. This is the precise sense in which the three realizations
agree.

Laboratory checkpoint

Before moving to the next stage, perform the following checks without copying
the displayed final answer.

1. Carry the Gaussian regulator through the Gamow bilinear norm before
taking its analytically continued zero-regulator value.

2. Rotate the integration contour within the admissible wedge and check
that the exposed pole and residue do not depend on the rotation angle.

3. Write the same result as a pairing with a test function and identify the
continuity property required of the test-space topology.
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6.6 Keep the continuum: response and numerical
complex scaling

6.6.1 Continuum level density

The density of states of an unbounded system is infinite and depends on
the normalization volume. A finite observable is obtained by subtracting a
reference Hamiltonian Hy with the same asymptotic channels. Define the
continuum level density

1 1 1
Ap(E) = —=Im T - . .
p(B) = —Im r{E+iO—H E+iO—H0] (6.97)

When the resolvent difference is trace class, analytic deformation gives

1 1 1
Ap(E) = —;ImTr [E “H, E_ HO,G] . (6.98)

The right-hand side can be evaluated on the real energy axis because the
deformed poles and continuum lie below it. In an exact calculation it is
independent of § within the common analyticity domain [8, 17, 19].

If a finite basis yields complex eigenvalues EY and reference eigenvalues

EZ,O’ a useful approximation is

Apn(E) = —11 ivj 1 i 1 (6.99)
= —— 1In — . .
- 7T n=1 B Eg n=1 E - EZ,O

The subtraction must use compatible bases, contours, and asymptotic Hamil-
tonians. Otherwise large discretization artifacts survive and can be mistaken
for response.

For one elastic channel, the spectral-shift relation is

1do(E)
Ap(E) = ———= 6.100
p(B) = — S, (6.100)
up to the convention for the reference phase and bound-state jumps. More

generally, if det S(F) = e2%wt(F)  then

1 1 E
Ap(E) —ilogdet S(E) = W(Migtlg).

T 2midE (6.101)

Thus the CLD retains both pole and nonresonant phase information. It is
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not, by itself, the transmission probability: channel-resolved amplitudes are
needed to reconstruct greybody factors or reaction cross sections.

6.6.2 Basis expansion and generalized eigenvalue problem

Choose square-integrable basis functions {¢, }2_;. Expanding a right eigen-
vector as VR = 3" ¢, ¢, gives

N N
n=1 n=1
where
Hg"m = <¢m ’ H9¢n)07 Nmn = (¢m ’ ¢n)c~ (6103)

For an orthonormal basis, NV is the identity. Gaussian bases are convenient
because kinetic and many potential matrix elements are analytic. Even and
odd sectors on the full line can be represented by

o) (z) = eone”, ¢ (x) = ze~ " (6.104)

where every width satisfies Re«,, > 0. Complex-range Gaussians replace
oy, by conjugate pairs a,, + i3, and resolve oscillatory tails more efficiently
[8, 18, 101].

The generalized eigenproblem is ill conditioned when basis functions
become nearly linearly dependent. A robust implementation first diagonalizes
or factorizes the overlap matrix, removes directions below a documented
tolerance, and only then solves the reduced problem. Since the matrix is
non-normal, residuals must be checked for both right and left eigenvectors:

R = HHGCn_EnNCnHZ
" H2llenll2 + [EnlINI2llenll2’
L I(dn) H® — B (dn)'N |2

el = . (6.105)
" H2lldnll2 + | B[ Nl2ldall2

Here ¢, and d,, are coefficient vectors, and ||-||2 is the Euclidean or induced
matrix norm.
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6.6.3 Pole-identification protocol

A reproducible complex-scaling calculation should separate theorem-level
invariance from finite-basis evidence. We recommend the following tests.

First, track eigenvalue trajectories under a range of scaling angles. A
continuum pseudostate follows the ray arg(E — E,) ~ —26, whereas a res-
onance develops a stationary segment after exposure. Second, repeat the
tracking while increasing N and changing the distribution of basis widths.
Third, compare at least two basis families when possible. Fourth, monitor
the condition number of N, left—right overlap, and residuals. Fifth, inspect
the smallest singular value of zN — H? around a candidate pole. A large
pseudospectral cloud warns that small discretization errors can move the
eigenvalue substantially even when its trajectory looks stationary.

For black-hole problems, a sixth test is available: compare low-lying
frequencies against a method with different analytic systematics, such as
Leaver’s continued fraction [18, 102]. Agreement of a few digits is not the end
of validation; the scaling-angle plateau and basis stability identify why the
number belongs to the intended pole rather than to a coincidentally accurate
pseudostate.

6.6.4 Complex absorbing potentials and stabilization

An alternative is to add a complex absorbing potential,
H(m)=H-inW, n>0  W=x0, (6.106)

with W supported outside the interaction region. Resonances are inferred
from stationary eigenvalue trajectories as 7 varies. The logic is close to
complex scaling, but a finite absorber changes the operator rather than
implementing an exact analytic deformation. Results should be extrapolated
or optimized in 77 and absorber shape. Stabilization methods similarly identify
resonances by weak dependence on box size or nonlinear basis scales. These
methods are valuable cross-checks but do not replace a definition of the
continued pole.
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6.7 Pole calculus for widths, line shapes, and mea-
sured response

Calculation route

Prerequisites. The pole definition of Section 4.4, the derivative
normalization of Section 3.2, and the continuum response of Section 6.6.

Calculation goal. Derive Breit—Wigner and Fano forms as controlled
approximations to a pole plus background, including energy-dependent
self-energies, partial widths, thresholds, and source dependence.

Completion criterion. Given a continued connection matrix, calcu-
late a channel residue and know which real-axis peak parameters are,
and are not, equal to the pole data.

A resonance formula is useful only after its numerator, denominator,
sheet, and range of approximation have been specified. The pole position
is an analytic invariant. A peak position, a full width at half maximum,
a time delay, and a fitted Breit—-Wigner mass are real-axis summaries that
coincide with the pole parameters only under additional assumptions. This
section derives those assumptions instead of adopting a resonance formula as
a definition. The presentation follows the practical pole calculus emphasized
in Ref. [35], but the denominator is kept in the exact-WKB form used
throughout this book.

6.7.1 Every measurement contains a source, propagation, and
a detector

Let |Fy,) be the state produced by an entrance channel or external operator
and let (Dy| represent the detected channel. The energy- dependent amplitude
has the form

Ayo(E) = (D[R(E +10)| Fu) (6.107)
up to kinematic and direct terms. If the continued resolvent has a simple

pole zg, then locally

b 9590
Apa(E) = Aps(E) + ﬁ (6.108)
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where
R __ ~R __ /Ty
9 = (Dp, Vr), Jo = (¥R, Fa). (6.109)

The residue factorizes, but its two factors depend on preparation and detection.
A pole can be prominent in one reaction and almost invisible in another.
Conversely, a kinematic cusp or a zero of the background amplitude can
create a peak or dip without a nearby pole.

For an inclusive response generated by an operator O from a normalized
state |0), take |F') = O]0) and

So(B) = _% Im(F|R(E + i0)|F). (6.110)

Positivity of the physical spectral measure makes the total So(E) nonnegative.
A separated pole term after contour deformation need not be positive by itself,
because the continued left and right residues are not complex conjugates and
the rotated continuum completes the physical boundary value.

6.7.2 Feshbach elimination and the exact scalar denominator

Let P = |d)(d| select one intrinsic doorway and @ = 1 — P. Eliminating @

gives

Gaa(2) = (d|R(2)|d) = Diz), D(z)=z—E4—%(z),  (6.111)
with the self-energy
S(z) = (dlHQ(z — QHQ) ™' QH|d). (6.112)
The resonance pole solves
D(zr) =0 (6.113)

on the continued sheet. For a simple pole,

7R 1
A0, = g

Gad(z) = (6.114)

The quantity Zgy is generally complex. It is a residue renormalization, not a
probability that must lie between zero and one.
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On the upper rim of the physical cut write
S(E +10) = A(E) — %F(E), (6.115)

where A is the dispersive shift. If channel ¢ has continuum states |F, c) in a
fixed flux normalization, then

T.(E) = 2r [(E,c|H|d)>, T(E)= Y. T(E) (6.116)

¢ open

in that normalization. Equation (6.116) is an on-shell identity for the imag-
inary part of the physical self-energy. At a broad complex pole, analytic
continuation and the factor Zgr must be retained; simply substituting a
real-energy golden- rule width into zg = E4+ A —iI'/2 is an approximation.

6.7.3 The multichannel effective Hamiltonian and unitary S
matrix

Let W,,.(E) couple intrinsic states [n) to open channels ¢. With continuum
states normalized per unit energy, define

Heg(E +i0) = Hpp + A(E) — inW (E)W (E)T, (6.117)
S(E) =1—-2niW(E)'[E — Heg(E +i0)] "W (E). (6.118)

The Hermitian principal-value term A and the anti-Hermitian term are the
real and imaginary parts of one self-energy. Keeping both and using the same
W makes Eq. (6.118) unitary on the retained open channels. Replacing the
anti-Hermitian part by an unrelated fitted width can destroy that identity.

Suppose one isolated right—left eigenpair of the continued effective Hamil-
tonian dominates. Its contribution to Eq. (6.118) is

bg i’)/ll):{ 7613

Sta(E) = SPE(E) = 010 4 (6.119)

where the channel residues contain W, the left and right intrinsic vectors,

and the derivative of the energy-dependent effective operator. Only in the

narrow, slowly varying, time-reversal-invariant limit can phases be chosen so
that

e ~Te, Y Te~T. (6.120)

(&
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For overlapping resonances, the residues are coherent matrices and a sum of
positive independent Breit—Wigner cross sections is not unitary.

6.7.4 Derivation of the one-channel Breit—Wigner factor

For one elastic channel, real analyticity and unitarity imply that an isolated
simple pole zg = E, — il'/2 is accompanied by a zero at zf;. Factor the
scattering matrix as

*

. E
S(E) = ¢*%s(E) = Star (E). (6.121)

If 61, and S, vary negligibly over an interval of several widths, absorb
them into a constant phase. The resonant partial-wave amplitude then has
denominator

E—E, + %F, (6.122)
and its modulus squared contains

1
(E— E,)2 +12/4°

(6.123)

The pole definition came first; the Lorentzian followed after freezing the
background, residue, phase space, and self-energy.

For the resonant phase shift one may take

E—2r _ ain(p) dor I'/2
— R _ = . 6.124
E—z " dE  (E—E,)?+12%/4 (6.124)
Thus the Wigner delay contributed by the isolated factor is
Al 4h
mw(E) = R(E:) = —=. (6.125)

(E — E,)2 +T2/4’ r

The peak delay differs by a numerical factor from the exponential lifetime //T"
because it measures the energy derivative of a round-trip scattering phase,
not the survival time of a normalized unstable packet.
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6.7.5 Background interference and the Fano profile

Keep the coherent background in Eq. (6.108). Over a narrow interval ap-
proximate A8 = Ay and the residue by ro. With

_2E-E))
e=""m (6.126)

the amplitude can be written, after extracting a constant phase and scale, as

€e+q
e

AE) = A (6.127)

When time-reversal and channel conventions make g real, the intensity is

+q)?

B)? = |42 6.128
AB = 40P 1L (6128)
A finite ¢ shifts the maximum away from E, and creates a zero at e = —q.

With absorption or several coherent backgrounds, ¢ is complex and the
exact zero is filled. The asymmetric line shape is still a pole-background
interference effect; its maximum is not a new definition of the resonance
energy.

6.7.6 Threshold laws and why broad resonances are not
Lorentzians

Near a neutral two-body threshold, phase space and the centrifugal barrier
give the Wigner law

Y(E) o< k2 k= /2u(E — Ew)/h. (6.129)

The square root is the same branch that generates the energy sheets. A more
faithful one-level denominator is therefore

D(E)=E — Eg— A(E) + %F(E), (6.130)
not a constant-width expression. The dispersive part A(E) has the corre-
sponding nonanalyticity. If the pole is close to threshold or I' is comparable
with its distance from other singularities, the maximum of |D(E)|~2 need
not occur at Re zr, and its half~-maximum width need not equal —2Im zR.

For a charged channel the penetrability contains Coulomb functions and
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an essential threshold factor related to e=2™. The ordinary power law must be
replaced by the Coulomb-modified one. For a genuine three-body breakup the
threshold density and final-state interactions are multidimensional; reducing
them to a constant “three-body width” can erase the very correlations
measured in an invariant-mass spectrum.

6.7.7 Connection-matrix residue: the exact-WKDB resonance
formula

In one channel the exact-WKB scattering amplitude can be arranged as

(B) = é\i((?) (6.131)
If Cin(2zr) = 0 is simple, then
__N(r)
ER:eZsR S(E) = OpCn () (6.132)

The numerator is fixed by the remaining connection data and flux convention.
The denominator is a global derivative: both the perturbative WKB periods
and the exponentially small Stokes multipliers must be differentiated.

For N channels, let Ci, (E) map the independent interior or left data to
prohibited incoming amplitudes. At a simple resonance choose

Cin(zr)u =0,  v'Cn(zr) =0. (6.133)
Then :
. —1_ Uv

Cin(E) CEEr ey +0(1). (6.134)

Multiplying Eq. (6.134) by the matrices that couple the source to v and v to
the detector gives every channel residue. This is the same finite-dimensional
obstruction obtained from analytic Fredholm theory, now calculated by
exact-WKB transport.

At an exceptional point the scalar denominator in Eq. (6.134) vanishes
together with the first derivative or the null space becomes defective. The
Laurent expansion then contains a higher-order pole and associated vectors.
Applying a simple Breit—Wigner formula at that point discards the defining
Jordan data; Stage VII derives the correct replacement.
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6.7.8 Complex scaling separates a pole term without discard-
ing the cut

Using the extended complex-scaled resolution, the tested response becomes

F|U—(0)|90)(®4|U (6)| F)
E—EY

1 {
So(E) ~ ——Tm Zyj : (6.135)
Stable isolated eigenvalues represent exposed poles; the eigenvalues aligned
with rotated rays discretize the deformed cuts. Selecting one stable term
is a useful diagnostic of its source-dependent residue. The remaining terms
are not numerical contamination: they reconstruct nonresonant background,
threshold cusps, and the interference needed for the physical line shape.
This point is essential for the broad 23 state of ®He in Laboratory VI-A.
The pole may be isolated in the complex-scaled spectrum while the observed
energy distribution still depends strongly on nonresonant continuum terms.
“The resonance contribution” must therefore name the Riesz pole term and
the chosen source, not an arbitrary window of pseudostate energies.

6.7.9 A line-shape calculation that can be reproduced

For any proposed resonance formula, record the following in this order:
1. the continued variable and sheet on which zg is found;
2. the analytic denominator and the test for a simple or multiple zero;
3. the left—right derivative normalization and channel residue;
4. the source and detector operators used to construct the numerator;

5. every open-channel threshold and the energy dependence of its pene-
trability;

6. the background amplitude retained coherently with the pole;

7. the energy interval over which that background and the residue were
approximated as constant;

8. a comparison of the pole parameters with the peak, half-maximum,
and time-delay parameters rather than an identification by notation.
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Checkpoint

The reader should now be able to start from D(z) = z — Eg — ¥(2),
derive Zr = [1 — ¥/(zg)] !, obtain the Breit-Wigner and Fano profiles
only after declaring their approximations, and calculate a multichannel

residue from v'Cl, (2r )u.

6.8 Derive the continuum level-density relation
For a trace-class resolvent difference, define the perturbation determinant
D(2) = det |(z — H)(z — Ho) ™" (6.136)

Its logarithmic derivative is

% log D(z) = Tr (= = H)™" — (= — Ho) "] (6.137)
Taking the imaginary part of the upper boundary value gives Eq. (6.97).
The ratio of boundary values of D is related to det S; with det S = ot
differentiation gives Eq. (6.101).

Complex deformation does not change D(z) in the analytic region between
the original and rotated contours. This gives Eq. (6.98). In a finite basis,
the determinant is a ratio of characteristic polynomials, whose logarithmic
derivative gives the sum in Eq. (6.99).

Bound states contribute jumps to the integrated spectral shift. Care
is therefore needed when comparing phases at threshold; Levinson-type
constants depend on half-bound states, dimensions, and long-range tails.

6.9 Calculation laboratory I'V-B: Transmission, the
ABC mechanism, and the continuum

Calculation route

Prerequisites. The exact-WKB transfer matrix, resolvent boundary
values, the ABC rotation of the continuum, and direct-integral spectral
language.

Calculation goal. Exact-WKB transmission coefficients, the
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ABC/Feshbach equivalence, and the organization of bound, continuum,
and resonant sectors.

Completion criterion. Compute transmission and contin-
uum/resonance contributions and identify the analytic statement be-
hind the rotated ABC spectrum.

This Laboratory reconstructs the calculation underlying Ref. [17]. Its
paper-level introduction and exact-WKB recapitulation are omitted: trans-
mission starts from the canonical transfer matrix of Stage III, and the ABC
comparison uses the theorem proved earlier in Stage IV.

6.9.1 Transmission via exact WKB analysis

For (pseudo-)bound states, exact WKB quantization of this kind has been
well established. By contrast, in this paper we develop a general exact-WKB
framework that extends to scattering states, i.e. the continuous spectrum.
In earlier works [15, 16], the Voros symbols for the inverted Rosen—Morse
potential were computed within the exact WKB framework, and were found to
agree perfectly with the closed-form solution.? Here we present a methodology
to analyze scattering problems for general scattering potentials by exploiting
the geometric properties of the associated Stokes graphs.

Strategy to general scattering potentials

In scattering theory of a 1-dimensional system, we first assume that an incom-

ing wave, €% is made incident from # — —oo. Then, the asymptotic form of

the corresponding wave function 1 becomes ¢(x — —o0) = €% + Re=#* and
Y(z — 00) = Tel** where R and T are the reflection and transmission coef-
ficients. In general, for a 1-dimensional problem, the transmission coefficient
T corresponds to the S-matrix and cross-section. In the exact WKB analysis,
we also impose boundary conditions where the incident wave does not vanish
to give continuum spectrum, while bound /resonant states are normalizable
on an appropriate choice of analytically continuing path. Figure 6.6 shows
that (i) for bound energies, say F < 0, there exist the Stokes curves, where

PT x e~ J Sodadz i dominant, at x — +o00; one may observe a nontrivial

4The techniques developed in Refs. [15, 16] can be extended in a straightforward manner,
and they allow one to carry out Airy-type exact WKB computations also for general
resonance potentials relevant to resonance physics.
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Stokes structure, branch cut, and monodromy in the middle region, which
gives rise to quantized energy spectrum based on the normalizability of wave
functions. (ii) Above an energy threshold (Re E > 0), the flat potential
V(x) ~ 0 at £ — +oo indicates that there is no Stokes curves with index 4+
at |Rex| — oo, but we see Stokes curves extending to |Imz| — oo and
a nontrivial structure in between; Refs. [15, 16] addressed the quantized
complex energies of resonance from the normalizability along these Stokes
curves. (iii) Now, we expect that wave functions with monodromy applied to
e'** will become the scattered wave. The strategy to compute this scattering
problem is as follows:

1. Specifically, impose 1 (z — o0) = 1 x ek,

2. This can be implemented as the boundary condition which is ¥~ -
dominant as Imz — —oo in Rez > 0 (see Fig. 6.6 and discuss it as the
Siegert boundary condition later).

3. By working on exact WKB framework, we obtain 1 (z — —o0).

4. The coefficient for the incident wave e** is 1/T, and one of the reflected
wave e ** is R/T.

From this, we can observe the S-matrix, phase shift, and the Breit—Wigner
formula straightforwardly.

Transmission coefficient in Rosen—Morse potential

For instance, let us focus on the Rosen—Morse potential, COSZI{S 5 with Uy > 0.

The general solution of its Schrodinger equation is described by using the

two linearly independent solutions as

()
—(1-¢)H
X lC’lF <—1§ —s,—?%—s%—l,—i;—kl,l;g)

re(f59) b5 e
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Tm threshold Imz
I (=) K I
B B ik scattering
- — A% %
—> . Rex —] resonanee Rez
bound

energy scale

Figure 6.6: Schematic diagram of the energy scale for Stokes graphs. For
energies below the threshold (E < 0), bound states are present, with the
Stokes curve with index — extending towards +oo along the red path, en-
suring the normalizability of the discrete spectrum. In the gray region, the
appropriate connection formula applies, and branch cuts may be needed.
Beyond the threshold, where the potential becomes flat at large Rez, the
Stokes curve extends in the Im z direction. With the correct sheet choice
and the Stokes curve with index —, normalizability along the red path is
guaranteed, revealing resonances with a discrete but complex spectrum. The
choice of path corresponds to the Siegert boundary condition, where incoming
waves are prohibited. Assuming an incoming wave €** from Rexz — —oo,
scattering states (transmitted and reflected waves) appear, corresponding to
the continuum spectrum.

where F' is the Gaussian hypergeometric function, ¢ = tanh gz, k = 2}’2“5 ,
and s = % (—1 +4/1— SB’QTUQ) The first and second terms correspond to the

outgoing and incoming wave, respectively, in the asymptotic region x — oo.

Airy-type local model (simple turning point). Let Q(z;E) =V (z)—FE
and suppose x; is a simple turning point, i.e.

Qi E)=0, Qs E)#0. (6.139)
Expanding @ near x; gives
Q(x; E) = Q' (z4; E)(x — ) + O((m — a:t)Q) : (6.140)

Keeping only the linear term and rescaling the coordinate reduces the
Schrédinger equation locally to an Airy equation. This is the origin of
the standard Airy-type connection formulas. Consequently, the Airy reduc-
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tion is reliable only when the region relevant for matching is contained in
a domain where the higher-order terms in () are negligible. Now, following
the above strategy, we take C; = 425 and C5 = 0 to impose the normalized
transmitted wave; we see 1(z) — e** as x — co. As a consequence of the
Airy-type exact WKB analysis, we obtain

1 1
= — — VA, 6.141
TAiry \/Z ( )

F-% s -Bpst1,-k41 15 5)
A=
F(—%—s —F—i—s—i—l lk—i—l 1+5)

(6.142)

Here & = tanh( cosh™! /Uy /E), and the corresponding Voros symbol V,

(called A-cycle), where a non-perturbative cycle v encircles two turning

SOdd, is computed in Refs. [15,

points a1 and as and is defined as A = efv dz
16]. The A-cycle has originally been used in the quantization condition for
resonant states. Here we use it to express the Airy-type approximation to the
transmission coefficient T,y and to specify the corresponding normalized
scattering solution (with C7 = 4ik/(26) and Cy = 0). Note that T is divergent
if F comes across resonances; so a naive analytical continuation of the wave
function is ill-defined in some sense, such as completeness. A Hilbert space can
be constructed by energy eigenstates with Im E' = 0, where the x-operation
is well-defined and the Hamiltonian is self-adjoint; now, resonance is not a
“state” but just a physical pole singularity. To include resonant states in our

Hilbert space, we need to introduce CSM and show the ABC theorem.

Comparison with exact solution From the asymptotic expansion of the
exact solution (6.138) near z — oo, on the other hand, it is well-known [82]
that the transmission coefficient is rigorously given by

. U(-%—s)0 (=% +s+1)
R COI R

The approximation by the Airy function is hindered by non-linearity around

(6.143)

stationary points, and so works well at enough large £ > 0 but at enough
small E < Uy.% See Fig. 6.7. One may use the degenerate Weber to tackle

5In fact, a preliminary numerical simulation observes a slight discrepancy in the fre-
quency of the quasi-normal mode in a black hole, while the resonant peak is completely
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227

20¢f 1
1.8} 1

16F 1

TAlry
Texact

14} 1
12f 1

1.0} 1

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

k

Figure 6.7: Ratio of the transmission coefficients, |Tairy|/|Texact|- Every
parameter excluding E is set to unity. k and € are written by E, and the
k-dependence of the ratio is shown. k = 0 and /2 correspond to F = 0 and
FE = Uy = 1, respectively.

E ~ 0 or Up. In any case, it is remarkable that bound/resonant energy
eigenvalues are sufficiently far from the stationary, and given by the exact
WKB analysis rigorously. If the linear approximation of Q(z; E) is poor
(for instance, due to sizable curvature or because the effective barrier top
is sampled), it is natural to replace the Airy normal form by a quadratic
(parabolic) normal form. A prototypical choice is a Weber-type (parabolic-
cylinder) equation, which captures the local behavior of

Q(z; E) ~ a(x — x0)* + b (6.144)

and yields uniform connection data for “parabolic” turning-point configura-
tions. In such a formulation, the local model remains accurate even when
the linearized (Airy) neighborhood is too small, and one expects improved
agreement with the exact solution in parameter regimes where Fig. 6.7 shows
strong deviations.

Remark on cycles and matching data. Since different local normal
forms (Airy, Weber, etc.) correspond to different choices of local coordinates
and branch structures, the associated natural cycles (e.g. an “A-cycle” used to

reproduced [103].
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define phase/connection data) need not coincide and may differ substantially
except for poles. Therefore, the discrepancy in Fig. 6.7 should be interpreted
as indicating that the Airy-type local model is not optimal for the chosen
parameters, and that a Weber-type (or other higher-order) local treatment
may be required. This improvement is conceptually independent of whether
one employs a Zinn-Justin-type semiclassical expansion or a Borel-resummed
(exact WKB) framework; it concerns the choice of an appropriate local normal
form for Q(x; E). This remains an important open problem.

6.9.2 The ABC invariants seen in exact WKB
Rotation of the Stokes data

The operator theorem and its dilation-analytic hypotheses were proved in
Sec. 6.3. The present calculation does not replace that proof. It identifies its
angle-independent data directly in the Stokes geometry. The resonant wave
function is square-integrable on the deformed contour R shown in Fig. 6.6;
analytic pullback represents the same state in L?(R) after complex scaling
[15, 16]. Second, from the discussion in Ref. [16], it is straightforward to show
the f-independence of bound /resonant energy spectrum because Stokes curves,
any (non-)perturbative cycle and turning points are rotated simultaneously
by the complex scaling, and hence the normalizability condition on Stokes
curves is invariant and provides the same exact-WKB quantization. For
instance, the non-perturbative cycle A is now given by

A= eﬁye—ie S84a _ l wCSM(aeie))‘| ’

pegm(—ae™10

where Ycosm(2/e™?) = ('), ve ¢ denotes the cycle between two turning

points after complex rotation, and the original turning point is given with
6 = 0. This fact is nothing but the invariance of the energies of the bound
and resonant states. Third, the above exact WKB strategy for scattering

0

problem is also valid in CSM. Namely, when = — ze?, we should take

k — ke " to maintain the transmission wave e** as the boundary condition.
As mentioned in the case of resonance, the dominance of ¢~ at |Im x| — oo
indicates a physical situation such that any incoming wave vanishes. Hence,

this boundary condition requires that 1~ is dominant as Imz — —oo in
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Rex > 0, while eliminating +™; this can be interpreted as the physical

meaning of the Siegert boundary condition.® Now, since k = VZg”E , the

2i0

continuum spectrum FE.ont is changed as Feont — Feont€™

Connection-geometric comparison with Feshbach elimination

We here make a remark on an equivalence with the Feshbach picture. The gray
circle in Fig. 6.6 should be understood as a projection of the full scattering
problem into an “interior” (gray-filled) sector and an “exterior” sector. More
concretely, let P denote the degrees of freedom supported in the interior
region that contains the nontrivial (resonant) Stokes graph. On the other
hand, the dynamics in the exterior region, Q = 1 — P, is asymptotically
free, and so the analytic structure is essentially trivial. In the Feshbach
projection formalism, eliminating the ()-sector yields an energy-dependent
effective Hamiltonian operator acting on the interior sector,

1
E—QHQ

It has been known [4, 5, 9] that non-Hermiticity encodes the open boundary

H.¢(E) = PHP + PHQ QHP. (6.146)

coupling to the environment, and complex poles of the effective resolvent
of Heg reproduce resonances. In the present exact WKB, the @-elimination
affects an effective boundary condition imposed at the edge of P. Choosing
an outgoing (Siegert-type) condition excludes incoming components from the
exterior. It thus implements precisely the same “radiation condition” that
is built into Heg(F) through the resolvent (E — QHQ)~ ! [84]. From the
exact-WKB quantization condition (the normalizability at |Im 2| — o0), now
the connection data across the interior Stokes graph matches the outgoing
boundary condition at the edge, that is, a vanishing Jost function or a pole
of the scattering amplitude. Accordingly, the exact-WKB resonant state
can be viewed as a bound state along Im x, and as the counterpart of the
Feshbach-pole condition (openness along Re x and a pole of (E — Heg(FE)) ™).
We would like to clarify what we mean by the P/Q “cut” and its relation to
the Feshbach picture. To avoid possible confusion, we spell out the viewpoint
and the logical order of definitions.

o Guiding idea (assumption). We adopt the standard standpoint

SHere we are concerned solely with the physical interpretation of the Siegert boundary
condition. Normally, this condition corresponds to eliminating ™ for Rex < 0. However,
this is equivalent to requiring that 1)~ be dominant, as in the case of Rex > 0.
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that the full system (P + @) is governed by a Hermitian operator,
while a subsystem becomes effectively non-Hermitian once the environ-
mental/continuum sector is eliminated, i.e. openness is encoded in an
energy-dependent effective description.

e A posteriori Hilbert space in exact WKB. In the exact WKB
approach, the primary data are analytic solutions on the complexified
coordinate plane and their Stokes geometry. A Hilbert-space struc-
ture (and hence “normalizability”) is typically not assumed from the
outset, but rather introduced a posteriori through a complex defor-
mation (via the ABC/complex-scaling viewpoint) and the resulting
decay/normalizability requirement.

o Definition of the () sector. We define Q) as the exterior region which
is expected, from the Stokes-graph viewpoint, to carry no additional
nontrivial connection data (in this sense its analytic structure is es-
sentially trivial), and set P = 1 — Q. Equivalently, P is the region
containing the nontrivial (resonant) Stokes graph. This P/Q decompo-
sition should be regarded as a partition of the complex x-plane rather
than an a prior: Hilbert-space decomposition.

o Remark (not yet exact WKB). In the usual Feshbach projection
formalism, after eliminating @) resonances correspond to complex poles
of the effective resolvent (E — Heg(E)) ™!,

o Proposition. Imposing an outgoing (Siegert-type) condition at the
P/@Q boundary is equivalent to describing an open system with no
influx from @ into P and only outflux from P into Q.

e Remark. It is known that the resonance spectrum selected by the
Siegert boundary condition coincides with that obtained from the
radiative/open effective Hamiltonian Heg(E).

o Statement (exact WKB language). The “matching” of exact WKB
solutions in P and in @ across the boundary means the following: an
exact-WKB solution in P that is normalizable as |Imz| — oo can
be smoothly connected at the P/Q boundary to the (almost analyti-
cally trivial) outgoing solution in @ along the physical direction Re x.
Geometrically, this is precisely the condition that the interior Stokes
connection data be compatible with the exterior outgoing condition,
i.e., the exact-WKB characterization of resonances.



166 Chapter 6. Stage IV: Realize one analytic pole in several spaces

In particular, the exact WKB approach allows us to characterize all these
states in terms of global analytic structures of the wave function, such as
Stokes graphs and connection formulas. From this viewpoint, the Siegert
boundary condition can be reinterpreted as the Stokes curve emanating
from |Imx| — oco. In the Feshbach formalism it can be understood as a
consequence of analytic continuation in the complex plane (no Stokes curve
along Re z axis), rather than as an external imposition. The conflict between
the directions of Stokes curves connected with infinity and the real axis
implies that the notion of an “outgoing wave” along the real coordinate
becomes nontrivial and must be defined via analytic continuation along
appropriate Stokes sectors. This is closely related to the emergence of resonant
(Siegert) states and their interpretation within the Feshbach formalism, where
one effectively projects onto subspaces associated with different asymptotic
behaviors. In this sense, Fig. 6.6 provides a geometric realization of the
resonance mechanism in the Feshbach formalism: interior (quasi-)bound
structures defined by the resonant Stokes graph acquire decay widths through
their coupling to the exterior continuum.

6.9.3 Continuum and resonant spectra in Hilbert space

In the previous section, our aim is to physically interpret the Aguilar—Balslev—
Combes (ABC) theorem using the exact WKB framework, then establishing
a completeness statement plays a central role for three reasons.

e Correct extraction of resonance. Exact WKB naturally produces
local solutions and their connection data (via Stokes graphs). However,
the ABC picture is a global spectral statement. A completeness rela-
tion makes this precise by stating that the identity (or the resolvent
matrix elements) can be represented by (rotated continuum) + (sum
over resonant poles) + (bound states). The “extraction” of resonance
contributions is an actual reorganization of the spectral representation.

« Consistent Hilbert-space setting. Resonant states are not L? on the
real axis, so they do not enter the standard Hilbert-space completeness
for the self-adjoint H. In contrast, after complex scaling they may
become L? eigenstates of the non-self-adjoint Hy. A completeness
statement clarifies in which sense resonant states are part of the spectral
decomposition: typically via a biorthogonal resolution of the identity for
Hy or, equivalently, via contour deformation and residues for resolvent
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matrix elements. Without this, the claim “resonances appear in the
spectrum” risks being interpreted incorrectly as a literal Hilbert-space
basis statement for the original H.

e Physical observables. Exact WKB yields scattering data and res-
onance conditions through Stokes phenomena (connection matrices,
Voros symbols). To relate these quantities to physical observables
(e.g. cross sections, spectral functions, time evolution), one needs a
representation of the Green function or evolution kernel in which the
contributions of continuum and resonance sectors are clearly sepa-
rated and controlled. Completeness provides exactly that bridge: The
residues and pole locations are the resonance data that exact WKB
computes. This makes precise why the Stokes-graph geometry (WKB
side) reproduces the ABC spectral separation (CSM side).

In an exact-WKB-based interpretation of ABC, “showing completeness” is
meaningful because it is the statement that the WKB-derived resonance poles
and connection coefficients are not just diagnostic features, but enter the
actual spectral representation (resolvent or identity) together with the rotated
continuum. It is the step that upgrades a physical picture (“continuum vs.
resonances”) into a mathematically and physically controlled decomposition.

It should be emphasized that, according to the picture we have presented,
all wave functions—bound, scattering, and resonant—can be derived within
the framework of the exact WKB method. Therefore, the notion of complete-
ness referred to here is not that of the conventional scattering theory of the
Schrédinger equation; rather, completeness must be formulated entirely in
terms of wave functions derived via the exact WKB method. Establishing
such a completeness is essential for completing the overall structure of exact
WKB scattering theory. We introduce the standard Green function satisfying

HG(k;x,2') = —6(x — 27), (6.147)

with a Hamiltonian operator H. One may write it as the resolvent,

I\ *
R (6.143)
where () is a generic wave function, which collectively denotes the bound
and scattering states, before normalization and we should be careful of

the branch cut to obtain the outgoing/incoming Green function, and have
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Figure 6.8: Integration contour in the complex k-plane of the Green function.
The green contour indicates the original integration to prove the complete-
ness (6.150). We find that in Im k& < 0 there exist resonant poles additionally.
An integration along the magenta contour rotated by 26 via CSM concludes
these residues as a physical state depending on 6.

introduced the spectral function

(6.149)

B > '

ﬁ X (const.) E >0,

the bound energies EP (n € Z,), the normalization factor of the bound
states N'B = ([ [1p(x)|>dx)/? for bound states 1)(x), and the coefficient of
waves in the continuum spectrum JFj, that is, the Jost functions. From
the self-consistency condition of an integral of the Green function given
in Ref. [42], where we take into account the integration on the upper half
k-plane surrounded by the solid line in Fig. 6.8, the completeness of the wave
functions is proved as

Zw +/dkw (k&) (k, 2)* = 6(z — ). (6.150)

Here, 17 () implies a normalized bound state, and 1 (k, z) is a normalized
scattering one. If there exist resonances, the resolvent has pole singularities
after an analytic continuation of k to Im k < 0. In what follows, we consider
the complete set of eigenstates in CSM QM. First of all, we notice that the
Green function (6.148) is quite subtle at a resonant pole since its residue,
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i.e., the spectral function, diverges due to F; = 0. In a mathematical
context, the spectral function for the continuum spectrum is defined in a
band around Im FE = 0 such that Fj, # 0. Nevertheless, under CSM, resonant
states are also elements of the corresponding spectral representation. (Also,
there are subtleties for the definition of the x-operation in Eq. (6.148).7)
Note that 1)(x)? = Up(z) for a general wave function before normalization.
Let 92 (2)? denote a normalized complex-scaled bound state, 1 (k, z)? is a
normalized complex-scaled scattering one, and ¢(x)? imply a normalized
resonant state. We shall define the CSM Green function

200 ()0
Gtk ) = [ dpp() PETATT (6.151)
and the CSM spectral function
dpy(E)
dE
ghzﬁ%ﬁ5ua—ﬁf) E <0 (bound),
x ﬁfg(E) arg F' = —260 (rotated continuum),
Yom Wé(E — ER1— fy(E)) ImE <0 (resonant),
(6.152)

where N is the normalization factor of resonant states in exact WKB
analysis, and E* denotes the resonance energies. For each resonance energy
EI we define the critical scaling angle by

1 Im Ef
0 = 5 arctan (— e Eg) . (6.153)
Here 0% is the value of 6 at which the rotated continuum line arg £ = —20

passes through the resonance energy EX. For a fixed scaling angle 6, the

"The original (unscaled) Hamiltonian is self-adjoint on an appropriate domain, ensuring a
real spectrum and a well-defined Banach-space-valued resolvent. CSM and the ABC theorem
guarantee that, after analytic dilation, the rotated Hamiltonian remains a closed, sectorial
operator with resonances and a well-behaved resolvent [92]. Although self-adjointness is
lost after complex scaling, the operator remains diagonalizable and retains a modified form
of elliptic regularity [32]. In genuinely non-Hermitian systems where such analytic control
is absent, one must explicitly assume or prove diagonalizability and the existence of Riesz
projectors [91, 93], since no elliptic regularity is automatically guaranteed.
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resonant contribution is summed over all m such that
0 < 0. (6.154)
Equivalently, if the critical angles are ordered as
of <ol <., (6.155)

then the resonant states included in the spectral decomposition are precisely
those with m =1, ..., M(0), where M(0) is determined by

0170y < 0 < 0370y 11- (6.156)

The borderline case § = 6 requires separate care, since the resonance
energy lies on the rotated continuum line. fp(E) denotes a #-dependent
support function on the spectrum. It equals 1 on the rotated continuum
part that remains in the continuum representation, and vanishes at those
resonance energies E for which 6% < 6, i.e. for resonances that have
already been isolated from the continuum and are counted separately in the
discrete resonant sum. The integration is carried out along the dashed line
in Fig. 6.8. In this case, the ill-definedness (divergences due to F = 0) of
the spectral function is remedied because of the support function fy(E)%,
and near 6 > g the scattering ¢(k, )? is reorganized by the corresponding
resonant state % (2)? in the sense of spectral decomposition, both of which
have an identical energy eigenvalue. Again, one may say that the divergence
of the scattering state originates from the divergent coefficient of the incoming
wave, and its appropriately normalized state is resonant with the Siegert
boundary condition. When 6 crosses 07, the rotated continuum itself does not
disappear; rather, only the corresponding resonance energy EZ is extracted
from the continuum contribution and is thereafter counted in the discrete
resonant part. Thus, for 6 > 0%, the corresponding resonance is incorporated
into the discrete resonant part of the spectral decomposition, while the
rotated continuum contribution is modified accordingly. Finally, after defining
our CSM spectral function, the completely identical approach to the self-
consistency condition of integration of the Green function in Ref. [42] is valid;

8We assume that fo(F) is a smooth cutoff function. If no support function, the case that
0 = 0r becomes an exceptional point; not only the energy eigenvalues but also the energy
eigenvectors are degenerate (or defective/Jordan-blocking). Hence, the calculation requires
the utmost caution. In the more recent work [20], we have developed non-Hermitian physics
of exceptional point for resonant and continuum spectra under CSM.
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similar calculations leads to our central result
S OP@ B + [ dk(k ) (ko)
n arg E=—20
+ Z wﬁ(m)ewﬁ(:ﬂ')e =0z —2). (6.157)

m: 0% <6

Here, all bound, scattering, and resonant wave functions are exact WKB-
derived. The sum over m is taken over all resonances satisfying 07 < 0,
namely m =1, ..., M(0) in the above ordering. Note that the summation
over m depends on 6, that is, whether the integral contour rotated by 26
includes the poles or not (see Fig. 6.8).

Laboratory checkpoint

Before moving to the next stage, perform the following checks without copying
the displayed final answer.

1. Extract the transmission denominator from the exact-WKB transfer
matrix and locate its pole on the declared sheet.

2. Track a sample continuum eigenvalue and a resonance while changing
the complex-scaling angle; only the former should follow the ray.

3. Reconstruct the continuum level density from the resolvent trace and
separate one pole contribution from the nonresonant background.

6.10 Problems for Stage IV

IV.1 For a rank-one P space, evaluate the Feshbach self-energy for a flat
continuum with a finite threshold. Separate its principal-value shift
and imaginary width.

IV.2 Derive the action of a real dilation on x, p, and the kinetic energy.
Analytically continue the parameter and obtain Eq. (6.14).

IV.3 For an outgoing wave e*" with Imk < 0, derive the range of scaling

angles for which it becomes square integrable. Translate the result to

the location of the rotated energy cut.
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IV.4

IV.5

IV.6

Iv.7

IV.8

IvV.9

Iv.10

Iv.11

Iv.12

Iv.13

IvV.14

Prove the free essential-spectrum rotation directly in momentum space.
Then use relative compactness to explain the corresponding step in
the ABC theorem.

Carry out Berggren’s Gaussian regularization for u(r) ~ ¢*”. Evaluate
the integral first where it converges and then analytically continue to
the resonance quadrant.

Choose a Schwartz test space and show how a Gamow functional acts
on it after contour deformation. Identify which continuity estimate
would fail on the full Hilbert norm topology.

Derive the continuum level density from the trace of a resolvent dif-
ference. Show how its integral is related to a scattering phase under
trace-class hypotheses.

Diagonalize a complex-scaled finite basis at three values of 8. Give an
algorithm that classifies bound states, stable resonances, and rotated-
continuum pseudostates without using their colors in a plot.

For a complex-symmetric matrix, derive the ¢ product and compare
it with ordinary biorthogonality. Give an example in which using
Hermitian conjugation produces the wrong pole residue.

Explain, with a contour diagram, why Zel’dovich damping, complex
rotation, and a rigged-space pairing can agree on a resonance norm
even though none is an ordinary L?(R) norm.

For D(z) = z — E4 — X(z), expand about a simple complex zero and
derive Zg = [1 — ¥/(zg)]~!. Give an example showing that Zg need
not be real or lie in [0, 1].

Starting from the unitary pole factor Eq. (6.121), derive the Lorentzian
phase derivative and the peak time delay in Eq. (6.125).

Add a constant coherent background to a simple pole and derive the
Fano form. Determine the energy of the maximum and zero for real ¢,
and show how an imaginary part of ¢ fills the zero.

Let a channel width obey T';(E) = v&*+1. Compare the complex pole,
the maximum of |D(E)|2, and the half-maximum width as the pole
approaches threshold.
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Chapter 7

Stage V: Add a singular endpoint
and renormalize monodromy

Reader contract

The origin of a radial equation carries Frobenius data and cannot be
treated as an ordinary turning point. This stage derives the Langer cor-
rection and open-path quantization, then turns regulator independence
of the global monodromy into a practical renormalization condition.

7.1 Radial exact WKB: add the origin as mon-
odromy data

Calculation route

Prerequisites. The global connection algorithm of Stage I and the
local Frobenius theory of a regular singular point.

Calculation goal. Include the origin index and Langer contribution
in open-path and closed-cycle exact quantization conditions.

Completion criterion. Recover oscillator and Coulomb spectra be-
fore introducing a monodromy-preserving deformation or optimization.

7.1.1 Radial equation and the origin

For a central potential V(r) in three dimensions, write the wave function as
uy(r)Y;m (2) /r. The reduced radial function obeys

h? d? B2+ 1
_774_1/(74)4_&

2m dr2 Ul("") = Eul(’l“), r > 0. (71)

2mr?
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Here [ € NU {0} is the orbital angular momentum. The origin is a regular
singular point. Its Frobenius solutions behave as

ufeg(r) ~ 'rl'H, u?mg(r) ~ ot (7.2)

Physical regularity selects the first solution.

The centrifugal term is proportional to A2, but it cannot be treated as
an innocuous high-order perturbation near r = 0. It determines the local
indices and hence the monodromy. The Langer organization replaces

1(+1) — (z + ;)2 (7.3)

inside the leading WKB momentum [104]. The additional 1/4 is the contri-
bution of the WKB half-density near the regular singularity.

7.1.2 Open-path and closed-cycle quantization

There are two natural formulations. In the open-path formulation, transport
a decaying solution from infinity to the origin and require the coefficient of
u?ing to vanish. In the closed-cycle formulation, continue the same solution
around a contour that encloses the origin and relevant turning points, then
demand a compatible monodromy. The two conditions are equivalent when
all connection matrices and the local origin monodromy are included [25, 105
107].

The equivalence can be stated schematically as
Csing(E,h) =0 <= det[Mr(E,h)—1] =0, (7.4)

where Cgipg is the open-path coefficient of the singular Frobenius solution and
M is the ordered monodromy matrix around a closed contour I'. The deter-
minant notation is schematic because a specific quantization condition may
select one eigenvalue or one matrix element rather than the full determinant.
What is invariant is the vanishing of the undesired component.

The change of variables

xT

r=e”, x € (—00,00), (7.5)

makes the equivalence intuitive. The punctured origin becomes the boundary
r — —o00. A small-circle monodromy in the r plane becomes a boundary
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condition at the left end of the z line, while r — oo becomes x — +00. The
radial spectral problem is thereby converted into a two-ended connection
problem.

7.1.3 Harmonic-oscillator benchmark

For 1
Vr)= §mQ2r2, Q >0, (7.6)
the exact spectrum is
3
E,.1=hQ <2nr+l+2>, n.=0,1,2,.... (7.7)

A connection using only the two ordinary turning points misses the [ de-
pendence. Adding the origin monodromy, or equivalently using the Langer
momentum from the start, restores the exact result. This is a clean example
of an order-h? term carrying order-one topological data.

7.1.4 Coulomb benchmark

For an attractive Coulomb potential

the bound-state spectrum is

B = (7.9)

S 2m2(ny + 14 1)2°
Again the origin contribution supplies the [ + 1/2 phase, while the ordinary
turning point supplies the remaining Maslov half-unit. The total principal
quantum number is n = n, + 1 + 1. Exact evaluation of the closed Voros
period shows that the open and closed quantization paths agree once the
regular singularity is treated consistently [25].

7.1.5 Monodromy renormalization

Local WKB integrals around a singular point can contain regulator-dependent
pieces. Introduce a small radius g > 0 and a circle Cy(p) around the origin.
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A useful coupling that keeps the origin index at leading order is

A:h<l+;>. (7.10)

After the WKB half-density is included, fix the physical small-circle phase to
Mghys — oim(2+1) (7.11)

Define a counter-Voros factor Zyon (1) by

Mbare (u)
MBS = 20200 7.12
0 Zmon (H) ( )
Cutoff independence is summarized by an RG-type equation
d
10g Zmon (1) = Ymon (E, A, A). (7.13)

Hap

The function ymen is & monodromy anomalous dimension. A closed period
may then be split into large and small circles with local counterterms chosen
so that the sum is finite and independent of .

Equations (7.12) and (7.13) should be read with care. They organize
regulator independence of connection data; they are not automatically a
Wilsonian coarse graining of spatial degrees of freedom. For the harmonic
oscillator and Coulomb benchmarks, the proposed scheme has yyon = 0,
corresponding to fixed monodromy data and the termination of higher closed-
period corrections in the chosen organization [25]. For a generic potential,
establishing the existence, scheme dependence, and physical content of a
NONZero Ymen remains an open mathematical problem.

7.1.6 Optimized perturbation around monodromy-preserving
seeds

For a non-solvable radial potential, choose a solvable seed Q(©) that has the
same local monodromy and introduce an interpolation parameter §:

Qs(r,E) = QO (r,E;a)+ 46 [Q(r, E)— QO (r, E; a)} ) (7.14)

The vector a contains variational scales. Expand the Borel-resummed Voros
data in ¢, set 6 = 1, and choose a by minimal sensitivity or fastest apparent
convergence. Because the seed already contains the correct origin index, the
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expansion does not repeatedly rebuild the most singular local information.
This is an exact-WKB version of optimized or variational perturbation theory
[108-112].

The method is promising for Cornell, screened Coulomb, and other radial
potentials, but three checks are indispensable: independence of the auxiliary
parameter at increasing order, compatibility with lateral Borel summation,
and preservation of the physical origin boundary condition. Variational
stationarity alone does not prove that a selected branch is the physical
resurgent continuation.

7.2 Derive the exponential map and the Langer
term

Set r = e® and write

u(r) = "¢ (x). (7.15)
Using
_— = z _ — — -1
a2 ¢ da? 4¢l ’ (7.16)

the radial equation becomes

—hi01—2+e290(v(e””)—E)+h—2 (H;)Q di(x) = 0. (7.17)

2m

The 1/4 shift is exact; it comes from removing the first derivative generated by
the coordinate change. The origin condition has become a convergence condi-
tion at * — —oo. Equation (7.17) therefore gives both an algebraic derivation
of the Langer term and a geometric derivation of the open-path/closed-cycle

equivalence.
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7.3 Calculation laboratory V: Radial monodromy
from oscillator to Coulomb

Calculation route

Prerequisites. Exact WKB on a regular contour, Frobenius indices
at the origin, closed-cycle periods, and the Langer transformation.

Calculation goal. The radial Riccati problem, oscillator and Coulomb
benchmarks, the exponential map, optimized perturbation theory,
anharmonic and Cornell/Yukawa examples, and the open-path/closed-
cycle theorem.

Completion criterion. Derive radial quantization from both open
paths and closed cycles, then reproduce the oscillator, Coulomb, Cor-
nell, and Yukawa checks.

This Laboratory reconstructs the calculation underlying Ref. [25]. The
regular-contour exact-WKB recursion is not repeated. The starting point is
the new datum introduced by a radial problem: the singular endpoint and
its monodromy.

7.3.1 Benchmark I: the three-dimensional oscillator

All local Stokes matrices below are those of Sec. 5.1; only the origin mon-
odromy and the radial path are new. Here we notice the following Theorem:

Theorem 7.1. If we go across the Stokes curve starting from a turning point,
M s represented as

M® — <(1) i) , M® = (1 ;’) . (7.18)

On the other hand, if we go across one from a simple pole, M is written as

M = (1 2icos(wm)) _ (1 2i cos(my/T + 4l(l + 1))> (719)

0 1 0 1

o __ 1 0 B 1 0
M2 = <2i cos(my/1 + 4Q2) 1) N <2i cos(my/1+ 4l(l + 1)) 1) . (7.20)

Here, \/1+ 4Q)3 is the characteristic exponent of Q(r).
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Figure 7.1: Stokes graph for the 3D harmonic oscillator. Re £ > 0. The
black solid curves are the Stokes curves, and the black points are the turning
points connecting three Stokes curves. The blue wavy line is a branch cut.
The red arrowed curve is a possible physical path on which the wave function
is defined. That is, this path means the normalizable wave function, which
should be supposed to be subdominant along r — oo &+ ie with small € > 0.

7.3.2 Harmonic oscillator
Stokes graph for the harmonic oscillator and the choice of path

We begin with the 3D harmonic oscillator,

1
V(r)= 57‘2. (7.21)
Figure 7.1 shows the corresponding Stokes graph with Re £ > 0. The solid
curves are the Stokes curves starting from the turning points depicted as the
black points (bullets),

a; = —V 2E, as =V 2F. (722)

The sign + indicates the index of the superscript of the dominant wave
function gpli. Each region is marked by I, II, or III (with prime). We should
first notice that a nontrivial bound-state problem arises from the integration
between the two turning points, while the closed loop including the turning
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point is the perturbative cycle to trap physical states at the bottom of
the potential barrier. Hence, at least, any physical path must encircle these
turning points, and so the energy quantization occurs as the physical intuition.
Now, one plausible choice of the path is given by the red curve in Fig. 7.1.
This path starts from r — +oo + ie, bulges into the Rer < aq side in the
complex plane, encircles a; and az, and goes to r — 400 — ie (¢ > 0). This
is a kind of closed path. Around the two asymptotic regions r — +oo =+ ie
(region IIT and region III’), we are supposed to impose the consistency of
the (sub)dominance in the wave function; we can exhibit the closed-cycle
quantization condition itself.

Derivation of the quantization condition for the harmonic oscillator

Naively speaking, beginning from the region III, that is, (cp;“, ©; )11, one may

find
+ +
(Cp’_> - M <“0l_> (7.23)
Y/ P/ m

+ +
)~ MSNg o MS (78 (7.24)
Y1 /q Y1/ m
+ +
(902) ~ M* M3 Ngya, M3 <‘p’_> (7.25)
+ +
<¢l_> ~ M2 M® M3 Noyo, M, (S”L) (7.26)
Y1 /) “r ) m
o o
( _) ~M+Na2a1M+MM+Nala2M+< _) . (7.27)
(‘Ol 111 (pl 111

This is, however, not correct because of the regular singularity from the
double pole of exact WKB. The eigenenergies obtained from the monodromy
matrix in Eq. (7.27) do not have an angular-momentum dependence. We
must need to estimate the closed-loop integral around » = 0 in an appropriate
way! We shall focus on region II as in Fig. 7.2. The connection between
the turning points depends on the closed-loop integration around the origin;
this provides a nontrivial phase, that is, the angular-momentum phase or
monodromy phase from the regular singularity. The actual path is now taken
as the red curve encircling the origin as shown in Fig. 7.2. Therefore, after
explicit calculations of the contour integral, the naive connection, Ny, q,,
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ai ag

Figure 7.2: The Stokes graph with the regular singularity near the origin. The
white circle is the origin and the regular singularity. The naive connection,
Ng,a,, misses this nontrivial monodromy phase. We should improve it by
adding the closed-loop integral around r = 0.

would be replaced by
Naras = NayoMS Noas - (7.28)

‘We obtain

o G v e
( 3 ) = M2 Napa, M;M'M;NQMM;< l_> , (7.29)
o ) 1/ m

and then, the coefficient of (¢, )iy in (Lpf)m/ is given by

1
~2icos(ry/TH4Q2) | 1 + A+ 2cos(ry/TH 4@2)} o (7.30)

where
A= el drSoaa, (7.31)

To be consistent, the above coeficient should vanish, and so the quantization
condition is written as

cosh (7{% dr Sodd) + cos(my/1+4Q2) = 0. (7.32)
0

Note that /T +4Q = /1 +4l(l +1) = 2] + 1, as usual the higher order
corrections do not affect the residue, and we should be careful of the singular
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region |r| < € with 0 < € = O(h).! To make the origin behavior compatible
with the global exact-WKB construction, we start from the Frobenius solution
u(r) ~ r'*! and define the WKB transport from 7 = € > 0 along a lateral
Borel direction that avoids Stokes curves. The global propagation is then
obtained by multiplying the connection matrices at each Stokes crossing,
and finally taking the limit ¢ — 0. Since the radial equation has a regular
singular point at » = 0 due to the centrifugal term, the contour integral
h=! ¢ dr S_1(r) must be defined with care: the term h2I(l + 1)/r? becomes
O(1) precisely in the singular region |r| < k. Following Proposition A.1 of
Ref. [113], we therefore excise a small disk |r| < e with 0 < ¢ = O(h) and
evaluate the integral on the punctured domain. More concretely, the original
leading WKB solution is given by

S_1(r)y=+vr2—-2E, (7.34)

but we deform the contour to the boundaries of the punctured domain,
namely a large circle at infinity and a small circle |r| = ¢, and then the
centrifugal term can contribute even in the leading as follows:

QU1 +1)
rz

—_————

o) if|r| — €

S_1(r) = r2—2FE+ h

(7.35)

This yields
I(l+1)

V2FE 1
Rt drS = — dr |2 —2E+ P~
2h 2
0 {r]|r|—oo}\{r| |r|=€} T

————
O(1) if r| — ¢

(7.36)
i i AT+ 1

= %T Res|p| o0 VT2 — 2E — 1% Res|| . ('r+) (7.37)

=~ linE —im /Il +1). (7.38)

'For a given function f(V), the symbols O(f(V)) and o(f(V)) are defined by the
following relations:

o(f/(V))
)

V—oo

o(f(v)) .
Vgnoo‘ V) ’ < 00, lim

’ =0. (7.33)
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The first term is the usual bulk WKB contribution determined by the residue
at infinity, while the second term is the finite phase correction induced by
the regular singularity at the origin. Importantly, this local contribution
depends only on the coefficient of the 1/r% term and hence is not modified
by higher-order WKB corrections; equivalently, the residue is fixed by the
Frobenius indices at » = 0. Combining this origin contribution with the Airy-
type connection data at simple turning points, the consistency of the global
connection formula requires the relevant coefficient to vanish. Section 7.3.5
will justify this fact in terms of some kind of renormalization-group theory.
For simplicity, we can rewrite the quantization condition as

e—frlin—im/l(lH) — o im2H+1) o (—im2Z4+14(20+1)] (7.39)
Introducing a (radial) quantum number n,., we have
E:h{an—i—l—i—(Zl—kl)— 1(z+1)}7 ne€Z.  (7.40)

If we use the Langer correction [104] as (I + 1) ~ (I + 1/2)?, which is also
justified by renormalization technique in Section 7.3.5, we finally find the
exact energy eigenvalues

E=h <2nr i ;) . (7.41)

Moreover, Sec. 7.3.6 is devoted to computation of energies in the anharmonic
oscillator case by using a technique we will introduce below.

7.3.3 Coulomb potential

Stokes geometry and the quantization condition for the Coulomb
potential

Let us consider the Coulomb potential,

V(r)=——. (7.42)

Supposing that Re ' < 0, the turning point is at

e
= —— . A4
a 5~ 0 (7.43)
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+
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_|_

Figure 7.3: Stokes graph for the Coulomb potential. Re £ < 0. The solid
curves correspond to the Stokes curves. The bullet denotes the turning point,
a, and the open circle is the origin, » = 0. The blue wavy line between 0 and
a is the branch cut. The red path means the normalizable wave function,
which should be supposed to be subdominant along r — oo + ie with small
e> 0.

The corresponding Stokes graph is shown in Fig. 7.3. Figure 7.3 shows the
coherent normalizability condition of the wave function, depicted as the red
path. We suppose that the wave function should dump sufficiently fast near
r — oo for its norm defined on (co — i€, 0 — ie] ® [0 + i€, 00 + i€) with small
€ > 0 to have fast convergence. Thus, we obtain the connection formula on
this path as

% + A+ 2cos(my/1+ 4Q2))

1 i
AﬁMMﬁ%Jﬁ:(O ( ;

) C ra

where the nontrivial cycle A is given by

A = o drSoas, (7.45)

Noting that /T +4Q3 = /1 + 4l(l + 1) = 2I + 1, the quantization condition
is, from the boundary condition, given by

cosh (jl({)a dr Sodd> +cos(m(20+ 1)) =0, (7.46)
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and hence, we find

1 a 1 1
—]{ dr Soqq = 1 [nr + =+ (l + )} , n, € 7. (7.47)
21 Jo 2 2

Remarkably, the right-hand side in Eq. (7.47) is important as a homotopy
invariant, the Maslov index. The Maslov index is the integer that counts the
caustic/turning-point crossings along a classical path, where an appropriate
phase should be added for each crossing. Then it supplies the semiclassical
phase correction in Bohr-Sommerfeld quantization. The factor 1/2 corre-
sponds to the Maslov index at the turning point, while the factor I +1/2 is
that at the origin due to the angular momentum phase (monodromy phase).
Note that since the Coulomb potential possesses shape invariance and so is
exactly solvable, the contour integral of higher-order WKB perturbations S;
vanishes. In fact, S; for ¢ > 0 has no significant pole singularity that provides
a nontrivial residue at r = 0 or r — oco. Now, the leading order solution gives

rise to
1 a e2 1
—h_l% drS_; =i— . 7.48
o fy P T Y 2 E (7.48)
Then we have
o4
E:—m, with n =n, +1+ 1. (7.49)

We can also take into account some variations of the Coulomb problem, such
as the Cornell/Yukawa potential; see Sec. 7.3.7.

Open-path quantization and the regularity near the origin

We consider the path on [0 — ie, 0o — ie) with an appropriate local basis, say,
u ~ 7+ near r = 0. We introduce a pair of local WKB solutions (u™, u*)T
normalized so that the physically admissible combination near the origin is
represented by the above regular branch. Starting instead from a convenient
normalization at infinity, we take a reference pair of formal WKB solutions
(¢f, ;)T defined in the sector 7 — oo + ie. These functions are used only
as reference (or auziliary) solutions to specify the Stokes/connection data; in
particular, no physical boundary condition is imposed at infinity at this stage.
With this convention, the solutions transported to the ray [0 — ie, oo — i€) are
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ut o -
_| = NOaM+Naoo SDZ,
u P

(Here, N, is an abuse of notation.) Then, after the monodromy phase,

constructed as

(7.50)

r—o00-+ie

cos(m(20 + 1)), is taken into account, the connection formula is reduced
to M$Ny. The quantization condition from this is identical to that
in Eq. (7.47). Is the function u regular at the origin and so the local basis?
It is well-known that, at infinity, the convergent wave function is given by

201+1
n—Il—

oni(r) o Pt )1(2047")6_‘", (7.51)

where « is a parameter determined by the Bohr radius, e, and the quantum
numbers. Straightforwardly, we can take the limit of r — ¢,

u(r) = opi(r) ~ P (7.52)

Also the divergent (dominant) wave function at infinity possesses the non-
regularity at the origin. After all, the regularity at the origin is identical
to the convergence of the wave function cpli at infinity. A more general
statement of the equivalence between the open-path local basis and closed-
loop quantization is discussed in Sec. 7.3.8.

7.3.4 Exponential mapping and boundary transfer

Let us introduce the transformation such as r = k~'e” and ¢;(r) = */2¢(x),

where © € (—o00,00) and k = @ With this change of the variables,
derivatives transform as
d d d? d? d
ket 7:]{;27233 — _ . .
dr ¢ a dr? ¢ (d:c2 dx) (7.53)
Then, the kinetic term becomes
d? 5 oy [ 4 d ..
@@l(r) = k% (dxg “ 1) P (x) (7.54)

_kQ —2z x/2 d72_1 ~ 7.55
= el (L 1) g (7.59)
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The radial Schrodinger equation is rewritten as

[_ k2h2e,2x <d2 B 1) Ve + ER2Il+1) KR

‘ﬁl(a:) =0,
(7.56)

2 dz? 4 2 e 2

and then,
2 flem 2
%@m N {ezx [1 _ V(kE)} _ (z + ;) }@l(x) —0. (757

That is, we define

d2 ~
[— + h2Q(x)| ¢i(z) =0, (7.58)

daz?
Q(x) = h? [(l + ;)2 — e (1 - V(k;legc)>] . (7.59)

Crucially, the regular singular point at » = 0 is sent to the boundary z — —oc.

The physical Frobenius behavior u(r) ~ r/*1 translates to
u(x) ~ el (x = —00), (7.60)

so “regularity at the origin” becomes a subdominant boundary condition at
the left end of the real axis. Quantization may thus be formulated purely as
an open connection problem between the subdominant sectors at x — 4o0;
the action is unchanged and the small-circle monodromy at » = 0 should
be encoded by the boundary choice at x = —oo. For “large enough” x, the
turning points are given by

1- 22 "2 ~0  ataz=b, (7.61)

which is the same condition for the original turning points a; = k~'e® with
respect to Rer > 0. For this condition to hold, we need to impose (I+ %) < e’
and k~le® = %e”" = O(1). Thus it is reasonable that A(l + 1) = o(1), the
monodromy phase, is the essential contribution and a relevant coupling in
terms of renormalization group as we will show in Section 7.3.5. Therefore,
when e” = o(h~1), for instance e = O(h~2), there exist an additional turning

point, x = ¢(l), depending on [ + % Now, the singular region = € (—o0, ¢|



7.3 Calculation laboratory V: Radial monodromy from oscillator to Coulomb 189

contributes in the same way as the subtracted region |r| < e = O(h) above.
Noting that

Q(r) = k2 2*Q(x), (7.62)

we find the identical structure of the formal WKB ansatz because of

dry/Q = d(k~te®)\/k2e=20Q = dx\/é. (7.63)

Then, the closed Voros period at infinity, §°_ d:z;\/Qj, provides the mon-
odromy at r = 0 given in above Theorem. Closed Voros periods between the
turning points, b; and ¢(l), are invariant

%dr\/@ = %dx\/é (7.64)

This viewpoint mirrors the boundary-to-boundary formulation familiar in
black-hole QNM problems (ingoing at the horizon, outgoing at infinity), cf.
Andersson [43] and Miyachi-Namba-Omiya-Oshita [113].

7.3.5 Monodromy renormalization
Minimal scheme of monodromy renormalization

Although the centrifugal term is formally O(h?), it carries the relevant local
index (small-circle monodromy) at » = 0. We therefore reorganize the
bookkeeping in terms of the RG—invariant coupling

A=h (z + ;) (7.65)

and define a minimal “monodromy renormalization” (MR) by fixing the
physical small-circle monodromy ./\/lghyS = 72D while absorbing local
WKB divergences into a counter—Voros constant Zyen(/t) at a microscopic
radius pu:

M d
N p—— In Zmon(#) = ’Ymon(ha )‘) (7'66)

phys __
Mo = Zmon (1) ’ du

Here mon is & “monodromy anomalous dimension.” Let C,/(u) be a small
circle of radius p around r = /. Closed Voros periods are then evaluated as
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(infinity—circle) minus (origin—circle),

]{drsoddz (yﬂm—§f0> drsodd+§p:

which is minimally subtracted by Znon. Co is a large circle at infinity, p

7( drSodd—(sV};(,u)], (7.67)
c

runs over poles/regular singularities, and dVj(x) are minimal counter—Voros
constants chosen so that the total is u-independent and finite, with the
origin constrained by ./\/lghys. In the 3D oscillator and Coulomb benchmarks,
we find Ymen = 0 (fixed points), explaining the empirical cancellation of
higher closed-period corrections; away from these integrable points, Ymon 7 0
organizes genuine resurgent corrections as a trans-series controlled by Stokes
automorphisms. Now, one can reconsider the formal power series in () with

A as

2
Qo(r) =2r [V(T) + 2/\? - E] , Q20r)=Qq = —%. (7.68)
This is a renormalization improvement for vpyen to vanish. This expression
gives rise to Proposition A.1 in Ref. [113] if yyen = 0 and §dr Soqq =
Rt §dr\/Qo/r, such as in 3D harmonic oscillator or Coulomb.? In this
sense of the renormalization improvement, the Langer correction is readily
adopted.

An optimized-perturbation-theory realization

We now realize the above MR in an optimized /variational perturbation theory
(OPT) framework [108-111], directly at the level of the exact-WKB action.
For other summation methods for perturbative quantum theory, see the
review given in Ref. [112]. Let Q(r; \) be the radial WKB potential (with or
without the Langer correction). Let us also introduce

Q(riN) = Q°(riN) + 0 [QrN) = Q% V)], defo,1],  (7.69)

where the seed QU is solvable and matches the small-circle monodromy:

2

A
If : Or ) ~ = j{ 0dr = 2im\. .
r—0: Q(r;\) 3 . \/ QVdr i (7.70)

*We would like to thank T. Miyachi and R. Namba, the authors of Ref. [113], for helpful
discussion. We should make it public that they and we have also derived the identical
quantization condition from their open-path technique.
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The 3D oscillator and Coulomb are typical choices for Q°. Expand the action
as a O-series at fixed parameters (omitting dr in what follows):

fsodd[cf] _ ?{50 +7fasl +/5252 b (7.71)

where
1Q-Q° ;1 d
Sosal@ -, 9102 e L

(7.72)

Closed Voros periods are computed as (infinity—circle) minus (origin—circle),
with any local divergence on Cy minimally subtracted by Zpon(1) so that

the physical small-circle monodromy e!7(2/+1)

is maintained at every order.
Thus the centrifugal contribution of order “O(h?)” in appearance is treated
as a relevant coupling A\ (never naively expanded). In practice, we consider a

truncation order I, set § = 1 and impose

! 7{21:52'— 41 (7.73)
2inh J &7 T Ty ‘

Close with the fastest apparent convergence condition, e.g.,

D [ 7( soddL 0, (7.74)

on the variational couplings {a}. Solving this yields E() and the optimal
{a}. In the case of the harmonic oscillator, we define Q = 2 + i‘—j —-2F
and Q¥ = a’r? + 7))—; —2F,

(7.75)
Evaluating as (infinity—circle) minus (origin—circle) with MR subtraction,
0 0 L
Res; 500 S — Resp—0 S° = (a — )\) , (7.76)
1.1-a?

Res, 0 St — Res,—¢S' = —=F
2 o3

(7.77)
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Then, the fastest apparent convergence gives

e

and hence o) = 1. Higher orders preserve a®) = 1 and closed-period
corrections cancel®, yielding from the leading action plus discrete phases

% S g (7.79)
Here, note that ¢ = 3 § and A/h =1+ 1/2. For the anharmonic oscillator
case, the naive perturbation theory suffers from non-physical behavior of
ground state energy, which should be larger than that of the harmonic
oscillator, while the variational perturbation theory provides a coherent
picture such that the energy is an increasing function of the corresponding
deformed parameter as shown in Sec. 7.3.6.

Some remarks

The seed Q° (i) locks the origin monodromy via A and MR, and (ii) approxi-
mates the infinity behavior up to variational scales; the d-series expands only
Q — Q. The fastest appearance convergence aligns variational couplings with
the true problem so that, in integrable benchmarks, closed Voros corrections
beyond leading order vanish (RG fixed-point behavior). For nonintegrable
cases, the residual corrections assemble into a controlled trans-series governed
by Stokes automorphisms; the MR supplies a consistent local regulariza-
tion at the origin. The open-connection formulation in x = Inr parallels
boundary-to-boundary treatments of black-hole QNMs along the real axis,
e.g., Andersson [43]. Our bound-state analysis replaces the horizon ingoing
condition with origin regularity, but the monodromy /connection algebra and
the role of lateral Borel summation are closely analogous.

3In this case, we show that if one applies the variational method to an integrable model,
the variational parameter always becomes trivial. In contrast, in the later nonintegrable
examples we consider, where the variational parameter does not reduce to a trivial value.
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— ++

Figure 7.4: Stokes graph for the 3D anharmonic oscillator. Re £ > 0.

7.3.6 Anharmonic oscillator

The anharmonic oscillator with quartic term is given by

1
V(r) =5+ 5t (7.80)

This potential provides the Stokes geometry as in Fig. 7.4. We find the
turning points, a;, as

. \/—1+\/1+4gE 1+ T+4gE (781)
1 = —’ .

; Gz =1
g g

\/—1+\/1+4gE 1+ I+ 4gE
as = — , a4 -

g g

(7.82)

The dashed red curve is on another Riemann sheet through the branch cut.
The corresponding connection in the current path becomes

o -
( L ) = M$ Ngya, M$ M® Noya,
Spl oco—ie
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_ +
x M3 M® Nayay M® M2 Ny, a, (‘pl_ > for € > 0. (7.83)
l oco+ie

Then, we have the quantization condition to vanish the coefficient of ¢, |sot-ie

ot
m ¢, ’oo—ie
a1
cosh (7{ dr Sodd) + cos(my/1 + 4Q2) = 0. (7.84)
as

Note that this form of quantization is identical to the other models which we
saw above; it is reasonable that the crucial cycle is in Rer > 0. At first, the
naive estimate of the next-to-leading order looks like

a@ . . 1 3. o 9
f S_1dr =—irE —ir (1 + 5) ™ 1—617rE g+ 0(g). (7.85)
as

Then, we have

L (/39(2n, +3lg+ 5 +4-2) | 756)

but this energy is a monotonically decreasing function of g (see Fig. 7.5). For
larger g, the ground state energy should increase as the physical sense. Now,
we define Q = 2 + %r"‘ + i‘—; —2F and Q° = o?r? + ;\—j — 2F, and so obtain

AQ
SY=/r2 + 5~ 25, (7.87)
1 gr
St=— 2" (7.88)
2. /r2 4 ;\—j —2F

and

drs® = 2ir (£ - , (7.89)
/ (2
fdr Sl = g =Pl =20%) 0(g). (7.90)
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2 4 e s Twf

Figure 7.5: The ground state energy of the anharmonic oscillator as a function
of g. This is based on the next-to-leading estimate in the perturbation theory
in terms of g. The quantum numbers, n, and [, are set to vanish, so A = 1/2
under the Langer correction. Typically, the energy is damping monotonically
with respect to the perturbation parameter g.

Note that S! is expanded in terms of g before integrating. The fastest
apparent convergence up to O(g) gives

1o — Eg(1 —2a2)] o, (7.01)

aa[E_Ai

o 2 4ga’
3gF 3gF
O =g, [292 o [ 297 7.92
“ 1+ 10gE’ 1— 6gE’ (7.92)

where the first and second solutions are for + and for —, respectively, in
Eq. (7.91). Hence, for instance a(!) = ,/%, we see

V1+10gE N S5VEVT+10gE
12V/3Eg3/? 6v/39
(1+10gE)3/?
VE

and depicted the ground state energy E with n, = 0, A = 1/2 in Fig. 7.6,

and we obtain

A=2n, +1 (7.93)

=12v3¢*2(2n, + 1+ 1)),  (7.94)

which grows along large g typically. There are some roots of the algebraic
equations with regard to E. Almost those are non-physical due to, e.g.,
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Figure 7.6: The ground state energy of the anharmonic oscillator as a
function of g. The derivation is given by the variational method with the
fastest apparent condition up to subleading of g, and the explicit function is
given by Eq. (7.94). The quantum numbers, n, and [, are set to vanish, so
A = 1/2 under the Langer correction. Typically, the energy is growing up
monotonically with respect to g.

negative energy. We here illustrate a more plausible result for g > %\/g . Of
course, these are not results with such a high level of precision; even within
the variational perturbation theory (with parameter §), the function of g
is expanded in powers of g, and we do not address the systematic issues of
truncated fastest apparent convergence in any serious manner.

7.3.7 Variations of Coulomb
In this calculation module, we consider the Cornell/Yukawa potential,

a e KT
Vc(r) = —; +or, Vy(?") = — , (7.95)

where the turning points are given by

E E? & 1
+ _ et +_ - _
ac =5 =R 107 + . ay MW( u/E), (7.96)

respectively. Here W (z) is the Lambert W-function. The Stokes structure
of the Cornell potential is shown in Fig. 7.7. For the Yukawa potential, the
Stokes structure is the same as for Coulomb potential in Fig. 7.3. Again, we
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Figure 7.7: Schematic Stokes graph for the Cornell potential.

can find the same quantization condition

cosh (%Cﬁ dr Sodd> + cos(m(20+1)) = 0. (7.97)
0

The next-to-leading order contributes as

1 e & 3ia2o

— drS_; =i — O(c? 7.98
P Yy RN T O (@), (7.98)
1 oy 1 in

— drS_; =i — O(u?). 7.99
o Jo O = mE T ava g T O e

Figure 7.8 shows the ground state energies of the two potentials as functions
of the corresponding parameters introduced to deform the Coulomb potential.
The behavior in terms of o or u is reasonable.

7.3.8 Open-path and closed-cycle equivalence: a general state-
ment

Consider the radial Schrédinger equation

h? d? R0+ 3)?
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Figure 7.8: The ground state energy of the variations of the Coulomb potential:
(Left) Cornell potential with & = 1 as a function of o, and (Right) Yukawa
potential as a function of . The quantum numbers, n, and [, are set to be
zero. Typically, the energy is growing up monotonically with respect to the
perturbation parameters, o and pu.

where we have incorporated the Langer improvement £(£ 4+ 1) — (£ + )2
Suppose that V is meromorphic. We assume:

(A1) V extends analytically to a simply connected domain D C C containing
[0, +00) and the Stokes graph relevant to the energy E.

(A2) r =0 is a regular singular point of Eq. (7.100).

(A3) E belongs to the discrete spectrum, so that a subdominant solution
exists as r — +00 in some Stokes sector.

(A4) The Borel sums of the exact-WKB objects used below exist in a fixed
lateral direction 6 not crossing a Stokes curve.

Let T" be a closed contour that goes from +o0o to the vicinity of r = 0 within
a Stokes sector, encircles » = 0 once counterclockwise on the same sheet, and
returns to +-oo0.

Proposition 7.2 (Open-path < Closed-cycle under A1-A4). For a
given E, the following are equivalent:

(i) Open-path quantization: There exists a nontrivial solution of
Eq. (7.100) which is subdominant as r — +o0o and regular at r =0 (i.e.
no logarithmic growth in the Frobenius expansion).

(ii) Closed-cycle exact-WKB quantization: The monodromy gathered
along I' has a zero point, i.e.

cosh (7{ dr Sodd) + cos(my/T+ 4Q3) = 0. (7.101)
I
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In other words, the monodromy phase in terms of Ymon has a unit with
the ordered product of Stokes multipliers encountered along I'.

Sketch of proof Fix a decaying solution ¢ at +o0o (lateral Borel sum

at angle 0), and a local Frobenius basis (1%, wging) at 7 = 0, where 1;® and

Smg are the regular and singular solutions at the origin, respectively. Trans-
port Yoo to the origin across Stokes curves, multiplying by the corresponding

monodromy matrices (AKT connection). One obtains
Yoo = Crog (B, h) Y5 + Cuing(E, ) Y58, (7.102)

with connection coefficients expressed through Voros and Stokes multipliers.
Condition (i) in Proposition holds iff Cying(E, i) = 0. Now close the path by a
small counterclockwise loop around » = 0 and return to 4+o00; the net transport
along this closed contour amounts to multiplication by Stokes multipliers
and e*>™men in a suitable basis. Triangularity of the local monodromy at a
regular singularity and Wronskian conservation (i.e., the condition so that the
coefficient of dominant solution on the right hand side should vanish as usual)
imply that Cgne = 0 iff the closed monodromy has a zero point (monodromy
unit), which is precisely Eq. (7.101). Independence of Eq. (7.101) from local
normalizations follows from the standard arbitrariness of choosing Stokes
data. [J For the 3D harmonic oscillator and for
the Coulomb problem, one can choose I' such that vy,on = 0; then the second
term on the left-hand side in Eq. (7.101) is moved to the right-hand side
(with the Langer improvement). The statement presumes regularity at the
origin and excludes irregular singular points and energies for which Stokes
curve accumulate around r = 0. If V' has additional singularities or branch
points in D, the contour I" must be chosen to avoid them (see Sec. 7.3.6);
otherwise extra factors contribute. The Bohr—Sommerfeld quantization is
now given in the form as

1
7fpeﬁ(r;E) dr + @p(E,h) + Ymon(E,h) € Z, (7.103)
27h Jr

where pegr(r; E) 1= /2m (E — Vg (r)) with Veg(r) == V(r) + (€ +1)%/(2r?),
and ®r collects all higher-order WKB/Voros corrections and Stokes contri-
butions along I'.
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Laboratory checkpoint

Before moving to the next stage, perform the following checks without copying

the displayed final answer.

1.

Derive the Langer term directly from the exponential coordinate map
rather than inserting it as a remembered replacement rule.

. Recover the oscillator and Coulomb quantization conditions from both

open-path matching and closed-cycle monodromy.

. Vary the auxiliary deformation or optimization parameter and impose

monodromy independence before treating the Cornell or Yukawa case.

7.4 Problems for Stage V

V.1

Remove the first derivative from the d-dimensional radial Schrodinger
equation and derive the effective inverse-square coefficient.

Compute the two Frobenius indices at the origin for g/r?. Classify
the square-integrable solutions and discuss when a boundary condition
beyond regularity is needed.

Perform the Langer map r = e¢” including the wave-function rescaling.
Show where (I +1/2)? enters and why it is not an arbitrary replacement
rule.

Derive the three-dimensional harmonic-oscillator spectrum from a closed
exact-WKB cycle. Repeat with an open path and the origin monodromy.

Derive the Coulomb bound spectrum from the radial action integral.
Keep the angular-momentum and turning-point phases separate until
the last line.

Introduce a small circle r = ee'® around the origin. Calculate the local
monodromy and derive a condition that makes the global quantization
independent of e.

Treat a weak quartic perturbation of the radial oscillator with both
ordinary perturbation theory and the optimized monodromy scheme.
Compare the regimes in which each truncation is useful.
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V.8 Construct the turning-point equation for the Cornell potential and locate
its roots numerically on the relevant sheet. Test homotopy invariance
of the quantization contour as parameters vary.

V.9 Repeat the previous problem for a Yukawa-screened Coulomb potential.
Identify the threshold at which a bound-state pole approaches the cut.

V.10 Give an example in which a coordinate transformation creates an ap-
parent singularity. Distinguish its Jacobian monodromy from a physical
self-adjoint-extension parameter.



Chapter 8

Stage VI: Resolve a few-body contin-
uum with CDCC and complex scal-
ing

Reader contract

This stage derives Jacobi-coordinate few-body Hamiltonians and the
continuum-discretized coupled-channels equations from the same pro-
jection logic used for a resonance. Pseudostates, channel truncation,
smoothing, and complex-scaled level densities are then applied first to
broad and fragmented %He resonances, and subsequently to lithium
and beryllium-core reactions. The reader finishes with a reproducible
pole-to-observable convergence protocol, not merely a catalogue of
applications.

8.1 Nuclear reaction theory reconstructed from
scattering principles

The usual vocabulary of nuclear reactions—optical potential, channel, form
factor, distorted wave, compound state, breakup—can appear to be a col-
lection of phenomenological devices. It is more coherent when read as a
sequence of projections and boundary conditions. This section derives that
sequence before any continuum discretization. The resulting formulas are
standard; their placement in the book is not. Each will be tied to one of the
analytic or operator-theoretic structures already constructed.

8.1.1 Translational invariance and Jacobi kinetic energy

For particles with masses m;, positions r;, and momenta p;, the laboratory
kinetic energy is

(8.1)
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Introduce the total mass, center of mass, and total momentum,
1
M = Zmi, Rcm = M Zm,;ri, P = Zpi. (8.2)

A linear canonical transformation to mass-scaled Jacobi coordinates gives

T .
2M = 2pa

(8.3)

Removing R is not optional in a basis calculation. If a single-particle
basis mixes intrinsic and center-of-mass excitations, spurious levels may be
misidentified as low-energy channels.

For three particles, one Jacobi set is

miriy + mare

=179 — 1Ty, =r3— —M—, 8.4

2 ! y 3 mi + meo ( )
with ( )
mimso mz(my + mo

_ _ s\t T h2) 8.5

Ha mi +mso’ My M (8.5)

The other two sets are obtained by cyclic permutation. No set is physically
preferred, but a particular cluster asymptotic region is simple in one of them.
A many-set expansion is therefore a coordinate atlas for correlations, not an
introduction of new particles.

8.1.2 Cluster channels and antisymmetry

Suppose the asymptotic partition is a + A. A channel state has internal
states ¢lo, gf)ﬁ(‘ and relative orbital momentum L, coupled to total JM:

VM = Aol @ 6] @ Yi(R)] c=(a,A I, Ia,1,L,...). (8.6)

JM’
The intercluster antisymmetrizer A makes channel states nonorthogonal at
small R. In a microscopic resonating-group formulation, projection therefore
gives a norm kernel as well as a Hamiltonian kernel. In a cluster model one
often replaces this exact exchange by a Pauli projector

Vhauli = Ap Z|uf><uf‘7 Ap — +00, (87)
f
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which removes forbidden relative orbits uy. The limit changes the operator
domain on the allowed subspace. It must be held fixed while continuum
model spaces are compared.

A spectroscopic factor is a norm of a particular projected overlap and
hence depends on the resolution, interaction, and channel convention. An
asymptotic normalization coefficient is more directly tied to the tail fixed
by a separation energy and Coulomb equation. Reaction observables probe
these quantities through kernels; neither is an eigenvalue observable of the
full many-body Hamiltonian.

8.1.3 The optical model as a Feshbach boundary value

Let P retain elastic relative motion with the target in its ground state and
let @ contain every explicit excitation, transfer, breakup, and compound
configuration not retained. Stage I gave the exact operator

1

QHP. (8.8)
In coordinate representation its second term is generally nonlocal, energy de-
pendent, angular-momentum dependent, and complex above open thresholds.
A local Woods—Saxon or folded g-matrix potential is an approximation to
this object, not a fundamental interaction.

Writing U = V +1iW and using the stationary Schrodinger equation gives
the continuity relation

Vo= WR)(R)P. (59)

An absorptive convention has W < 0. The lost elastic flux is the flux into
the eliminated @ space only if the optical model consistently represents that
space. When breakup channels are later included explicitly, leaving the same
phenomenological absorption untouched may count part of them twice.

For spinless elastic scattering,
Sp=mnre®,  0<np <1, (8.10)
and

v
0o = ﬁZ(ZL—i—l)\I—SLF, (8.11)
L
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oR = %Z(2L+1)(1— 1S5 12). (8.12)
L

The first measures coherent deflection; the second measures missing open-
channel flux. A resonance can be present in either through the analytic
continuation of Sr(FE), but a peak in og is not by itself a pole definition.

8.1.4 Coupled channels from an internal basis

Let ha¢, = €,¢, describe discrete target states. With
H=Kg+ha+U(RE), (8.13)

expand

WM = LS i (Ronr(€) © Vi ()] (8.14)
nlL

Projection produces

h2 2

R d* Le(Le+1) Ve E
2u \ dR? R?

+Y UL (R)XI(R) = 0. (8.15)

X! (R)

Thus the CDCC equation is not a special new dynamical law. It is the
ordinary coupled-channel equation after continuum wave packets have been
admitted as internal states.

Multipole expansion gives
U(R,€) =Y Faxu(R.EYou(R), (8.16)
Al

and reduced matrix elements of F) become radial coupling form factors.
Angular momentum selection rules can make the coupling matrix sparse
even when the number of channels is large. A good implementation tests
Hermitian symmetry of U.» before optical absorption is introduced.

8.1.5 Distorted waves and first-order transition theory

Choose an entrance channel Hamiltonian H; = K + U; + h; and write
H = H; 4+ V;. The exact transition amplitude to an outgoing solution of Hy
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is

TP.““:< |V\q>le N, (8.17)

)

Alternatively,
TR = (@ vy wt). (8.18)

The two forms agree for exact wave functions with consistent interactions.
Distorted-wave Born approximation (DWBA) replaces the complete scattering
state on the right by the channel product:

TRWEA = (@ 17 Vi @ix( ). (8.19)

Post—prior disagreement then becomes a diagnostic of inconsistent optical
potentials, remnant terms, nonorthogonality, or truncation.

The distorted waves resum elastic interaction with the target. The Born
order refers only to the transition operator Vi, not to replacing all waves by
planes. In a knockout reaction, an impulse approximation further replaces
the short collision by an embedded two-nucleon ¢ matrix. This separation
is valid when the elementary collision is short compared with the scale over
which the nuclear overlap and distortions vary; it is a scale statement to be
checked, not a definition.

8.1.6 The R-matrix split: an interior connection problem

Choose a channel radius a outside the dominant short-range interaction.
Inside, expand the wave function in square-integrable functions X . Outside,
use known Coulomb or free channel functions. A Bloch operator

=50 —a (d _ B) (8.20)

makes the interior problem Hermitian with the chosen boundary parameter
B. The channel R matrix has the pole expansion

YAV Ae!

Rcc’ E) = I

(8.21)
where 7). is a boundary amplitude at a [114].
The E depend on a and B; observed scattering poles do not. The external

logarithmic derivative converts the interior R matrix into the physical collision
matrix. This is another global connection problem: interior basis coefficients
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are representation data, while the matched incoming coefficient is invariant.
Exact WKB replaces the arbitrary interior basis by resummed local analytic
solutions; the algebra of matching is the common element.

For one isolated level and one channel, the denominator becomes
D(E) = By E — [S(E) - B] - 3P(E), (8.22)
where S and P are shift and penetration functions. The physical pole
solves D(ER) = 0, not simply £ = E). Differentiating D gives the same
energy-dependent normalization encountered for Feshbach operators.
8.1.7 Three-body equations before discretization
For three particles with pair interactions v1, v, v3, write

H = Hy + v + vy + v3. (823)

The direct Lippmann—Schwinger kernel contains disconnected iterations and
is not compact in the useful sense. Decompose

|U) = [¢1) + [2) + [93), [Va) = Gova| V), (8.24)

with Go = (E — Hp +i0)~!. Using the pair ¢ matrix

ta = Vo + vaGota (8.25)
gives the Faddeev equations
|wa> = Gotq Z |¢5> (8'26)
B#a

Each component carries the asymptotic behavior of one pair partition, and
the sum reconstructs the common solution [54, 115].

The operator form for transition amplitudes is the Alt—Grassberger—
Sandhas system

Usa = (1= 05a)Go " + D t4GoUxa- (8.27)
v#B

Its on-shell matrix elements generate elastic, rearrangement, and breakup
amplitudes [116]. CDCC does not replace the exact three-body theory as an
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identity. It approximates selected projectile continuum and reaction couplings
in a basis optimized for high-energy or weakly bound projectile scattering.
Comparisons with Faddeev/AGS calculations are valuable where both are
feasible.

8.1.8 Why three-body Coulomb is structurally harder

For short-range pair forces, the channel resolvents separate cleanly at large
Jacobi coordinates. Coulomb interactions act in every asymptotic region and
leave a long-range tail in the Faddeev kernels. Merkuriev splitting writes
each Coulomb interaction as a short-range piece adapted to the three-body
region plus a long-range piece included in the channel Hamiltonian. The
splitting function is auxiliary; physical amplitudes must be independent of it
in a converged calculation [54].

This is a precise nuclear version of the infrared lesson from Stage II.
A p+ p + "Be continuum cannot be assigned one plane-wave asymptotic
form. Different Jacobi sectors carry different Coulomb distortions, and their
overlap requires matching. CDCC with Coulomb functions in the projectile—
target coordinate controls one part of the asymptotics; CSLS or a three-body
Coulomb construction is needed to resolve fragment correlations in the final
state.

8.1.9 Adiabatic and eikonal limits

Two scale separations lead to useful approximations. If projectile internal
excitation energies are small compared with the collision energy over the
interaction time, replace

hp —eg — 0 (8.28)

inside the reaction equation while retaining the projectile coordinates in
the interaction. This adiabatic or sudden approximation resums breakup
configurations at degenerate internal energy. Its failure is largest when energy
conservation among continuum channels or a narrow resonance is important.

At high incident momentum K, write

U(R,¢) = F7U(b, Z,€) (8:29)
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and neglect 8%@ relative to KO, U. The equation becomes first order,

ima%@ = [hp — o+ U(b, Z,)]V. (8.30)
Freezing hp further gives a path-ordered eikonal phase. Equation (8.30) is a
coupled-channel evolution along the beam coordinate; it retains excitation
energy and is often called dynamical eikonal.

The approximation is checked by increasing energy, restricting scattering
angle, and comparing with partial-wave CDCC. Coulomb deflection and the
logarithmic phase must be corrected explicitly; the straight-line plane-wave
eikonal is not uniformly valid at arbitrarily large impact parameter.

8.1.10 Threshold scales in lithium and beryllium systems
Weak binding creates large spatial scales

h
lg ~ —, 8.31
P~ s (3.31)
where S is a separation energy. Small S means that low multipoles of the
target field couple efficiently to continuum states near threshold. It also
means that a cluster treated as inert may have its own comparable breakup
scale. The sequence

"WCe—p+B+—p+p+Be (8.32)

is the central example in Laboratory VI-B. A two-body model may reproduce
one tail but miss polarization of the intermediate B subsystem.

For SLi, both o+ d and o + p + n descriptions can be useful. The former
is smaller and resolves deuteron-like breakup; the latter permits explicit
proton—neutron rearrangement, closed pseudostates, knockout overlaps, and
transition densities. Model selection should be made by the observable
and energy scales, then verified by enlarging the space. “More bodies” is
not automatically more accurate if their effective interactions and Pauli
constraints are less controlled.

8.1.11 One dictionary for reaction approximations
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Stage VI: Resolve a few-body continuum with CDCC and

method

retained object

eliminated object

invariance or

check

optical model

DWBA

R matrix

Faddeev/
AGS

adiabatic and
eikonal

CDCC

complex scal-
ing

exact WKB

elastic channel

entrance and exit
distorted waves

finite interior basis

all pair partitions

slow internal or
transverse coordi-

nates

finite continuum
wave packets

exposed pole plus
rotated cut

resummed connec-
tion datum

excitation and re-

action space

repeated transi-

tion coupling

exact interior con-
tinuum

disconnected

overcounting

selected time
or longitudinal

derivatives

QN continuum

undeformed out-
going growth

divergent local

formal series

elastic S matrix
and flux deficit

post—prior and
potential depen-
dence

channel-radius
and boundary-
parameter
independence

permutation,
unitarity, and
rearrangement

consistency

energy and an-
gle systematics

model-space
and smoothing
convergence

angle and

contour inde-

pendence

Stokes, Wron-
skian, and ho-
motopy consis-
tency

The table prevents a common misuse of comparisons.

Two methods can

disagree because they approximate different eliminated spaces, not because

one is simply of higher “order.”

To compare them, match the retained

Hamiltonian, asymptotic channels, and observable first. Only then vary the

approximation specific regulator or truncation.
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Checkpoint

The reader should now be able to derive optical absorption from a

Feshbach boundary value, obtain ordinary coupled-channel equations,
state the post—prior test of DWBA, interpret R-matrix levels as interior
representation data, and explain why Faddeev components are adapted
to different asymptotic partitions. CDCC will next be obtained by
replacing the discrete internal basis of Eq. (8.14) with normalized

continuum bins or pseudostates.

8.2 Few-body continua and CDCC

Calculation route

Prerequisites. Tensor-product channels, Jacobi coordinates, partial
waves, projection operators, Coulomb asymptotics, and finite-basis
diagonalization.

Calculation goal. Derive three- and four-body CDCC, construct
bin and pseudostate model spaces, calculate coupling potentials and
breakup amplitudes, and smooth discrete spectra with complex scaling.

Completion criterion. Write the coupled radial equations from
a declared few-body Hamiltonian, impose open and closed channel
conditions, demonstrate model-space convergence, and reconstruct an

energy-differential observable.

A weakly bound projectile turns a two-body collision into a spectral
problem with many nearby thresholds. The continuum is not a small correc-
tion: tidal and Coulomb fields can polarize or break the projectile while it
traverses the target field. Continuum-discretized coupled channels (CDCC)
is a controlled way to keep a finite part of that continuum in the reaction
space [117-119]. The method is often introduced as a numerical prescription.
Here we derive it as a projection of the direct-integral channel decomposition
from Stage 1.

This perspective also connects CDCC to the resonance program. A
Feshbach operator eliminates the continuum and retains its effect in an energy-
dependent self-energy. CDCC instead retains a finite-rank approximation to
the important continuum fibers. Complex scaling supplies both resonance
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pseudostates and a smoothing representation of the discarded continuum.
Exact WKB identifies the invariant analytic boundary data that any such
finite representation must approximate.

8.2.1 Two-cluster projectile: coordinates and Hamiltonian

Let a projectile P = ¢+ v consist of a core ¢ and a valence particle v, and let
it scatter from a target T'. After removing the total center of mass, choose

r=ry— (8.33)
R= Mty = e+ . (8.34)
mp

The fragment—target coordinates are

my me
.

R.=R-"“r, R,=R+

- - (8.35)

With intrinsic core and target excitations temporarily frozen, the Hamiltonian
is

H=Kr+hp+Us(R:)+ Usr(Ry), (8.36)
where
h? h?
hp = K, + Veo(r),  Kr= —QTRV%%, K, = —2urv$. (8.37)

The optical interactions U, may be complex because target excitations
not included explicitly have already been eliminated. This is an effective
non-self-adjointness distinct from analytic dilation. The full microscopic
Hamiltonian before elimination may still be self-adjoint.

The projectile has a bound ground state &y and continuum states @,

hp®y = €7Dy, €0 <0, (838)
hp®eo = €Peq, €>0, (8.39)

where a collects orbital angular momentum, spin coupling, and any rear-
rangement label. The exact projectile resolution is

1p = @) (o] + Zfomléea><@ea’ de + 37 |®p) (], (8.40)
« b#0
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with the normalization and density convention absorbed into ®.,. CDCC
replaces a physically selected part of the integral by a finite orthonormal set.

8.2.2 Model-space projection and the CDCC equation

Choose square-integrable projectile states {®;}Y, and define

N
Py = Z@i)(‘bi\a QN =1—Py. (8.41)

The CDCC approximation is not simply ¥ =~ PyV. It is the projected
boundary-value problem

Pn(H = Eyot)PyUy =0 (8.42)

with scattering conditions imposed in every retained open channel. Expand
for total angular momentum JM,

MR Zxc R)Y/M(R,¢), (8.43)

where £ denotes all projectile internal coordinates and

JM __ ) » _(
VM = [@u(g) ® YL(R)LM, c=(i,I,L,...). (8.44)
Projecting onto yg M gives
R [ d?  Le(L.+1) J
- - c E {o]
l 1R (dR2 R2 + e = Bror| X (R)
+> Ui (R)xh(R) =0, (8.45)
with
J _ JM JM
Usto (R) = (Y| Uer + Upr |V >£ﬁ. (8.46)

Equation (8.45) is the central computational object. The off-diagonal ma-
trix elements contain excitation, breakup, de-excitation, and continuum-—
continuum coupling on equal footing.

The discarded space generates the exact correction

1
E—-QnHQnN +i0

Sn(E) = PvHQyN QnHPy. (8.47)
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CDCC neglects ¥y only after moving the dominant configurations into Py .
Convergence is therefore a statement that matrix elements of 3 relevant
to the desired observables have become small, not that the continuum has
ceased to exist.

8.2.3 Bin discretization

For a two-body projectile, a momentum-bin state in partial wave « is

Pbin — / Fra(k)®pq dk, (8.48)
V na n 1
with N
Ny = / ()| . (8.49)
kn_

Nonoverlapping bins are orthonormal if the continuum states are delta
normalized. A constant f represents a simple average; a phase such as
e~ 9a(k) can reduce rapid scattering-phase variation within the bin. Resonant
bins may be narrowed around a phase-shift rise, but the bin width must
remain finite until all continuum-normalized quantities have been combined.

The finite resolution has a direct-integral meaning. The characteristic func-
tions of the bins generate a finite-dimensional subspace of L2([0, kyax], dk).
Refining the partition produces strong convergence to the identity on square-
integrable wave packets. It does not produce norm convergence on the
whole continuum Hilbert space. This is the same distinction that makes an
individual |k) distributional.

8.2.4 Pseudostate discretization and the Gaussian expansion
method

For a many-body projectile, exact continuum wave functions are expensive
and carry several momenta. The pseudostate method diagonalizes hp in a

finite L? basis,
Ny

Z<902|hP|(PJ = €n Z 902|4Pj () . (8.50)
j=1
Negative eigenvalues approximate bound states; positive eigenvalues provide
quadrature-like samples of the continuum as seen by the chosen basis and
operators. They are not physical bound levels. Their density changes with
the basis and is itself useful information only after smoothing.
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The Gaussian expansion method (GEM) uses ranges in geometric pro-
gression [101],

Onim(T) = anrle_(r/rn)2lﬁm(f), rp = r1a" L (8.51)

Short and long ranges are then covered with relatively few functions. For a
three-cluster projectile, products of Gaussians in several Jacobi coordinate
sets efficiently represent both compact correlations and rearrangement tails.
Complex-range Gaussians can improve oscillatory continuum resolution, but
their overlap matrices require careful conditioning.

8.2.5 Open, closed, and Coulomb-distorted channels

For a channel with projectile energy €., define

E. = Etot — €, K.=v 2MREc/h- (852)

If E. > 0, the channel is open. With Coulomb interactions, the asymptotic
condition for incidence in ¢ is

i _ K,
v/ (R) — 3 Hé)(nc,Kchm—w[gszcoHémc,KcR)]. (8.53)

The normalization factor ensures flux normalization. For a neutral channel,
Héi) reduce to spherical Hankel combinations. This is a concrete instance of
the Stage II lesson: a charged channel is compared with a Coulomb wave,
not a plane wave.
If E. <0, write K. = ik, with k. > 0 and impose the decaying Whittaker
solution,
X2 (R) — CW_y, L. 11/2(2cR). (8.54)

Closed channels carry no asymptotic outgoing flux, but they alter open-
channel scattering through virtual transitions. Omitting them simply because
they are not directly detected can be a large error at low collision energy.

Flux conservation supplies a stringent check when all interactions are
real:

> ISL P =1 (8.55)

copen

For optical interactions the deficit equals absorption into eliminated channels.
Numerically, one must distinguish that physical deficit from loss caused by
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insufficient matching radius or an ill-conditioned basis.

8.2.6 Multipole expansion of the coupling

The fragment—target potentials depend on both R and internal coordinates.
For a central fragment potential,

Ut (IR + car|) = D Usa(R, 1) Yau(R)Yx, (7), (8.56)
Al
where «, = m¢/mp and a. = —m,/mp. Angular momentum algebra

reduces Eq. (8.46) to radial transition densities and Clebsch—Gordan, 63, and
9j coeflicients. The long-range Coulomb multipoles behave as

A

US (R, ) ~ r <R, (8.57)

R
so electric dipole or quadrupole breakup can couple to very large R. Conver-
gence in matching radius and projectile excitation energy must therefore be
tested together.

The diagonal monopole contains the projectile-target Coulomb compari-
son potential. Subtracting it before numerical propagation and restoring its
known Coulomb functions in Eq. (8.53) prevents the long-range phase from
being mistaken for a short-range coupling.

8.2.7 Three-cluster projectiles and four-body CDCC

Now let P = a + b+ ¢. The projectile plus target is a four-body reaction
system. A Jacobi set, for example,
T =7p—Tq, y:rc_w’ (8.58)
Mg + Mp
gives
hp = Ky + Ky + Vo + Ve + Voo + Vap. (8.59)

The optional effective three-body interaction V3 represents correlations not
reproduced by pairwise cluster interactions and is calibrated only within a
declared structure model.

There are three Jacobi rearrangement sets. A basis restricted to one set
may resolve one clusterization well and another poorly. GEM therefore uses
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the union

Z > Cl, [wnm (@) © ') (y )] o (8.60)

”uly
c=1 ac

followed by antisymmetrization or Pauli projection as required. Diagonalizing
hp generates a ground state, physical resonances represented by stabilized
pseudostates, and nonresonant continuum pseudostates. Inserting these
states into Eq. (8.43) gives four-body CDCC [120, 121].

The name counts particles in the reaction Hamiltonian, not the number
of coupled radial equations. A three-body projectile may yield thousands of
channels after angular momentum coupling. Sparsity, selection rules, and
model-space diagnostics are therefore part of the physics calculation.

8.2.8 Folding interactions and transition densities

For nucleon scattering from a composite projectile, a semi-microscopic cou-
pling can be built by folding an effective nucleon—nucleon interaction with
projectile transition densities. Schematically,

= > [ @ ($)gne (B~ 50, ), (8.61)
T=p;n
where
P ( (D] Y 6(s — i) | D). (8.62)
1ET

The g matrix summarizes in-medium multiple scattering. A phenomenological
renormalization
g+— Ny Reg+iNwyImg (8.63)

must be interpreted as model calibration, not as the monodromy renormal-
ization of Stage V. The identical word “renormalization” refers to different
operations; naming the varied scale and the invariant observable removes the
ambiguity. The JLM interaction is a standard example [122].

8.2.9 From discrete breakup strengths to a continuous spec-
trum

The CDCC equations return transition amplitudes 7;, to normalized pseu-
dostates. An experiment resolves continuum energy and fragment angles, so
the discrete amplitudes must be embedded back into the continuum. If <1>£; )
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is the exact projectile scattering state, then

N
Z e, )T, (8.64)

For a two-cluster projectile these overlaps can be calculated directly. For a
three-cluster continuum, that approach is as hard as the original few-body
scattering problem.

Complex scaling replaces the oscillatory continuum Green function by an
L? spectral expansion. Start from the Lippmann-Schwinger state

1

)y = S — : :
For dilation-analytic interactions,

'y — v (8.66)

e—hp—i0 €— h% ’ ’

when the rotation exposes the required boundary value. Expanding the scaled
resolvent in biorthogonal eigenvectors,

Lo~ Z 20)( (8.67)

6—h9 6—6

turns the smoothing overlap into finite L? matrix elements. This is the
complex-scaled Lippmann—Schwinger (CSLS) construction [123, 124].

For an inclusive energy distribution one may avoid constructing amplitudes
channel by channel. If |F) =37, T,|®,) is the projectile source produced by
the reaction, the response is

d 1 .
(TZ o —— Tm(F|(e ~ hp +i0)'|F)
1 (FIUL(6)|20)(®F|U(0)|F)
~ ——Tm . .
- Z p— (8.68)

This is the same resolvent identity used for continuum level density. The
reaction determines the source F'; the intrinsic complex-scaled spectrum
determines how that source is distributed among poles and continuum.
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8.2.10 Selecting a rearrangement channel

For three fragments, “the breakup cross section” is not a single asymptotic
channel. One may observe sequential breakup through a two-body resonance,
direct three-body breakup, or a different cluster partition. Let hp = hy +
K, + V}®™ be adapted to a chosen partition. The CSLS state constructed
with the corresponding channel Hamiltonian h, + K, projects the common
CDCC source onto that asymptotic arrangement. Symbolically,

Tale, ) = Y (@) |8, T,.. (8.69)
n
Summing mutually orthogonal arrangements is safe only when their asymp-
totic spaces and overlap regions have been defined so that double counting is
controlled.

This point is where nuclear few-body scattering meets the long-range
problem of Stage II. With three charged fragments, different cluster regions
have different logarithmic Coulomb phases. A finite internal pseudostate
basis can calculate observables over a controlled interaction region, but it
does not constitute a proof of one uniform three-body Coulomb asymptotic
formula. The comparison dynamics and channel atlas must be declared
separately.

8.2.11 Observables from the channel S matrix

For spinless notation, the scattering amplitude from ¢y to an open channel ¢
has the partial-wave form

2T
S AM@Q)[SS —6.,],  (8.70)
1\/KCKCO JM;ML 0 0

where A contains the angular momentum coefficients and Coulomb phases.

fcco (Q) = fC(Q)5600 +

The differential cross section contains the flux ratio,

do’ceco K.

— 2
dQ - Kco‘fccO(Q)‘ . (871)

For pseudostates, summing Eq. (8.71) over a finite energy interval is mean-
ingful after convergence. A density per unit energy requires Eq. (8.64) or
Eq. (8.68); dividing a discrete value by an arbitrary pseudostate spacing is
not a basis-independent observable.
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The total reaction cross section for entrance wave number K is

2Z2J+1 1—2\@0]] (8.72)

copen

in a simple spin convention. With real couplings the bracket vanishes after
all retained open channels are included. With absorptive optical potentials it
measures loss into channels outside the explicit CDCC space.

8.2.12 CDCC as a spectral quadrature

The direct-integral view gives a compact mathematical statement of the
method. Let P(A) be the projectile spectral measure. For functions of hp
tested between localized form factors,

Emax
(Fothe)P(0. Bualg) = [ 9(0) diagg (o). (373

A pseudostate model replaces this by a quadrature

N

Emax
T @ dnse) = 3 glen) 122l (8.74)

Accuracy is therefore operator and source dependent. A model space that
converges an elastic amplitude need not resolve a sharply differential three-
fragment observable. Conversely, pseudostate eigenvalues need not approx-
imate every point of the continuum uniformly for the tested integral to
converge rapidly.

Complex scaling deforms the quadrature contour. Stable discrete poles
remain fixed while the nonresonant quadrature points follow the rotated
cut. This is precisely the pole-versus-representation separation established in
Stage IV.

8.2.13 Connection data and coupled-channel exact WKB

For N retained channels, Eq. (8.45) is a matrix Schrodinger equation. Funda-
mental solution matrices replace scalar WKB branches, and the asymptotic
coefficients form vectors. A global transfer matrix has blocks

aR aL
( a‘)_;;t) = M(E) ( aogt> : (8.75)

m m
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A resonance satisfies the determinant condition
det Cin(F) = 0, (8.76)

where Cy, is the block multiplying prohibited incoming components. CDCC
approximates this matrix connection problem on the real axis and can be
analytically continued or complex scaled. Exact WKB supplies a nonpertur-
bative construction when the matrix spectral curve and its Stokes data can
be controlled. The scalar theory of Stage III is therefore the first member of
a coupled-channel hierarchy rather than a separate subject.

The eigenvalues of the local potential matrix are sometimes called adia-
batic surfaces. Their complex degeneracies generate nonadiabatic connection
matrices. At a coalescence of resonant solutions, Eq. (8.76) has a multiple
zero and the exceptional-point analysis of Stage VII applies. Few-body re-
action theory, exact WKB, and non-Hermitian holonomy meet at the same
determinant.

8.2.14 A reproducible convergence protocol

A CDCC result is accepted only after varying independent truncations. The
minimum useful record is:

1. projectile Hamiltonian, Pauli prescription, and all fitted structure
parameters;

2. Jacobi sets, internal partial waves, Gaussian ranges, and positive- energy
cutoff;

3. projectile spins I, projectile-target orbital momenta L, total J, and
coupling multipoles retained;

4. matching radius and radial mesh or propagator tolerance;

5. open and closed channel boundary conditions, including Coulomb
functions and branch conventions;

6. optical or folding interactions and the density and energy at which they
are evaluated;

7. convergence tables in Fyay, internal angular momentum, basis density,
Liax, Jmax, and matching radius;
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8. flux or reaction-cross-section balance;

9. smoothing angle, scaled-basis size, and independence of the final con-
tinuous response from these auxiliary choices.

Vary one family of cutoffs at a time and then repeat selected variations jointly,
because Coulomb multipoles can correlate the required excitation cutoff with
the matching radius. A stable pole, a converged integrated strength, and a
converged differential line shape are three different claims and require three
different tests.

Checkpoint

Given a cluster Hamiltonian and fragment—target interactions, the
reader should now be able to construct Py, derive Eq. (8.45), distin-
guish open from closed channels, calculate the coupling form factors,
and explain why pseudostate strengths must be smoothed before com-
parison with an energy-differential measurement. The next Laboratory
performs these steps for 6Li and for a p + p + "Be description of °C.

8.3 Calculation laboratory VI-A: A broad *He res-
onance from pole to observable

Calculation route

Prerequisites. The three-body CDCC projection, complex-scaled
resolution of the identity, Fredholm/Riesz pole projectors, and source-
dependent response derived in Stages [-1V.

Calculation goal. Construct an o +n+n model of 5He, isolate its 2+
poles without deleting the nonresonant continuum, and propagate the
same pole projector into proton inelastic scattering and a two-neutron
invariant-mass distribution.

Completion criterion. Distinguish a stable complex pole, frag-

mented CDCC pseudostates, a coherent resonance doorway, and a
measured line shape.

This Laboratory uses one chain of calculations to connect the mathe-
matical structure of resonance to a nuclear observable. The published steps
are the analysis of the broad 23 contribution in 5He(p, ), a model-space-
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independent treatment of a fragmented 2] doorway, and a resonance-only
decay distribution used to diagnose a dineutron correlation [125-128]. Here
they are reorganized as one calculation rather than three applications.

The exact-WKB viewpoint supplies the organizing invariant. In a coupled
radial representation the resonance is a zero of an incoming connection deter-
minant. Complex scaling realizes that zero as a finite-rank Riesz eigenspace.
CDCC represents the physical continuum by a quadrature. The reaction
supplies a source and the detector selects a functional of the resulting state.
Each layer has auxiliary choices, but the pole, its total root space, and its
tested residue must agree in the converged limit.

8.3.1 Station A: choose Jacobi coordinates before choosing a
basis

Treat ®He as an inert o core and two valence neutrons. Let 7, 71,72 be their
laboratory coordinates. In the Jacobi set adapted to the neutron pair define

1 =179 — 71, (8.77)
Y1 =To — —m”rl; TnT2. (8.78)
My
The two rearranged sets isolate an « + n pair, for example
To =711 — Tq, (8.79)
MaTo + MpT1

=r9g— —— 8.80
yp=ma—— - (8.80)

and set 3 is obtained by 1 <> 2. Removing the center of mass gives
he = Ky + Ky, + V) + VR + Vi + V3 + Viau. (8.81)

The equality is coordinate independent; the index ¢ only chooses a useful
representation of the kinetic energy and correlations.

The « core already occupies the 0s neutron orbit. A common
orthogonality-condition realization is

2
Vpauli = Ap Z\Os; an;)(0s; an|, Ap > |E|. (8.82)
i=1

The large finite value must be varied until physical eigenvalues and transition
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Y1 Yo
e @) (=)
dineutron set an set

Figure 8.1: Two of the three Jacobi sets for o + n + n. The dineutron
invariant mass is simplest in set 1, whereas sequential decay through an an
correlation is simplest in sets 2 and 3. A converged wave function uses all
rearrangements.

densities are insensitive to it. Merely deleting a basis vector in one Jacobi
set does not guarantee that both equivalent an Pauli components have been
removed.

Expand a state of total spin I as

3
Brpny (6) = 3.3 CL) ALY, (€), (8.83)

c=1 ac

Voormy = |[@hih, (@) © o, (vl @ x| (8.84)

Imy

Here x5 = [x1/2(1) ® x1/2(2)]s and A;2 antisymmetrizes the neutrons. Gaus-
sian ranges in each coordinate are placed on geometric meshes,

rp =ra" "1, n=1,...,N, (8.85)

and complex-range pairs may be added when oscillatory continuum structure
requires them. Diagonalization of hg in this L? space gives the ground state
and positive-energy pseudostates.

8.3.2 Station B: expose poles with a common complex dilation

Apply the same dilation to both internal Jacobi coordinates,

x, — xeell Yo > Yo', RS = U(0)heU ()7L (8.86)
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Diagonalize the complex-symmetric matrix with the same antisymmetrization
and Pauli prescription as on the real axis,

hg|®)) = Ej@)),  (®)|hg = EJ(®]). (8.87)
The biorthogonal normalization is
(®91®%,) = 6,,. (8.88)

For a complex-symmetric representation, the left vector is associated with the
transpose bilinear form, not with an ordinary Hermitian probability norm.

In a finite basis the extended resolution is approximated by

N
1y ~ Z|<1>§><<I>ﬁy. (8.89)
v=1

Bound states remain on the real axis, exposed resonance poles remain stable
as 0 and the basis are varied, and nonresonant eigenvalues follow the rotated
two- and three-body cuts. The classification is made by tracking clusters
under changes of representation, not by drawing a fixed wedge after one
diagonalization.

The 2; pole reported in the oo+ n+n model used for the proton inelastic-
scattering analysis was

25 = B — %F, Br =225MeV, T =3.75MeV (8.90)

relative to the adopted three-body threshold [125]. Since I' is comparable
with ER, this is a broad pole. A narrow Lorentzian approximation is not
justified merely because the pole is isolated after complex scaling.

8.3.3 Station C: derive proton—°He CDCC from the same
internal model

Let R be the proton—projectile separation. With fragment—proton interactions
Upas Upny » Upn,, the reaction Hamiltonian is

H = Kpr+ he +Upa + Uppy + Uppy. (8.91)
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> Re F

subsystem cut

rotated three-body cut

[pole: stable in 6 }

Y

ImFE

cut nodes: move with 6

Figure 8.2: Schematic complex-energy classification for 27 states. The plotted
pole labels are conceptual; a calculation must determine each threshold ray
and scaling-angle window from its Hamiltonian.

Use the real-axis pseudostates of hg to define the CDCC projector

PN = Z ‘q)n]m[><¢n1m1‘a (892)
nlmyeM

where M declares excitation, spin, and basis cutoffs. Expand

v/M(R¢) = Z X1 (R) @1 (€) ® Yi.(R)] s (8.93)
nIL

Projection of (H — FEiot)¥ = 0 gives

R [ d*>  L(L+1) J
l_ 21R (dR2 - R2 *ént = Fiot | Xarz (7)
=-> U L s (R) X (R), (8.94)
/I/L/

with

UL /(R) = ([®n1 @ Y17 Upa + Upny + Upny |[@rrr @ Y1) (8.95)

&R”

Use outgoing Coulomb or free channel functions only for open channels and
decaying functions for closed channels. The positive internal energy of a
pseudostate does not by itself make the relative channel open; the relevant
quantity is Fiot — €n7.

Solving Eq. (8.94) produces discrete transition amplitudes 7T;, to pseu-
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dostates. They are coefficients of the finite model-space source

|F) = Z T |®n), (8.96)
nem

not a continuous spectrum. A differential energy distribution requires the

CSLS overlap or the resolvent response of Eq. (8.68).

8.3.4 Station D: calculate the continuous response before
naming a peak

For a selected spin parity, complex scaling gives

do 1 iy
1 MO M?
N_;Imzyj 1 (8.97)
My = (FlU@6)""|®)), M) = (®U@O)F).  (8.98)

The full sum is independent of # and of the L? representation in the converged
limit. A selected isolated term defines the response of one Riesz pole to this
source,
1. MM
Sf({F)(e) = ——Im 2R
T € — 2R

(8.99)
The remainder is the nonresonant continuum and all other poles in the chosen
contour representation.

For the broad 23 state, the calculation of Ref. [125] shows why both
terms are needed. The pole contributes materially to the 2% energy spectrum,
but the nonresonant continuum changes the line shape from which that
contribution is inferred. Equation (8.99) is source dependent and need not
be a positive Lorentzian by itself. The observable is the coherent, converged
total in Eq. (8.97).

The following checks are distinct and all must be performed:

(a) zg is stable under § and scaled-basis changes;

(b) the product Mgﬂg is stable in the same window;

(c) the full real-axis response is stable when rotated-cut states are added;
)

(d) the angular and energy integrations match the declared experimental
acceptance.
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A stable complex energy alone establishes only (a).

8.3.5 Station E: replace a fragmented energy window by a
rank-one pole projector

In a real L? diagonalization, a resonance strength is generally spread over
several pseudostates. Let Zr denote indices in a chosen energy window. The
naive one-step quantity

1 1
0 haive < O [TV (8.100)
€T

depends on the basis density and on the window boundary. When the basis is
enlarged, one physical doorway can fragment into more vectors, so the phrase
“turn off multistep coupling to every resonant state” becomes representation
dependent.

Complex scaling supplies the missing invariant. For an isolated pole
define the Riesz projector

Ph = |20) (%, Pr=U(0)"'PRU(H). (8.101)

The pullback is understood between analytic test spaces; it is not an or-
thogonal Hilbert-space probability projector. Its representation in the real
pseudostate space is the coherent rank-one matrix

N 3 -

(PR)ig = (@i]U (0)| @) (BFIU(6)[2). (8.102)
All fragmented components and their phases are retained. The resonance
doorway generated from the entrance channel is

|Fr) = PIV|F). (8.103)

One-step and multistep comparisons should be made with this doorway held
fixed while the pseudostate quadrature is refined. This is the projection logic
behind the model-space-independent construction used in Ref. [126].

The full CDCC amplitude includes paths such as

|0) — [FR), 0) = Qr|F) = [Fr), 0) = |Fr) — Qr|F), (8.104)
where Qr = Py — PI(%N) in the tested model space. Turning the second and
third paths on and off diagnoses multistep coupling between the ground state,
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the 2? doorway, and the nonresonant continuum. Changing the number of
basis vectors inside an arbitrary energy window does not.

Domain or asymptotic warning

The operator PI(%N) is generally non-Hermitian and may not be

idempotent to machine precision in an incomplete basis. Check
H(Pl(qN))z — PI(%N)H together with the stability of its tested matrix
elements. Replacing it by an incoherent diagonal sum over ¢ € Zp
destroys the pole phases and returns to Eq. (8.100).

8.3.6 Station F': construct a resonance-only double-differential
breakup distribution

To study the decay of the 2] state, use Jacobi momenta conjugate to Fig. 8.1.
In the dineutron set let

k2 Wk,
= = 8.105
Enn 2Mx 5 Ea,nn 2My 5 ( )
€ =€pn + Eann- (8.106)
The smoothed breakup amplitude is
T (ke ky) = 3 (Uh b |9n) T (8.107)

n

The double-differential breakup cross section has the schematic form

d?c B

- - - dQ,dQ ky, )T (kg k 2’ 1
denndea,nn / y T (Ko, oy ) [T (ke Fey)| (8.108)

where J contains the declared phase-space and incident-flux normalization.
A resonance-only amplitude is constructed coherently by inserting PEN)

between the CDCC source and the CSLS detector,
- N
T (ka, ky) = (U ), PRV |F). (8.109)

Use Tg, not a difference of two separately normalized cross sections, in
Eq. (8.108) to define the resonance-only DDBUX.
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Project the two-neutron spin before squaring,
Tp=T3+T57" (8.110)

Antisymmetry connects spin and spatial parity, so the two amplitudes must
be constructed with consistent partial waves. The S = 0 part of the calculated
2? resonance distribution develops strength near the shoulder in the e,
spectrum identified in Ref. [127]. The inference of a dineutron correlation
is therefore a statement about a resonance-projected, spin-resolved decay
functional, not about the expectation value of r,, in an unregularized Gamow
wave function.

Final-state interaction is essential. Replacing (‘I/(_)\ by a plane wave tests
how much of the shoulder is generated by the decay interaction rather than
by the pole residue. The following four curves form a useful diagnostic set:

(i) full |T|? with final-state interaction;
(i) pole-projected |Tr|? with final-state interaction;

(iii) the S = 0 component of (ii);

(iv) the plane-wave or interaction-switched counterpart of (ii).

Only differences calculated with identical phase space, acceptance, and
normalization isolate the intended physics.

8.3.7 Station G: identify the exact-WKB invariant inside the

many-channel calculation

After hyperspherical or channel expansion, the internal three-body equation
is a coupled radial system. Let Ci,(E) be its incoming connection block. A
simple pole satisfies

Cn(zrR)ur =0,  vhCin(zg) =0, (8.111)
and has invariant derivative denominator
Ng = ngi’n(zR)uR. (8.112)

The published ®He calculations obtained the pole projector by complex
scaling rather than by an explicit exact-WKB construction of this large
matrix connection problem. Equation (8.112) nevertheless states what must



8.3 Calculation laboratory VI-A: A broad %He resonance from pole to observable

231
R e . 1)
detCy, = 0 same root space CSM Riesz
pole and derivative " projector
I . J
convergence test : coherent pullback
| Y
( 7 e R
CSLS detector P CDCC source
line shape or DDBUX | tested residue and quadrature
J =

Figure 8.3: The %He calculation as one connection problem realized in several
spaces. The arrows do not identify individual pseudostate eigenvalues with
poles; they transport a finite-rank root space and its source—detector residue.

be representation independent. The CSM Riesz projector, the coherent
pseudostate projector in Eq. (8.102), and the pole term in Eq. (8.97) are
numerical realizations of the same null space and derivative residue.

This viewpoint suggests a concrete development program rather than a
formal identification:

1. diagonalize the local coupled-channel potential to define adiabatic sheets
and locate their complex degeneracies;

2. construct matrix exact-WKB transport on a controlled truncation;

3. compare its determinant zero and derivative with the CSM pole and
Riesz projector;

4. increase the hyperspherical/channel space while testing the physical
source—detector residue;

5. retain the nonresonant contour contribution when forming the real-axis
6He response.

The exact-WKB core of the book is therefore not an assertion that a scalar
formula has already solved every few-body reaction. It is a criterion for which
objects a many-body approximation must preserve.

8.3.8 Station H: convergence ledger

Record four groups of variations separately.

Structure space. Vary all Jacobi sets, l;,[y, A, S, I, Gaussian endpoints
and densities, the three-body interaction, and Ap. Check the ground-state
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energy and radius, low-energy transition strengths, and phase-relevant sub-
system information before starting the reaction calculation.

Complex scaling. Vary 6, complex-range basis parameters, and the max-
imum radial range. Track each pole as a cluster, measure the residual
|hg®% — 2r®%||, and test both zx and source-detector residues. Approach-
ing a rotated cut can make a well-converged pole numerically ill conditioned
even before it ceases to be exposed.

Reaction space. Vary the projectile excitation cutoff, projectile spins,
coupling multipoles, proton—projectile orbital angular momentum, total J,
matching radius, and radial mesh. Compare ground-state-only, open-channel,

and open-plus-closed calculations with identical interactions.

Smoothing and decay. Vary the CSLS scaled basis independently of
the CDCC basis, the binning used only for plotting, Jacobi rearrangements,
final-state interactions, and the experimental angular acceptance. Verify
that integrating the smoothed distribution reproduces the corresponding
converged discrete or inclusive strength.

The minimum table for a claimed resonance observable is

object auxiliary variation invariant moni- acceptance
tored criterion
27 pole 0, scaled basis, Ja- zp and Riesz rank common sta-

pole strength

CDCC
tude

ampli-

energy spectrum

cobi space

left /right normal-
ization and source
basis
Em&X7 I7
Rmatch

L, J,

smoothing basis
and plotting bins

MRMR or tested
residue

open-channel S ma-
trix and flux

continuous re-

sponse and its

integral

bility window

stable
plex value

com-

tolerance de-
clared per ob-
servable

bin
dence

indepen-
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object auxiliary variation invariant moni- acceptance
tored criterion
dineutron signal Jacobi set, spin resonance-only stable under

projection, final- DDBUX shoulder  controlled al-
state interaction ternatives

Laboratory checkpoint

Before continuing to lithium and beryllium-core reactions, the reader should
be able to:

1.

write all three a+n+n Jacobi sets and implement neutron antisymmetry
and the an Pauli projector;

. distinguish a real-axis pseudostate resolution from the complex-scaled

resolution in Eq. (8.89);

. derive the CDCC equations (8.94) from Eq. (8.91);
. construct the pole term and nonresonant remainder of Eq. (8.97);

. explain why the coherent projector Eq. (8.102) is more stable than an

energy-window sum;

form the resonance-only DDBUX with final-state interaction and a spin
projection; and

state which quantity in the calculation corresponds to ’UEC{H(ZR)U R-

8.4 Calculation laboratory VI-B: Lithium projec-

tiles and beryllium-core breakup

Calculation route

Prerequisites. The CDCC projection, three-cluster Jacobi coordi-
nates, Gaussian pseudostates, Coulomb boundary conditions, folding
interactions, CSLS smoothing, and overlap functions.

Calculation goal. Build the a + p + n model of °Li, the p + p + "Be
model of ?C, and the p + °He overlap used in proton knockout.
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Completion criterion. Account separately for elastic, closed-channel,
rearrangement-resolved, and overlap-sensitive observables and repro-
duce the published stability logic without treating pseudostates as
physical levels.

This Laboratory turns the formal CDCC construction into three related
nuclear calculations. The first asks how breakup channels of 6Li alter nucleon
elastic scattering. The second asks how a fragile 8B subsystem changes the
extraction of the astrophysical factor Sig from ?C breakup. The third asks
how a small s-wave component of the unbound ®He subsystem can have
a large effect in a kinematically selective knockout observable. The three
problems use the same o + p + n or proton-rich three-cluster logic but probe
different functionals of the wave function.

8.4.1 Station A: construct the a + p +n Hamiltonian of Li

Choose three Jacobi rearrangement sets. In the set adapted to a deuteron-like
p + n pair,
MpTp + MpTn
TL=7,—T =Py - ——. 8.113
1 D ns Y1 @ My + M ( )

The other two sets isolate a 4+ p and « + n correlations. After removing the
center of mass, take

he = Ky, + Ky, + Vap + Van + Vpn + V3, (8.114)

where the equality holds in every Jacobi set after the corresponding kinetic
coordinates are used. The cluster potentials must reproduce the two-body
phase information in the partial waves relevant to the chosen energy window.
A Pauli-forbidden a—nucleon orbit is removed by an orthogonality- condition
projector or by a phase-equivalent interaction.

Expand a state of spin I as

)

- Z Yol A [ P, (2e) @ ) (We)a ® [xp © s }

I
c=1 ¢ i

(8.115)

where A implements the required nucleon antisymmetry. Gaussian ranges
are chosen geometrically and enlarged until the ground-state radius, binding

energy, low-lying resonance stabilization pattern, and transition densities are



8.4 Calculation laboratory VI-B: Lithium projectiles and beryllium-core breakup
235

hg in three ) GEM f transition
Jacobi sets L pseudostates L densities
Y

. J J
W/
four-body

CDCC ! S matrix, flux, )

| cross sections )

[ folded g-matrix )
couplings

Y

radial equations
= J

Figure 8.4: Dependency order for nucleon-Li four-body CDCC. A later
change of the structure space must propagate through the transition densities
and couplings before reaction observables are compared.

stable. Diagonalization gives
h6q)nlm[ = nt(I)nImI- (8116)

Positive €, label continuum pseudostates. In the calculation of Ref. [129],
states up to a declared excitation cutoff are retained and convergence is
checked rather than assigning a physical width to each positive eigenvalue.

8.4.2 Station B: derive nucleon—°Li four-body CDCC

Let R point from °Li to the incident nucleon N. The reaction Hamiltonian is

6
H=Kpr+hs+ Y gni, (8.117)
=1

where the effective gp; is folded with the projectile transition density. Expand
UIM(R, ¢) = %%XML [Ph%lg)®1@(RﬂJM. (8.118)
n

With ¢ = (n, I, L), projection yields

2 ([ d®> L(L+1

= =Y UL(R)X/(R). (8.119)
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The single-folding coupling is built from proton and neutron transition
densities,
= > [ @ ($)gne (B~ 5ip. ). (8.120)
T=p,n
The dependence of g on local density and incident energy must be evaluated
with one stated prescription throughout the scan.
For the JLM form, write

3 — Ny Re gEM + iNy Im g3EM. (8.121)

The parameter study reported for nucleon-%Li found a constant Ny = 1.1
and a smooth energy dependence of Ny ; in the quoted energy convention
the fitted form was

Ny (E) = 0.213In E — 0.247. (8.122)

This calibration gave a common description of proton and neutron elastic and
integral observables over approximately 7-50 MeV [129]. Equation (8.122)
is not a universal interaction: its energy units, density prescription, model
space, and fitted dataset are part of its definition.

Open and closed channel test

Compute
Enr = Eiot — €nr- (8123)

Use Coulomb incoming/outgoing functions for E,; > 0 and a decaying
Whittaker function for E,; < 0. Then perform three calculations with
identical potentials and numerical meshes:

(a) ground state only;
(b) all retained open projectile channels;

(c) open plus retained closed channels.

The difference between (a) and (c) is the net dynamical breakup coupling.
The difference between (b) and (c) is a virtual closed-channel effect. Because
a closed channel returns flux to the open sector, it should not be simulated by
increasing an absorptive strength. At low incident energy this distinction is
especially important; at higher energy the closed-channel correction becomes
smaller in the reported model.
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Convergence table to produce before plotting data

For each incident energy, record the elastic amplitude or selected cross sections
while varying

(fmaxa Imaxa lx,max7 ly,max; Lmaxa Jmaxa Rmatch)- (8-124)

At least one observable sensitive to the nuclear interior and one sensitive to
the forward Coulomb region should be tested. Re-fitting Ny, Ny after every
model-space change would conceal structural nonconvergence; first hold them
fixed, establish convergence, and only then reassess calibration.

8.4.3 Station C: °C as p+p + 'Be

The two-body approximation °C = p + 8B treats ®B as an inert core. Its
proton separation energy is only about 137 keV, so the core itself is fragile.
A minimal enlargement uses

9C = p1 +p2+ Be (8.125)
and the internal Hamiltonian
hg = Ky + Ky + Vpp + Vp, 786 + Vppo7Be + V3. (8.126)

The two protons are antisymmetrized, and Pauli-forbidden proton—core states
are projected out. The three Jacobi sets resolve the two equivalent p + B
partitions and the pp + "Be partition. GEM diagonalization produces °C
pseudostates for a four-body CDCC calculation with the target.

For a heavy 2%Pb target at intermediate energy, the reaction Hamiltonian

contains
H=Kgr+ hg+ Up1T + UpgT + Urger, (8.127)

including both nuclear and Coulomb interactions. The CDCC expansion has
the same form as Eq. (8.118), but each internal state is a three-body state.
This is four-body CDCC.

8.4.4 Station D: separate sequential and direct breakup with
CSLS

The experiment used to infer Sjg is sensitive to the p + 8B arrangement,
while the model also contains direct p + p + "Be breakup. A sum over all ?C
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pseudostates does not by itself separate them. Build the CDCC source
[F) = To|®n), (8.128)
n

and use a CSLS scattering state adapted to the chosen arrangement. The
amplitude for a final p + 8B relative momentum k and an internal ®B config-
uration v is

Tysp(k,v) =S (04))|9,)T,. (8.129)
n
The overlap is calculated with the complex-scaled resolvent as in Eq. (8.67).
A complementary set of Jacobi momenta describes direct three-body breakup.
Integrating both contributions and their controlled interference recovers the
inclusive CDCC strength.

Domain or asymptotic warning

The two protons create equivalent p + B partitions. Symmetrization
must be implemented before adding amplitudes. Adding two separately
calculated cross sections would double count their overlap and erase
interference.

The four-body analysis of Ref. [130] found that the p + 8B-resolved low-
energy line shape describes the breakup data used for the ANC extraction,
while explicit fragility of ®B changes the inferred normalization. The resulting

quoted value was
S1s =384+1.1eVb, (8.130)

about 45% below the earlier three-body-CDCC extraction in which ®B was
inert. The point of the Laboratory is not the numerical shift alone. It
is the diagnosis: an omitted low separation scale changes the asymptotic
configuration whose coefficient is being inferred.

8.4.5 Station E: from a breakup ANC to Sig

Let Isp(r) be the radial overlap between the ?C ground state and the p+ B
channel. At large r,

W_ 2 —
Ilj(r) — Cl] 773,1+1/2( K/I")’ K = 2,UzSp/h (8131)

r
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The coefficient Cj; is the ANC. In a peripheral breakup, the calculated cross
section in the fitted low-energy region scales approximately as

dopy
dF

~ C*rbu(E), (8.132)

where Ry, is computed once with the declared reaction and single-particle
conventions. Fit C? rather than an arbitrary overall amplitude if peripherality
has been verified by radial and optical-potential variations.

The radiative-capture cross section is conventionally written

E
opy(E) = S“;é)e%"(@. (8.133)

At sufficiently low energy, external capture gives
S15(0) = C*R,(0), (8.134)

with R, obtained from the Coulomb capture integral and the same channel
normalization as Eq. (8.131). The ratio R+/Rp, converts the measured
breakup normalization to S1g while canceling the arbitrary normalization used
for the trial overlap. It does not cancel model dependence from nonperipheral
contributions, target optical potentials, higher multipoles, or omitted three-
body configurations; those are separate variations.

8.4.6 Station F: °Li(p,2p)°He as an overlap measurement

The a + p + n wave function can also be regrouped as p + °He. The °He
subsystem is unbound, so the overlap is energy dependent. Let @éﬁl,dj be
an o + n scattering state. Projecting the °Li ground state gives

Iij(e,mp) = (D853 15| Pors)ans (8.135)

where 7, is the proton coordinate relative to the SHe center of mass. The
p-wave °He resonance may dominate the integrated norm, while an s-wave
continuum component remains smaller.

In distorted-wave impulse approximation, the knockout transition has
the schematic factorized form

i _ /) (D)
Tp-pr - < X (I)5He;elj

top ‘x(()+)<1>6u> ; (8.136)



240 Chapter 8.
complex scaling

Stage VI: Resolve a few-body continuum with CDCC and

where t,, is the elementary proton-proton transition operator and the x are
distorted waves. Under a local semiclassical or factorization approximation,
the structure dependence is concentrated in the Fourier transform

Lj(e,q) = / Bre (e, 1), (8.137)
sampled at a recoil momentum fixed by the detected protons.

At near-zero recoil, an s wave has no centrifugal zero and can contribute
strongly to I (g ~ 0) even when its integrated probability is minor. A p wave
carries a factor proportional to ¢ near the origin in a simple smooth model.
Thus “small component of the norm” does not imply “small contribution to
every observable.” The three-body plus DWTIA analysis of Ref. [131] found
both p- and s-wave He components necessary, with the s wave important
near zero recoil.

This is the same functional lesson encountered for a resonance residue.
An observable probes the wave function through a source and detector kernel;
it does not measure the coefficient norm in isolation. Direct-integral fibers
make the statement precise: p and s waves are different continuum channels,
and the reaction kernel weights them differently as a function of energy and
recoil.
8.4.7 What the three stations teach about resonance repre-
sentations

The calculations can be summarized without collapsing their distinctions:

problem retained contin- measured func- decisive check
uum tional

N+SLielastic o + p + n pseu- elastic S matrix cutoff, matching-
dostates, includ- and integral loss radius, and
ing closed chan- open/closed
nels comparison

9C breakup p + p + "Be low-energy p+°B inclusive  sum
pseudostates plus line shape and and rearrange-

CSLS

ments

arrange-

ANC

ment consistency
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problem retained contin- measured func- decisive check
uum tional

SLi(p, 2p) « 4+ n continuum  recoil- distorted-wave
overlap momentum- and partial-wave

weighted p and s stability
amplitudes

In every row the finite L? basis is a representation. The invariant object

is respectively an on-shell channel amplitude, an arrangement-resolved contin-

uum amplitude, or a tested overlap functional. Stable pseudostate eigenvalues

may diagnose an intrinsic resonance, but most pseudostates are quadrature

nodes and should rotate or move when the representation changes.

Laboratory checkpoint

Before leaving this Laboratory, the reader should be able to:

1.

8.5

VI.1

draw all three Jacobi sets for o + p 4+ n and p + p + "Be and identify
the Pauli projections;

. derive Eq. (8.119) from Eq. (8.117);

. explain why closed 9Li pseudostates modify elastic scattering without

carrying asymptotic flux;

. construct the CSLS overlap in Eq. (8.129) and state the no-double-

counting condition for the equivalent protons;

. trace the normalization from the breakup line shape through the ANC

to Eq. (8.134); and

. show from the small-¢ behavior of spherical Bessel transforms why a

small s-wave component can dominate a selected recoil bin.

Problems for Stage VI

Derive Egs. (8.35) and the two reduced masses for a two-cluster pro-
jectile. Check the kinetic-energy separation.
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VI.2

VI.3

V1.4

VI.5

VI.6

VI.7

VIL.8

VI.9

VI.10

VI.11

VI.12

Starting from Eq. (8.36), project onto Eq. (8.44) and derive every term
of Eq. (8.45).

Normalize a momentum-bin state. Show strong convergence of a refined
step-function projection on a fixed L? wave packet and explain why
the projections do not converge in operator norm.

Diagonalize a short geometric Gaussian basis for a one-dimensional
short-range potential. Track a bound state, a stabilized resonance-
like pseudostate, and nonresonant pseudostates as the largest range
changes.

Derive the Coulomb open-channel boundary condition and the Whit-
taker closed-channel condition. Verify the flux factor in Eq. (8.53).

For a two-channel toy model with one closed channel, eliminate the
closed component and compute the induced real polarization potential
below threshold. Continue above threshold and identify its imaginary
part.

Derive the complex-scaled smoothing formula Eq. (8.68). Show explic-
itly which 6 dependences cancel in a complete basis.

Draw the three Jacobi sets for a+p+n. Construct the exchange symme-
try under p <> n in the isospin limit and identify which electromagnetic
terms break it.

In the p 4+ p + “Be model, construct symmetrized amplitudes for the
two p + 8B arrangements. Give a numerical test for double counting in
the inclusive sum.

Expand the spherical Bessel transforms at small recoil momentum and
show why an s wave can dominate a selected zero-recoil bin over a
larger integrated p-wave component.

Write the three o« + n + n Jacobi transformations, including their
reduced masses. Construct basis combinations with the correct neutron
exchange sign for S =0 and S = 1.

Starting from the extended complex-scaled resolution, derive Eq. (8.97).
Explain why the selected pole term can have either sign while the
complete physical response is nonnegative.



8.5 Problems for Stage VI 243

VI.13

VI.14

VI.15

Represent the Riesz projector Eq. (8.101) in a real pseudostate basis
and prove Eq. (8.102). Give numerical tests for convergence of its rank
and idempotency.

Derive the phase-space Jacobian in Eq. (8.108) for one declared Jacobi
momentum normalization. Show that integration over both subsystem
energies recovers the corresponding three-body breakup strength.

For a two-channel incoming block, choose explicit left and right null
vectors and verify Eq. (6.134). Identify the combinations of CDCC
source and CSLS detector overlaps that multiply its residue.
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Chapter 9

Stage VII: Continue the quantiza-
tion condition through an excep-
tional point

Reader contract

An exceptional point is treated as a multiple zero of the already
constructed analytic determinant. Jordan chains, self-orthogonality,
branch exchange, and geometric phase follow by differentiation and
continuation; momentum bins separate physical holonomy from con-
tinuum normalization.

9.1 Exceptional points as multiple zeros of the pole
condition

Calculation route

Prerequisites. A parameter-dependent incoming coefficient and
left—right resonance normalization.

Calculation goal. Expand the analytic pole condition at a multiple
zero and translate the result into a Jordan chain and self-orthogonality.
Completion criterion. Distinguish an exceptional resonance from
an accidental crossing or a discretized-continuum artifact.

9.1.1 Degeneracy, defectiveness, and Jordan chains

Let H(A) be an analytic family of closed operators or of finite-basis ap-
proximations, with complex control parameter A. A spectral degeneracy at
A = Agp is an exceptional point if the algebraic multiplicity exceeds the
geometric multiplicity. For a second-order exceptional point, there is one

245
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eigenvector |yo) and one associated vector |yi1) satisfying

(Hgp — Egp) |x0) =0,
(Hep — Egp) Ix1) = |x0)s (9.1)

where Hgp = H(Agp). The restriction of Hgp to the root subspace is a 2 x 2
Jordan block. A diabolic degeneracy of a self-adjoint family, by contrast, has
two independent eigenvectors and no Jordan chain.

Near a generic second-order exceptional point, the characteristic equation
has the local form

(E — Egp)? — ¢(\ — A\gp) + higher-order terms = 0, (9.2)
where ¢ # 0 is a complex coefficient. The eigenvalues have Puiseux expansions
Ei(A) = FEgp = (Jz()\ — )\Ep)l/2 + O()\ — )\Ep), (9.3)

with a? = ¢. Encircling the branch point once exchanges E, and E_; two
encirclements return the eigenvalue to its original sheet.

The square root is generic but not universal. A pth-order Jordan block
gives fractional powers (\ — /\Ep)l/ P while a continuum threshold can modify
the exponent through the energy dependence of the self-energy in Eq. (6.7).
The local singularity must be derived from the continued resolvent rather
than inferred only from a finite matrix fit [10, 21].

9.1.2 Self-orthogonality and eigenvalue condition numbers

For a simple eigenvalue, choose right and left eigenvectors [¥R) and (W¥r|.
First-order perturbation theory contains the denominator

(T ol (9.4)

At an exceptional point, the left eigenvector is orthogonal to the coalesced
right eigenvector in the biorthogonal pairing:

(xclx0) = 0. (9.5)
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If one enforces unit overlap away from the EP, the individual vector norms
diverge as the EP is approached. A useful sensitivity measure is

_ IR

Ko = R eRy (9.6)

The condition number K, diverges at self-orthogonality. Large KC,, also means
that a small operator perturbation can move the eigenvalue substantially.
This links EP physics to pseudospectral sensitivity.

For a complex-symmetric representation, the overlap in Eq. (9.5) becomes
the ¢ product. A vanishing ¢ norm is therefore not evidence that the wave
function itself vanishes; it is the diagnostic that right and left eigendirections
have coalesced.

9.1.3 Exceptional points in an open scattering problem

There are three distinct situations that are sometimes grouped together.
First, two isolated resonance poles may coalesce on a nonphysical sheet.
Second, a resonance pole may meet a threshold branch point. Third, a pole
may meet the complex-scaled continuum in a particular L? representation.
Only when the analytic family develops a defective root subspace is the event
an exceptional point in the operator-theoretic sense. A visual crossing of a
finite-basis continuum ray is not sufficient.

The complex-scaling method provides a controlled setting for the third
situation. An exposed resonance is a discrete eigenvalue of Hy. As a physical
parameter A changes, its pole trajectory can reach the rotated continuum.
In a momentum-bin discretization, one can identify a particular continuum
pseudostate that coalesces with the resonance, verify the vanishing discrimi-
nant, and follow the resulting branch exchange. The continuum limit must
then be taken through smeared states or a specified test space [20].

Changing the scaling angle 6 at fixed physical Hamiltonian is different.
The pole does not move in the exact problem; only the boundary of its L?
representation moves. Loss of exposure at a critical angle need not be a
physical EP. It becomes an EP problem only if the chosen analytic family and
root subspace satisfy the defectiveness conditions. This distinction avoids
assigning topological charge to a numerical continuum crossing created solely
by truncation.
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9.1.4 Feshbach description of pole coalescence

In a two-dimensional P space, the effective Hamiltonian can be written
Heg(z,A) = Hpp(A) + X(z, N). (9.7)
The pole equation is
D(z,\) =det [z — Hege(2,\)] = 0. (9.8)

A second-order pole coalescence satisfies

D(zmp, Ap) = 0, ?TD 0. 9.9)
% |EP
Generically, a second control condition is needed if all parameters are re-
stricted to be real. Complex continuation reduces the local geometry to the
square-root form in Eq. (9.3). If 9,% diverges at a threshold, the balance in
Eq. (9.9) changes and noninteger orders other than 1/2 can appear.

This formulation makes clear that an EP is a statement about both
eigenvalues and residues. At a double pole, the resolvent contains
Ao A4

R(:) = oy + 5+ Resl2), (9.10)

where A_5 and A_1 act on the Jordan root subspace. A fit of pole locations
without residues cannot distinguish all possible near-degenerate line shapes.

9.1.5 Dynamics around an exceptional point

The spectral monodromy of Eq. (9.3) is independent of how a parameter
loop is traversed. Actual time-dependent encircling is more subtle. The
adiabatic theorem for a non-normal decaying system can fail because decay
rates select the least lossy branch and exponentially amplify small nonadia-
batic components. A geometric phase extracted from analytic continuation
should therefore be distinguished from a state-transfer protocol in real time.
Experiments on dissipative qubits and monitored systems probe both aspects

but require an explicit unraveling or measurement model [132-135].
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9.2 Derive the resolvent of a second-order Jordan
block

On the two-dimensional root subspace, write
J=FEgpl+N, N?=0, N#O. (9.11)

Th
en 1 N

+ .
z—FEgp (2 — Egp)?

The double-pole coefficient is nilpotent. Under a generic perturbation, N

(z—J) L= (9.12)

and the perturbation matrix combine to split the double pole into the two
square-root branches in Eq. (9.3). Individual rank-one projectors diverge
as the EP is approached, but their sum tends to the finite Riesz projector
onto the root subspace. Numerically, it is therefore more stable to track the
two-dimensional contour-integral projector than two separately normalized
eigenvectors.

9.3 Transport a resonance around the multiple zero

9.3.1 Biorthogonal Berry connection

Away from degeneracies, choose a right—left pair normalized by
(TN () =1, (9.13)
where A denotes control parameters. The biorthogonal Berry connection is
An(N) = TRV [V T (). (9.14)

For a closed loop C that returns the eigenspace to itself, the geometric
holonomy is

MW(C) = j{CAn -dA. (9.15)

In a non-self-adjoint problem ~,, may be complex; its real part is a phase and
its imaginary part changes the transported amplitude. Under a biorthogonal
gauge transformation

U3) > el ),
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(UL — (Whle™/n, (9.16)

the connection changes by iV, f,,, while a properly closed holonomy is gauge
invariant modulo the allowed branch and normalization conventions.

At a second-order EP, one circuit exchanges the two eigenlines. A scalar
Berry phase for a single eigenline is therefore defined only after enough circuits
to close the line, or by using a non-Abelian connection on the two-dimensional
root bundle. In the standard finite-dimensional case, two circuits return the
eigenvector with a minus sign under common conventions.

9.3.2 Momentum-bin regularization of the continuum

Let continuum states satisfy
(k|K"Y = 6(k — k). (9.17)

Partition a complex-scaled momentum contour into bins [ky,, ky1] with width
Ak, = kni1 — ky. Define

In) = dk |k). (9.18)

For nonoverlapping bins and a compatible contour pairing, (m|n) = dpp.
The factor 1/v/Ak, converts Dirac-delta normalization into Kronecker-delta
normalization. It is also the source of an additional branch when the bin
width itself depends on the EP parameter.

Near a resonance—continuum coalescence, suppose the continued momen-
tum has the local form

kn(A) = kgp + an(A — Agp) Y2 + - - . (9.19)

Then
Akp = (anp1 — an)(A = Agp)' 2 4+ (9.20)

The integral in Eq. (9.18) contributes one power of Ak,, while the normal-
ization contributes its inverse square root. Consequently the leading binned
wave function scales as

() o< (A = Agp)'/*. (9.21)

A 27 circuit in arg(A — Agp) multiplies this factor by e'™/2; two circuits give
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a minus sign, and four circuits restore the original branch. The quarter
root combines the square-root energy sheet with the square root required by
continuum normalization [20)].

The bin result is not an extra physical state. It is a regulated represen-
tation of a distributional continuum vector. A wave-packet regularization
gives the same logic with a smooth width € in place of Ak,. Any claim of
universality should be phrased in terms of the closed physical holonomy after

the regulator is removed, not in terms of an individual normalization factor.

9.3.3 Chern data and branch exchange

On a parameter surface that avoids the EP, define the curvature
Fn =dA,. (9.22)

If a closed two-cycle is well defined and the eigenline returns to itself, the

first Chern number is 1

T or

Near an EP, a single eigenline is branched and may not define a line bundle

Fn. (9.23)

1

on the punctured base without passing to a covering space. One may instead
work on that cover or use the rank-two bundle of the exchanging pair. This
avoids assigning an integer Chern number to a path that does not close in
the original bundle. Non-Hermitian topological classifications use related
biorthogonal constructions, with additional boundary sensitivity in spatially
extended systems [136-138].

9.3.4 Renormalizing a distributional holonomy

The continuum limit of Eq. (9.14) can contain objects such as 6(0) or deriva-
tives of a delta function if unsmeared continuum eigenvectors are inserted
directly. These symbols are not numbers. They stand for normalization-
volume or wave-packet-width dependence. Let R > 0 denote a small radius
excised around the EP in parameter space, and let € > 0 denote a continuum
smearing scale. Write a bare holonomy as

ybare(R, €) = Zy(R, e)fyphys. (9.24)
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The physical holonomy is defined by a renormalization condition, for example
by matching the finite-bin branch exchange. Regulator independence requires

0 0
e ) Phys —
(R(?R + 686) 07 0. (9.25)

Equivalently, the running of Z, cancels the regulator dependence of the
bare connection. This is the EP analogue of fixing the origin monodromy in
Eq. (7.12).

The construction is best called monodromy renormalization or an RG-type
requlator-independence condition. It does not by itself establish a Wilsonian
renormalization group, a universal beta function, or a new thermodynamic
scaling law. Its testable claim is narrower: different continuum regulators
that preserve the analytic pole and the same matching condition should give
the same closed holonomy. Demonstrating this regulator equivalence beyond
solvable one-dimensional models is an important open problem.

9.3.5 What survives the continuum limit

Four pieces of data have different degrees of robustness. The location of the
continued branch point is invariant under admissible spectral representations.
The Puiseux order is invariant unless a threshold changes the analytic class.
The exchange permutation of spectral sheets is topological. The phase
assigned to an individual eigenvector depends on normalization and gauge,
but a closed, matched holonomy is physical. This hierarchy prevents regulator-
specific factors from being mistaken for new topological invariants.

In applications, one should report the analytic family being varied, the
definition of the continuum regulator, the number of circuits required to close
the state, and the left—right normalization. Without these data, two correct
calculations can appear to disagree merely because they compare different
covers or gauges.
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9.4 Calculation laboratory VII: Encircling an ex-
ceptional resonance

Calculation route

Prerequisites. Complex-scaled left and right eigenvectors, a second-
order exceptional point, Jordan chains, and Berry holonomy.

Calculation goal. The complex-scaled Rosen—Morse eigenfunctions,
self-orthogonality, branch exchange, geometric phase, Chern data,
monodromy renormalization, and momentum-bin continuum states.

Completion criterion. Track the branch exchange, self-orthogonality,
and geometric phase through an EP while separating bin normalization
from the holonomy.

This Laboratory reconstructs the calculation underlying Ref. [20]. Reso-
nance boundary conditions and the ABC theorem are referenced from Stages
II and IV. We retain the solvable Rosen—Morse eigenfunction because it is
the input from which the EP derivatives and holonomy are calculated.

9.4.1 The solvable resonance family used at the exceptional
point

Solving method within complex-scaling method

Our considerations in this paper will be applicable quite generically to scatter-
ing theory in one dimension. To illustrate it, we show explicit computations
in an exactly solvable model: the inverted Rosen—Morse potential or Poschl-
Teller potential. It is well known that this system supports barrier resonance.
For the inverted Rosen—Morse potential, the Schrodinger equation under the
CSM is given by

G )
2mdz’2  cosh? Bz

U(a') = E(a’), (9.26)

where we have replaced z € R by 2/ = zel’ € C with the scaling angle 6 and
assume A > 0. m is the mass parameter, A and 8 determine the height and
the width of the potential, respectively. For simplicity—namely, to identify
the differential equation with a hypergeometric-type equation—we introduce
several somewhat technical but convenient variables. Letting £ = tanh 82/,
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the equation is represented as

d d K2

d—é(l — 52)01? +5(s+1) — 1—621 Y(z') =0, (9.27)

V_2mE 1 SmA
H:T;”, s:2<—1+,/1—57;1h2>. (9.28)

Substituting ¢ (z') = (1 — £2)2w(£) into Eq. (9.28), we obtain the hypergeo-
metric differential equation explicitly in terms of 3, k, s, and u

u(l —uw)w” + (k+ 1)(1 —2u)w’ — (k — s)(k + s+ 1)w =0, (9.29)

"= 17_5 (9.30)

Here primes denote derivatives with respect to u. The solution of this
equation, which is regular at z = 0, is given by

Vos(x) = (1 — )5 F (n—s,fi+s+1,/€+1,1g€>. (9.31)
Here, F' is the Gauss hypergeometric function. In general, as * — —oc0
(¢ = —1), the Gauss hypergeometric function diverges. This naive wave
function is missing in Hilbert space but is called the Gamow state in a physical
sense. However, physical wave functions of resonant states under CSM are
normalizable because of the ABC theorem. To ensure the normalizability of
the wave function, it is well-known that the hypergeometric function should
be expressed as a finite-order polynomial. This requirement leads to the
condition, kK — s = —n (n € Zx>p), which gives the exact energy spectrum of

1262 [ [8m ’
ES:S—Z l,lﬁg’% —1—i(2n+1)] . (9.32)

We have introduced some somewhat technical but convenient variables. In

resonance,

what follows, the resonance solutions obtained via the CSM, ©cswm, (given by
hypergeometric functions times an overall factor) and the discrete resonance
energy spectrum, EX, (lying in the fourth quadrant) will be of primary
importance.
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S ; > Re &

conti. state

Figure 9.1: Schematic energy-plane picture of complex scaling. The complex-
scaled continuum spectrum is rotated by —26 (blue) from the positive real
axis. We set 6, < 6 < 0,,+1. Resonance poles at E5+1,n+2”_ appear below

the rotated cut, and Gamow states at E&w’n become regularized as discrete
states.

Analyticity of the control parameter near the resonance pole

The ABC theorem states that, as mentioned above, the continuum spectrum is
rotated by —26, Ecsn(0) = Ee™2 with the positive and continuum energy E
of an incoming wave as the parameter in scattering problem. Let 6,, be an
angle for which the resonance pole with EX contacts with the complex-scaled
continuum spectrum, i.e., there exists F such that Ef} = FEcsm(0r). The
explicit form of 8,, would be given by

1 Im ER}
6, = — arctan ( 1 on ) . (9.33)

2 " ReER

The number of basis vectors (wave functions) spanning the rigged Hilbert
space is the total number of the bound states and continuum states when
0 <0 < 0y, while if we assume that 6, < 6 < 0,41 then the number of bases
is the original number of the bound and continuum states plus the number of
the resonant states regularized by CSM, n + 1, see Fig. 9.1. In other words,
0 = 6,, is an exceptional point (EP) where the number of (normalizable) wave
functions changes (we will define more precisely). In what follows, we focus
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40
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Figure 9.2: )\afl as functions of 6. % = 1. A should be above the blue
curve which denotes Aj (A should be larger than it), or be below the orange
curve which is A\j (A should be smaller than it). The green and red curves
correspond to )\;r and A|, respectively, and hence X should be inside the
region between these curves. Eventually, we find that X is larger than )\(J{
and smaller than )\T as long as 6 is not too large.

on the first resonance pole, n = 0, and suppose that 6y < 6 < 81 to regularize
the n = 0 resonant wave function. Note that the condition that 8y < 6 < 64
provides an inequality depending on A, and so

Im E} Im ER
- <tan20 < — . 9.34
ReEF ~ Re EF (9:34)
One can find that
A<y VAT <A) A AT <A< AT, (9.35)
where, with ¢ = tan?(26),
1+t 9+ 5t 94 25¢
AO = 7:— , Al = —; ) Bl = +t 3 (936)
252
L _ PBh /A2
2h? 1 = cos 260
_ SR 1 cos2f (9.37)

4m  sin®20
2h2
M= im {Al +\/A? — Bl] . (9.38)

Figure 9.2 shows the functions )‘oi,1 with respect to 6 and indicates that
A < A < A{ for small enough 6.
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Figure 9.3: Changing A and deformation of energy Riemann sheet. Left: For

a moderate value of A\, the resonant spectrum is completely isolated. Right:
Near )\(J)r , the resonance pole is embedded into the continuum spectrum.

9.4.2 Classification of wave functions and self-orthogonality

Let us change the parameter A instead of 6 to follow the well-discussed
approach to usual EPs in finite-dimensional non-Hermitian systems [139]. It
is straightforward that changing A effectively deforms 6,, and so the wave
function becomes ill defined outside AJ < A < Af (see Fig. 9.3). Then, the
parameter A can contact with its EP, say App, such that limA%Abp E(lf

limy_, Abp Ecsm(0) = Eyyp for a value of E. That is, precisely speaking, Ay, is

a root of the equation

Im Eb
tan 26 = — b
an Re Ebp

with the critical energy

We have

(9.39)

2
n262 [ [8mAny ,
Bip = 5 [ eI (9.40)

3 A\ B2h% 1 +cos20  BR?
bp = p— =

1

4m  sin?20

= . 41
4m 1 — cos 260 (9-41)
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ImFE

ReFE
Diwergent

bp

Convergent Scattering (embedded)

A = Yosm

Figure 9.4: The resonance wave function as a function of A around Apy.
Given \, we can see the behavior of 1¥cgy(A) with Ef()). We consider the
A contour around App, as depicted by the blue circle. Below the red line,
1eosu is convergent and a pseudobound state. Above it, the wave function is
not regularized by CSM, so ¥cgnm diverges; this region is a kind of branch
plane. At intersections between the red line and blue curve, the resonance is
embedded into the continuum spectrum, and its wave function is identical to
the scattering solution.

It is important to see the behavior of the wave function around Apj,. Given A,
we have the Gamow state as csnv(A). If 0 > 0p(\) then gy is one wave
function associated with the resonance with Eg‘. Thus, the resonance is just
a pseudobound state in the regularized sense by CSM. Here, going across Ayp,
one may take a drastic value of A such that 6 < 6p()). It is trivial that
1egu is divergent and there exists only a resonance pole at n = 0. When
8 = 6p(\ = App), any damping factor in 1cgy disappears but the plane-wave
behavior at the asymptotic region is left. Actually, this is identical to the
scattering solution. Figure 9.4 illustrates a contour of A € C around Ay
and shows that y¥cgy is convergent, divergent, or scattering. The green
region with the wavy lines implies the branch cut where the Gamow state
should diverge; at the boundary (red line) a damping factor in the resonant
wave function by CSM disappears. To follow explicitly how a resonance
pole approaches and coalesces with the complex-scaled continuum, we use a
momentum-bin discretization of the continuum spectrum. The method and
the associated notation are summarized in Sec. 9.4.5, so that the present
section can focus directly on the resulting branch-point structure and its
physical consequences. The resonant wave function ¢q(A) with A # App
is an independent solution of the non-Hermitian linear differential equation.
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We also have the momentum-binned states g% (n, A) as the independent

scattering solutions 1/J(°3°Sn1\t/} in a bin. Originally, the linear eigenvalue problem

possesses
[ ez = 1, (9-42)
[ BB N (2, Nk = b, (943)
[ ¥ (. Ay = 0. (9.44)

Note that the binned states are normalized with a Kronecker delta, which
makes the relevant formulas technically simpler and the branch structure
easier to track explicitly. By contrast, the original continuum states are
normalized with a Dirac delta, and this distribution normalization tends to
obscure the algebraic steps and their physical interpretation in the present
context. Let us consider the limit as A — Ap,. From the exact solution, we
can find that

Jim EF () = By, (9.45)
i i (0) = e (s Aop). (9.46)
_>>\bp

Thus, there exists only one general scattering solution with the identical
eigenenergy. Now, exchanging the limit and the inner product (integral
over x) is contradictory. This is because

/ hm wCSM( )1heh (n, A)da = /lbéosnlxtal Kb, N (n, AN)da £ 0 3,

(9.47)
Ag{ﬁp/iﬁCSM )¥edh (n, N de = Agfitpo =0 vn.
(9.48)

Therefore, the biorthogonality cannot be ensured. To remedy this, it is
natural in non-Hermitian quantum systems to introduce left eigenvectors in
addition to the right (usual) eigenvectors. Without exchanging the limit and
integral, all right continuum states ¢81§M are orthogonal to a left scattering
solution associated with the resonance, limy_,, wgSM ~ wgiélM(nbp) with
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Inpp.t This is called the self-orthogonality (no biorthogonal basis). This is
a special phenomenon in non-Hermitian linear algebra so that not only the
eigenvalues but also the eigenvectors are degenerate. The Hamiltonian is
nondiagonalizable but has a Jordan block.

9.4.3 Geometric phase near resonance pole

Here the geometric phase is defined for adiabatic transport along a closed
loop in parameter space. At the exceptional point itself the eigenvectors
coalesce and the Berry connection is not well defined; our results therefore
pertain to loops that encircle the EP (the associated branch point), capturing
the monodromy or holonomy. Moiseyev’s ansatz of non-Hermitian energy
near EP [139] is given by

Esu(A) = Eip + ay/A = App + O(), (9.49)
and we define A as
A= App + R (R ). (9.50)

The parameter a in Moiseyev’s ansatz is introduced to label the branch
(Riemann sheet) of the analytically continued resonance energy. It is fixed
once the continuation path and the continuity condition of the resonance
pole are specified, and it is not a tunable parameter. The final holonomy or
Berry phase is insensitive to a beyond this discrete sheet identification. Note
that the square root of A\ around Ay, comes from its branch order 2, that is,
if p wave functions coalesce into an EP then (A — /\bp)l/ P2 o is a complex
parameter. Let us consider the geometric phase of the wave function in the
CSM based on Moiseyev’s ansatz. We rewrite the solution of Eq. (9.26) as
ik ik ik 1-¢

1/}CSM(k7 A7:U/) = (1 - 52)7%F <_ﬁ -5, _E +s+ 1) _E + ]-7 2) y

(9.51)

!For simplicity, one may rewrite it as (Lot (bp ); YRight (Mbp)) = 0 for the degenerate
solution ¢ (nbp) if no confusion arises.

2Tt looks hard to count the number of continuum states. Nevertheless, since there is one
corresponding resonant pole/state, the rank of the projection operator to the resonance is
definitely equal to one. This is the same situation as the spectrum intensity in Breit—Wigner
peak of the Feshbach resonance. Thus, the associated continuum spectrum is unidentified,
but one continuum state can be responsible for the EP phenomenon; it provides p = 2.
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where k = —ifjk = \/2mFEY, (\)/h and the k and A dependencies are written
explicitly on the right-hand side. For simplicity, we discuss the geometric
phase by using the asymptotic forms of the solution represented as (for

instance, see Ref. [140])

T—00 lkiil‘

vosm(k, A, ) —— 4 Zﬁe (9.52)
bosmlk, A, z') T2 472 {e_ik’J/A,(k)Jreikm/AJr(k)}. (9.53)
Here the two connection coefficients are
D(1— %)r()
T'(1 - E\D(—ik
AL (k) = 1-5I(~5) (9.55)

S T(—E (% s+ 1)

The above solution corresponds to a continuum state. To avoid some mathe-
matical difficulties, we discretize the continuum state by using the momentum-
bin method. We assume that Moiseyev’s ansatz applies to a wavenumber as
well if [A — App| < 1, and we define the discretized wavenumber k,, by

k, = /{pr +a 1/)\ - )\bp (9.56)

= kpp + o/, R3e (9.57)

where kpp = /2mEy,/h. Using k,, we see the geometric phase as follows.

Case I: © —+ oo The momentum-binned state at x — oo is given by

bi et ika!
V& (n, A, ') / 472 ek g,
B A P e

= . . 9.58
VAK — 1+ i (9.58)

Substituting Eq. (9.56) into the above equation, we obtain a compact expres-
sion by defining ¢ = —iln4/(2p3) + iz’

s Chp ’ /
@bglélM(n, \a') — ;Ai]:C {eCan+1\/)\—)\bp _ e(an\/A—Abp} . (9.59)
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Provided that the exponents of the terms in the brace brackets on the right-
hand side are sufficiently small, the Taylor expansion of the asymptotic wave
function is given as

in 1 GCkbp
e (n, A, ') ~ VAR ¢ (g1 — 041)\/)‘ — Abp
1
= meckbp(agﬂ — )\ /A = Abp- (9.60)
Here noting that Ak = (o], — a,)\/X — App and substituting Eq. (9.57),
Yo (N 7)) & egkbpw/agﬂ - oz’nR%ei% (9.61)

The factor e indicates that YRR (M@ = 0),2) |zms00 = YR (0, N(¢ =

871—)7 J’J) |:C—>OO

Case II: © —+ —oo Now, E%SM()\) is very close to Eyp, i.e., the resonant
energy. Thus, by the Siegert boundary condition [1], the coefficient of the
second term in Eq. (9.53) is negligible, and that term can be omitted. That
is, the condition

ik ik
MA-5rts) (9.62)
D(—% _ (& 4 54+1)
B B
implies % ~ s+ 1. Consequently, the asymptotic form reduces to
— _ik
Yosm(k, A\, 2') T2 472 e (9.63)
and its discrete form is
: — 1 knt1 _dk
ey (n, N, ') T —— 4725k g
Ak Jk,
iln4 . iln4 /
1 (f 25 T )kn+1 (7 25 iz )kn
=2 S (9.64)

3Note that the complex energy of the resonance at the fourth quadrant can be given
by the condition % = s+ 1, while the complex energy of the anti-resonance at the first
ik

quadrant comes from F=-s
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This is essentially the same as Case I, and a similar calculation yields the fac-
tor e 4 Thus, the same periodicity condition, 185 ;(n, A(¢ = 0), 2') [z —cc =
PRI (1, M@ = 8T), ) |1 —oo, is satisfied. Incorporating Case I and Case
I, when we consider the contour depicted in Fig. 9.4, that is, encircling the
critical energy Eyp, by changing A (or ¢), the wave function should have the
87 periodicity (branch order is 4). This periodicity or branch structure is
quite universal in non-Hermitian quantum mechanics with a 2 x 2 Jordan
block. It is, however, much more nontrivial and remarkable that the addi-
tional branch structure arises due to the discretized momentum-bin size Ak,
and so it essentially depends on the continuous (unbounded) parameter k
after removing the cutoff scale. Here the additional branch structure is
traced to the square-root normalization factor 1/v/Ak in Eq. (9.59) that
arises from momentum-bin discretization. While this introduces an apparent
dependence on the bookkeeping parameter «, [cf. Eq. (9.61)], the associated
branch choice does not affect the final result: it is precisely this square-root
branch that guarantees that the discretized formulation reproduces the Berry
phase. To gain more physical insight, let us see what has happened by the
¢ rotation. Figure 9.5 shows how to encircle Ey, by the current rotation.
The region A denotes the area where gq(A(¢)) is normalizable, while
the region B implies that any resonance is not regularized by CSM. At the
boundary between A and B, the resonant state becomes the continuum one as
Eq. (9.46). Also we set arg « as the below panel in Fig. 9.5 so that Moiseyev’s

*Alternatively, if the coefficient of the first term in Eq. (9.53) is retained exactly, Euler’s
reflection formula leads to the asymptotic form

43 o—ike 18in(TS) (9.65)
smh(’%)
Using the formula
1 —(2n+1)Zk k
— =2 B Re— >0, 9.66
blnh(L) nZO 8 ( )

the momentum-binned state is modified as

bin Fo—oo, sm k"“ 711:14 i — M)k
¢CSM(TL )\ 37) E B dk

_ sin(ms)
_2mz _M_.,_(zn;nw

n=0 2B 1z

(9.67)

. . . 4
Thus, the same calculation as in Case I gives e'4 as an overall factor.
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Figure 9.5: The resonance and continuum wave functions in the complex
energy plane. The contour around Ey,, is depicted by the blue circle. Below
the red line, i.e., in the region A, wé{SM is well defined. Otherwise, in the
region B, we focus on w%osnl\t/[i. At intersections between the red line and
blue curve, say AT and A~, the resonance is identical to the continuum
state Y& along the limit of A as the left and/or right eigenfunction. We
set the argument of a as the below panel so that Moiseyev’s ansatz (9.49)

becomes E(A~) when ¢ = 0.

ansatz (9.49) becomes F(A™) when ¢ = 0. In effect, now, we can decompose
the complex-energy regions as

By = Eyp £ aR%e?

€ [0,27]. (9.68)
Here, the resonant state possesses its complex eigenenergy by E, in this
convention. Suppose that ¥&q;(A(0]4)) and YERU(A(0|5)) are taken as
the exact solution (9.51) (i.e., their overall phase conform to that of the
explicit expression). First, we start from an intersection point in the region A
defined by ¢ = 0, s0 P& (A(0]4)) = &g (A7). Second, we deform A near
the vicinity of another intersection, that is, A(27|4) = A". Note that the
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i
overall factor e exists in each wave function, by which the dilated resonant
wave function differs from the continuum state. We thus use the continuity
condition as

Pl (A2]4)) = e TYEI (A (0] 8)) = WE (A (0] 8))- (9.69)

Next, by deformation in the region B, we have

vERI 27| 5)) = eF YBsn(A(0]4)) = W Esu(A(0])). (9.70)

If the complex energy rotates once, the wave function acquires a minus sign:

Pesn(AA7]4)) = —v&sm(A(0]4)). (9.71)

This is the reason why ¢ has the 4 x 2w periodicity. We have observed the
nontrivial Berry phase induced by the resonance pole as an EP.

9.4.4 Chern characteristic and monodromy renormalization

Finally, we consider a simple extension: the Chern-type characteristic of the
quantum resonance pole as an EP in the parameter space. We show that it
is associated with a resonance branch point in the A-parameter space, and a
renormalization viewpoint on the monodromy (holonomy) when continuum
normalization becomes distributional.

Biorthogonal connection and bin-regularized holonomy

We first define an Abelian connection for a (generically) non-Hermitian
eigenproblem. It is natural to define the Chern connection by

)= [l D uliear = (), (). (9.72)

Here, ¥(Lf) denotes a left eigenvector, and 1 (Bight) is an associated right
eigenvector (biorthogonal partner); those are corresponding to wg{SM
or wéosnl\t/} PN 4 an appropriate way. We then define the holonomy around the

branch point Ay, as

y=¢ AN, = —, (9.73)
bp 2T
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where ¢ is a Chern-type characteristic (first Chern number when the under-
lying line bundle is globally well defined). We next evaluate v within the
momentum-bin regularization and focus on the most singular contribution
in A — App. For simplicity, suppose that from the asymptotic relation in
Eq. (9.61)

0 b 1

P (N 2) ~ = bin (n, \, 2'). 9.74
8)\¢CSM(% ,x') A Iz ¢CSM(7% ') (9.74)
In this bin-level estimate, the left or right distinction affects only nonsingular
gauge choices and does not modify the holonomy; hence we suppress it for
notational simplicity.® Then, a nontrivial Abelian phase of holonomy around

the resonance pole is obtained if n = ny,;, by
Y(nbp) = A (Mbp, A)dA (9.75)

- 75 / DR g X, 01) I 1y ) 0t

- - 4)\ — )\bpd)\ - E (976)

The four-rotations invariance is reflected in ¥ € Z4. The Chern characteristic
suffers from the fractionality of its naive Chern number; the corresponding
characteristic ¢; = /27 = 1/4 is fractional in this bin-regularized sense.
That is, it indicates that the resonance eigenstate under CSM does not define
a globally rigid (single-valued) line bundle over the punctured A-plane without
passing to a branched cover.

Continuum limit: Two sources of ill definedness

So far, the momentum-bin method and the exact solution of the inverted
Rosen—Morse potential have enabled us to provide the explicit estimates in all
of our observations. Averaging continuum states within a momentum bin is
a technique in finite volume regularization. The continuum eigenvectors are,
however, defined intrinsically by a distribution-valued construction (rigged
Hilbert space, von Neumann ring with affiliated operators, semi-infinite
measure, and so on). Even in the formal continuum spectrum, the physical
picture remains intact and is not particularly sensitive to the choice of

®More precisely, the holonomy 7 is invariant under 1) — ¢X4) and the corresponding
transformation of ¥*!, so the leading singular piece is sufficient for ~.
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geometric path, so we do not confine the discussion to geometric paths alone.
On the other hand, the definition of A(\) becomes quite subtle due to the
plausible normalization factor as §(0) for the continuum states. Hence, in this
section, the vector-bundle structure induced by A is not straightforwardly
applied to the continuum case. Here is a short summary: The problem
is divided into (A) inner products of the continuum states and (B) the
number of those. (A) Continuum eigenvectors are d-function normalized,
and inner products produce regulator-dependent singular factors such as
5(0) (or its derivatives). This affects the very meaning of A%()\) unless a
specific regularization (finite volume box, wave-packet, test-function, etc.)
is fixed. (B) Even after choosing a regulator, the set of continuum states is
uncountable and the associated bundlelike structure over parameter space is
not automatically inherited straightforwardly. To make the appearance of (A)
explicit, in general, we have an asymptotic form of the scattering/resonant
solution near the resonance pole

_1ika! ,
V(b A al) = { VEE© Rea’ > 0,

\/%—We*“”/ Rez’ <0,

(9.77)

where k = kpp+a’\/A — App and this is 6-function normalized. With attention
to the self-orthogonality, we obtain

as(Left) as(Right)
A =i dim [N Oy y e (0.78)

. . ok 0 as Left) ARV as(Right) /
_lklﬁ%%%ﬁak/wcw (KN, 2y (X ayde (9.79)

_ (2\”/7%}) 80‘./A Abp>5(o) (9.80)

where we have assumed that o/ = o/(\) to be A dependent. Here ¢’(0) is a
shorthand for the regulator-dependent singular factor arising from differen-
tiating the continuum overlap; its precise meaning depends on the chosen
regularization scheme (e.g., box normalization or wave-packet regularization).
The naive connection requires renormalization/regularization data in the
continuum.
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Monodromy renormalization: Fixing the physical holonomy

~ takes measurements of the monodromy around the EP. Now, we implement
the monodromy renormalization method in Ref. [25] as a way to separate
physical content from regulator dependence. Let us remove the microscopic
circle around App, with the radius R. Then, the physical holonomy being kept
/2, i.e., APhys — 7/2, the bare holonomy depends on R as
phys ,ybare(R)
APV = — . (9.81)
Z,(R)

Zy(R) plays the role of a renormalization factor that absorbs regulator
dependence [including distributional normalization factors such as 6(0) or
§'(0)]. Still, 4*3 can be divergent by §(0), but only the renormalized
monodromy is observable. Notice that it appears that « (o) is a measure of
the number of continuum states along the E (k) contour. In fact, the structure
of k = kpp + o R3es suggests that the coefficient o’ controls how many
continuum states effectively contribute along the k contour (equivalently,
along the energy contour). Motivated by this, we introduce a redefinition
(running) of o/(A) such that the singular factor ¢'(0) is absorbed into o/. We
impose the renormalization-group-type condition

/

Jda oo
"2 (A= Npp) = 9.82
o + BN ( bP) QM(S/(O) ( )
for finite ag, and the solution is given by
In(A — A t.
o/() = 20 A= M) - (const) (9.83)

T 45(0) VA= Abp VA= Aep

Under this redefinition, the ¢ function from the connection can be absorbed
by the renormalization of /. Then, the resulting holonomy becomes finite
and proportional to aq:

T

ybare(RY) = 200 (9.84)

557(0) should not be interpreted as a literal number: the connection is meaningful only
after specifying a regularization and/or considering smeared states (test functions), and in
the present discussion its dependence is absorbed into renormalized quantities. For instance,
in a box of length L one has §(0) ~ L/27 (and derivatives thereof depend on boundary
conditions), while in a wave-packet regularization ¢ is replaced by a narrow function of
width e. The renormalization group equation should therefore be read as a compact way to
track this regulator dependence.



9.4 Calculation laboratory VII: Encircling an exceptional resonance 269

The physical monodromy is kept fixed while the regulator dependence is
absorbed into Z,(R) = «p and the running parameter /(). Eventually,
while ¥Ph¥$ = 7 /2 in this way, the bin-level result and the continuum viewpoint
can be unified within a renormalization framework, providing a consistent
physical picture of monodromy around a resonance branch point in the
presence of continuum normalization singularities.

9.4.5 Complex-scaled continuum states in momentum-bin
method

Since treating the continuum spectrum entails substantial technical difficulties,
we introduce a discretization scheme; in particular, applying it also to the
CSM makes subsequent computations considerably more tractable. In this
calculation module, we briefly review the momentum-bin method and fix our
notation, mainly to make the paper self-contained.

Hermitian quantum mechanics

It is complicated to treat continuum states because they are intrinsically -
function normalized. Let ¢(k,x) denote a continuum state with a momentum
k, whose orthogonality is determined by

/ & (K, 2)b(k, 2)de = (k' — k). (9.85)

We therefore discretize the continuum states using the momentum-bin method,
in which the resulting bin states provide an accurate representation of the
continuum states in realistic nuclear reaction calculations [119]. In this
method, a continuum state is averaged over the width of the momentum bin
Ak. It is then natural to define a discretized state by

N

() = F/ " bk, ) knot —kn=Ak,n€Z.  (9.86)

The orthogonality of the discretized states is shown as

A ~ 1 kg [hns
/ Gy (2)dn(@)d = / S — k)dk'dk
K, n

= Spm. (9.87)
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One may use the bracket notation as

Moreover, a Hamiltonian h is diagonalized with regard to qgn(x) as follow: in
scattering problem, from the Schrédinger equation

272
ho(h,a) = - ok, ). (9.89)
we find that
bl h2k;2 ,
/qﬁn hqﬁn = Ak /, / — k)dk'dk
= &.00/n, (9.90)
where
41 thQ
€n = Ak/ (9.91)

The relation between ¢y, (z) and ¢(k, x) is now represented as

0 otherwise.

_1
[ th)intaran = {m fin < K S Fs (9.92)

As a simple example, the momentum-bin discretization of a plane wave

1 knt+1 . 1 ikne _ Aiknyi1z
— ek dk = S (9.93)
vVAk Jkn VAEk ix

falls off as 1/x for large x.

Complex-scaled Hamiltonian

The momentum-bin method is well-established in Hermitian quantum me-
chanics. In this section, we extend it to non-Hermitian quantum mechanics.
Let us consider the complex-scaled continuum state ¢?(k,z), which is a
solution of the complex-scaled Hamiltonian A?. It is natural to consider that
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the discretization of the state is given by

1 kn+1

vVAk Jk,

The biorthogonal state of ¢’(k,x) is ¢*?(k,z) (see Chap. 6.1 in Ref. [139]).
Thus, the biorthogonal state of cz@fl(x) is represented as

() = ¢ (k, x)dk. (9.94)

Wig oy L [F
@) = = [ 6 k) (9.95)

Then, the orthogonality of the scaled and discretized state is shown as

/¢b19 )32 (2 dx—Ak/l /”“{/gs*e ¢9kx)dx}dkdk

/ k'n+1
+1
— k)dk'dk
Ak K, /n )

= pin- (9.96)
The corresponding bracket notation is given as
(an’a an) = Op'n, (997)

which is the bilinear inner product.

Laboratory checkpoint

Before moving to the next stage, perform the following checks without copying
the displayed final answer.

1. Expand the resonance condition to second order at the EP and derive
the square-root branches and the associated Jordan vector.

2. Verify self-orthogonality with the complex-symmetric bilinear product
and relate it to the derivative of the pole condition.

3. Repeat the encircling calculation at two momentum-bin widths and
separate the bin-dependent norm from the limiting holonomy.
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9.5

VII.1

VII.2

VIIL.3

VII.4

VIIL.5

VII.6

VII.7

VII.8

VII.9

VII.10

Problems for Stage VII

Diagonalize a generic 2 x 2 complex-symmetric matrix and derive the
discriminant condition for a second-order exceptional point.

Construct a Jordan chain and derive the double-pole and simple-pole
terms of its resolvent. Compare with a double zero of Ci,(E).

Prove self-orthogonality of the coalesced right vector with its left
partner by differentiating the eigenvalue equation.

Encircle the square-root branch point once and twice. Track eigenval-
ues, eigenvectors, and all gauge choices needed to compare the final
vector with the initial one.

Calculate the biorthogonal Berry connection for the 2 x 2 model.
Determine which part changes under rescaling of left and right vectors.

Replace a delta-normalized continuum state by a momentum bin of
width Ak. Find the divergent normalization as Ak — 0 and isolate a
finite holonomy.

Derive an RG-type equation that enforces bin-width independence of
a renormalized geometric phase. Identify its integration constant as a
physical convention or datum.

Investigate an EP approaching a continuum threshold. Explain how
the square-root branch from the EP competes with the threshold
branch of the resolvent.

Compute eigenvalue condition numbers around a loop enclosing an
EP. Relate their peaks to pseudospectral sensitivity.

Formulate a multiple-zero search using C = 0gC = 0. Propose a nu-
merical continuation test that distinguishes an EP from an accidental
near crossing.



Chapter 10

Stage VIII: Turn horizons into a res-
onance connection problem

Reader contract

The Regge—Wheeler and related master equations are derived before
a spectral method is chosen. Horizon conditions are translated into
incoming and outgoing connection data, after which exact WKB and
complex scaling are compared for Schwarzschild, charged, and de Sitter
geometries, including continuum response and coupled channels.

10.1 Derive black-hole master equations and their
connection data

Calculation route

Prerequisites. Linearized field equations, spherical harmonics, and
the resonance boundary condition of Stage I.

Calculation goal. Derive the Regge-Wheeler/Zerilli-type radial
equation and identify its horizon and asymptotic WKB branches.
Completion criterion. Write the QNM condition as the vanishing of
a prohibited horizon or infinity coefficient before choosing a numerical
representation.

10.1.1 Master equation and boundary conditions

Consider a static, spherically symmetric metric

dr?

2 )de
ds® = —f(r)dt +f(7“)

+r2d03, (10.1)

273
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where dQ2 is the line element on the unit two-sphere. Introduce the tortoise
coordinate 7, by

dr, 1
= . 10.2
T 102
After separation into angular harmonics and time dependence e~ !, many
perturbation sectors reduce to
d? 9
_@ + Vsl("") ¢sl(r*) =w @Z}sl(r*)' (10'3)

Here s labels the field or perturbation sector, [ is the angular harmonic
number, and Vy; is an effective potential. Equation (10.3) is a one-dimensional
scattering problem with spectral energy

E=uw% (10.4)

For an asymptotically flat black hole, the event horizon is at r, — —o0
and spatial infinity is at r, — +00. A quasinormal mode satisfies

¢sl(T*) ~ efiwr*’ Ts — —0Q,

g (1ry) ~ e rv = F00. (10.5)

The first wave is ingoing through the future event horizon; the second is
outgoing toward infinity. Relative to the potential barrier, both carry flux
away from the interaction region. With the chosen time convention, a stable
mode has Imw < 0. Consequently the radial function grows at both ends of
the real r, line, exactly like a Gamow—Siegert state.

This identifies a black-hole quasinormal mode with a resonance pole of
the continued retarded Green function. The definition does not depend on a
particular numerical method [11, 141, 142].

10.1.2 Derivation of the Regge—Wheeler equation

We now derive the axial gravitational master equation rather than simply
quoting its potential. The derivation also explains why a four-dimensional
gauge theory of metric perturbations reduces to a one-dimensional Schrodinger
problem. We use the gauge-invariant 2 4+ 2 formulation of Refs. [143-146].



10.1 Derive black-hole master equations and their connection data 275

Write the Schwarzschild geometry as a warped product
ds? = gap(2)dz?dz® + r?(2)Qapdo*des, (10.6)

where 2% = (t,r),

gabdxadxb = 7f(’r)dt2 + f(?")_ld’r‘2, f(T') =1- 77 (107)

and Q4p is the metric of the unit two-sphere. Lower-case Latin indices refer
to the Lorentzian orbit space M2, upper-case Latin indices to 52, and Greek
indices to the full spacetime. Let V, and D4 be the corresponding covariant
derivatives, and let €45 be the volume form on S2.

Scalar harmonics obey
DAD Y} = —1(1 + 1) Y. (10.8)
From them construct the odd-parity vector and tensor harmonics
Xt — e BDpYi,,, (10.9)
xlm — —% (c4°Dp + D) DoYign: (10.10)

Writing L =1(l+1) and A= L —2 = (I — 1)({ + 2), the identities needed in
the projection are

DAXYM =0, DPDpXhr = (1 - L)X}, (10.11)
A
XAk = Da X3, O R (10.12)

With unit-normalized scalar harmonics their norms are

/S XX AQ = L b, (10.13)
7. ! ! L)\
. Xl xABI™ 40 = 5 OO (10.14)

The factor A\ explains both why the tensor harmonic vanishes for I =1 and
why the radiative master variable is defined only for [ > 2. Under the parity
map (9, p) — (7 — 19, + 7), these harmonics transform with parity (—1)71,
Orthogonality of spherical harmonics ensures that different (I,m) sectors

decouple at linear order.
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For a fixed [, m, the most general odd-parity metric perturbation is

5921?(1 =0,
5908 = ho(t,7) X 5",
6g%84 = ho(t,r) XU (10.15)

In Schwarzschild coordinates hy = hg and h, = hy in the original Regge—
Wheeler notation. There is no odd [ = 0 harmonic. The [ = 1 vacuum sector
changes the angular momentum of the background and is not radiative; the
wave equation below concerns [ > 2.

An infinitesimal odd gauge transformation is generated by €4 = £(¢,7) X"
and gives
2
ha — hg — V& + ;raf, (10.16)
hQ — h2 — 25, (1017)

where r, := V,r. The combination

1 1
ha = ha — 5Vah + ~rahz (10.18)

is gauge invariant. Choosing & = ha/2 sets ha = 0; this is the Regge—Wheeler
gauge, in which h, = h,. The gauge choice is a convenience, while Eq. (10.18)
shows that the final master field is not a gauge artifact.

The linearized vacuum equation is dG,, = 0. Since the Schwarzschild
background is Ricci flat, one may begin from

1
0Ruw = 3 (VPV yhop + VPN by — VPN yhyw — VY R) (10.19)

where h = g"hy,. Substitute Eq. (10.15), use Eq. (10.8), and project onto
Xf4m and XZ%. The independent gauge-invariant equations can be written

~ ~ 2 ~ ~
0=P, = — Oohy + V4 Vuht + - (rbvahb _ ravbhb)

2 o W41~
—r—Qrarbh + 2 ha, (10.20)

0=P=V,h (10.21)

where Oy = ¢V, V}. The remaining projected equation follows from these
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through the linearized Bianchi identity. Equations (10.20) and (10.21) display
the two operations hidden when the Regge—Wheeler potential is merely quoted:
angular derivatives produce I(I + 1)/r?, while the warped-sphere curvature
and radial derivatives produce the M /r® term.

The component equations and their elimination

The covariant equations can be checked without suppressing the intermediate
calculation. In Regge—Wheeler gauge write

hadz® = ho(t, r)dt + hy(t,r)dr. (10.22)
Because the determinant of the orbit-space metric is —1, Eq. (10.21) becomes

—},@ho + 0,(fha) = 0. (10.23)

Direct evaluation of P, =0 and P, = 0 gives

2 L 4M
0=/f (—83ho + Or0rha + 8th1> + (2 - 3> ho, (10.24)
T T T
0—1<82h — 0,0,h +26h>+)\h (10.25)
—ftl tOrfto 7+ —0tho F2m .

Only two of Egs. (10.23)— (10.25) are independent. Substitution into the
linearized Bianchi identity

2 A
VoP? + ZryP*— 2P =0 (10.26)
r r2

shows which equation is propagated by the other two.
Now define the original Regge—Wheeler variable

otr) = L), (10.27)

r

The constraint reconstructs the nondynamical component:
Otho = fOr(rQ). (10.28)

Insert hy = rQ/f and Eq. (10.28) into Eq. (10.25). Before simplification one
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obtains

r 2 A

LHQ-alr@+r0Q)+ L@+ +20=0. (02
Using f' = 2M/r? and ,, = fO,, this is exactly

L 6M
2 | 2 _
{—at L2 —f (rQ - ﬁ)] Q=0. (10.30)
For a nonzero Fourier frequency, Eq. (10.28) also gives the explicit recovery
formula
: d .
ho(r) = lf(r)d[rQ(r)] for time dependence e’ (10.31)
w dr

The static sector must be treated before division by w; for [ = 1 it contains
the infinitesimal Kerr perturbation rather than radiation.

The Cunningham-Price-Moncrief master scalar is

2 ~ 2 -
Wodd = %6‘16 <Vahb - rrahb) ; (10.32)

where € is the volume form on M?2. The coordinate-free version of the
component elimination applies €V, to Eq. (10.20), uses Eq. (10.21), and
uses the Schwarzschild background identities

Vo Vpr = %Qab; rar® = f(r). (10.33)
Collecting the terms gives the explicit identity
] Toua. (10.34)
Thus P, = 0 gives the covariant Regge—Wheeler equation

I(l+1) 6M

For a scalar on the orbit space,

(U = —}aqu + 0, (f0,7). (10.36)
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Multiplying Eq. (10.35) by f and using 0,, = f0, gives

=07 + 32, = V™ ()| Woaa = 0, (10.37)
with
Vi) = sy [ - S (10.39)
Finally, Woqq(t,7) = e iy (r) turns Eq. (10.37) into
d?
l we VZRW(T)] = Wi (10.39)

The familiar one-dimensional resonance equation is therefore the gauge-
invariant curl of the projected linearized Einstein equations. The original
Regge—Wheeler master function

1 ~
Upw = —r'he = = = (10.40)

in Regge—Wheeler gauge satisfies the same vacuum equation and is related
to a time derivative of W,qq. Different normalizations of the master variable
therefore produce the same potential and QNM spectrum.

10.1.3 Schwarzschild potentials
For a Schwarzschild black hole of mass M > 0,

r
For a scalar field (s = 0), electromagnetic axial perturbation (s = 1), and
gravitational axial perturbation (s = 2), a compact Regge—Wheeler-type
potential is

(10.42)

L2
%W%ﬁzﬂﬂya+n+2Mﬂ ﬂ.

r2 3
For s = 2, this is the Regge—Wheeler potential [143]. Even-parity gravitational
perturbations obey the Zerilli equation. With
(-1 +2)

A= (10.43)
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the Zerilli potential is

2 3 27 7.2 2 3
VZ(r) = £(r) 2N (N + 1) tg}(x}\lliﬁ 3;\-41)§AZM r+ 18M . (10.44)
The axial and polar gravitational spectra are isospectral under the standard
boundary conditions, although their wave functions and source couplings
differ [147, 148].

The potentials vanish exponentially at the horizon but only as inverse
powers at spatial infinity. The long-range tail produces a branch cut in the
frequency-domain Green function and a late-time power-law tail. A pure
sum of QNMs is therefore not a globally complete time-domain expansion

for asymptotically flat geometry [149-151].

10.1.4 Reissner—Nordstrom backgrounds

For electric charge Q.,

2
== % v o @ 0

The radii 4+ and r_ are the outer and inner horizons when |Qe| < M.
Electromagnetic and gravitational perturbations couple, but gauge-invariant
combinations reduce the problem to two decoupled master equations of the
form (10.3). Their effective potentials can be written schematically as the
eigenvalues of a 2 X 2 potential matrix

_ Vem(T‘) Vmix(?”)
W(T) - (V}lmix(’r‘) V{graV(T)> . (1046)

The diagonalizing combinations and parity relations are described by Moncrief
and Chandrasekhar [148, 152, 153].
At extremality, |Q.| = M and

M 2
£(r) = (1 - ) . (10.47)
r
The horizon is a double zero of f, so the tortoise coordinate has a pole as
well as a logarithm. Near-horizon asymptotics and analytic continuation
are qualitatively different from the nonextremal case. This makes extremal
Reissner—Nordstrom a stringent test of both complex scaling and exact WKB
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[18, 154, 155).

10.1.5 Green functions, poles, cuts, and excitation

Let 9)in (w, r«) satisfy the horizon condition and ¢y, (w, 74) satisfy the infinity
condition. The radial retarded Green function is

Gret(w; T, 7“;) = win(w’ T;[)Ei?)p(wa 74>)’

(10.48)

where ro = min(r,, ), r~ = max(rs,r.), and W(w) is the Wronskian. A
QNM is a zero of W(w), hence a pole of Gyet- The pole residue depends on
the derivative W’(w,,) and on the source and observation points.

After inverse Fourier transformation, the response separates schematically
into a prompt part, a sum over QNM poles, and branch-cut integrals. The
onset time and practical number of modes depend on the source, observer,
and analytic contour. This is why identifying accurate frequencies is necessary
but not sufficient for ringdown reconstruction [156-159].

10.2 Read black-hole spectra from quantum peri-
ods and horizon monodromy

10.2.1 Spectral curve and complex horizons

Equation (10.3) has the exact-WKB form with
Q(ry,w) = V(r(ry)) — w? (10.49)

Turning points solve V() = w?. In the complex r plane, horizons are singular
points of the transformation to r,. Logarithms generate branch cuts and
Stokes curves that can spiral around a horizon. An analytic continuation
from the event horizon to infinity must account for these spirals and for the
residues of Soqq at regular singular points [113].

The QNM condition is again a vanishing incoming coefficient. Starting
with an ingoing solution at the event horizon, transport it across the complex
Stokes graph and require the incoming component at the outer boundary to
vanish. This is an open-path connection problem. Highly damped monodromy
methods instead use closed contours around horizons and singularities. The
two approaches share connection data but organize approximations differently
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[160].

10.2.2 Quantum periods and Borel-Padé resummation

Let ~; be cycles of the black-hole spectral curve. The quantum periods are
Borel-resummed Voros integrals

ILi(w, h) = S, f Soaa(r, w, B)dr. (10.50)
Vi

In black-hole perturbation theory h is often a bookkeeping parameter and is

set to one after the WKB coefficients are generated. A quantization condition

has the form
0 (enl, o eH-";w) =0, (10.51)

where ¢ is the number of independent periods relevant to the connection
problem. High-order coefficients can be Borel transformed and approximated
by Padé rational functions before Laplace integration. The procedure has
successfully reproduced black-hole QNMs and has been extended to extremal
Reissner—Nordstrom and Kerr quantum periods [155, 161, 162].

10.2.3 Relation to complex scaling

Complex scaling and exact WKB answer different numerical questions about
the same analytic object. Complex scaling converts the boundary problem
into a matrix eigenproblem and displays the rotated continuum explicitly.
Exact WKB reduces the pole condition to a small number of resummed
periods and connection multipliers. The former is well suited to coupled
channels and continuum response; the latter can achieve high precision when
the spectral curve and its cycles are tractable.

Their agreement can be checked at three levels. Pole locations should
match. The scaling angle should select the same subdominant sectors as the
WKB contour. Finally, residues computed from left—right eigenvectors should
match derivatives of the exact connection coeflicient. The third comparison
is largely unexplored and would connect ringdown excitation factors directly
to resurgent data.

10.2.4 Kerr as the next major test

Kerr perturbations are governed by the Teukolsky equation [163]. Separation
introduces the azimuthal number m, the spin-weighted spheroidal eigenvalue,
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and a radial equation whose coefficients depend on w. Superradiance changes
flux signs for w — mQ gy, where Qg is the horizon angular velocity. A direct
CSM implementation must therefore handle a nonlinear, coupled angular—
radial eigenvalue problem and choose analytic branches consistently.

Exact WKB can work with the associated quantum curve, but turning
points and periods move with both w and the angular eigenvalue. A promising
hybrid strategy is to solve the angular problem spectrally, construct its
analytic derivative with respect to w, and insert it into either a nonlinear
complex-scaled solver or a resummed radial quantization condition. Cross-
validation against Leaver’s method remains essential.

10.2.5 Late-time tails and branch cuts

In asymptotically flat spacetime, inverse-power tails of V(r,) produce a
branch point at w = 0. The late-time signal is governed by the discontinuity
across this cut rather than by the least damped QNM at arbitrarily late
times. In exact WKB, the threshold appears through coalescing turning
points and a change of Stokes topology. In complex scaling, it is the endpoint
of the rotated continuum. A uniform treatment should combine pole residues,
threshold scaling, and the continuum spectral density rather than attempting
to approximate the cut by an ever larger set of overtones.

10.3 Represent black-hole QNMs by complex scal-
ing

10.3.1 Complex deformation of the tortoise coordinate

Set

r, = ez, z € R, 6> 0. (10.52)

The complex-scaled master operator is

2
—2i6 d

Hy = —
0 ¢ dz?

TV (r(ei%)) . (10.53)
The QNM equation becomes

Hyg = w0y, (10.54)



284 Chapter 10. Stage VIII: Turn horizons into a resonance connection problem

For a mode with w = |w|e™¥, both asymptotic waves in Eq. (10.5) decay on
the deformed line when
0> . (10.55)

Equivalently, E = w? lies above the continuum ray rotated by —26.

The formula is simple, but its analytic implementation is not automatic.
The inverse map r(r,) is multivalued because the tortoise coordinate con-
tains logarithms. A deformation must specify branches and avoid metric
singularities. One may work directly with an analytically continued V' (r,),
use exterior scaling where the asymptotic form is controlled, or formulate the
contour in the complex r plane. A numerical result without a documented
branch choice is not reproducible.

10.3.2 Why the spectral parameter is w?

Complex scaling rotates the continuum of the Schrédinger operator in the
E plane. Because E = w?, the map to the frequency plane is two-to-one. A
ray with arg F = —26 corresponds to frequency rays with argw = —0 and
argw = 7w — 0. The retarded QNM branch is selected by the time convention
and the horizon/infinity boundary conditions. Plotting eigenvalues directly
in the w plane without tracking the square-root branch can misidentify
time-reversed or negative-frequency partners.

If the potential depends on w, as happens after some transformations of
the Kerr or coupled-channel equations, the problem is a nonlinear eigenvalue
problem rather than Eq. (10.54). Linearizing it by enlarging the state space
is possible only for particular rational or polynomial dependence. This is one
reason the extension from static spherical backgrounds to Kerr is nontrivial.

10.3.3 Basis construction and parity

The effective barrier is centered in a finite range of r,. One may use even
and odd Gaussian functions as in Eq. (6.104), even though the black-hole
potential itself need not have exact reflection symmetry. Both parity families
together span general functions. Polynomial times Gaussian bases,

np(x) = wpe*a”xQ, p=0,1, ..., Pmax, (10.56)

and complex-range Gaussians improve oscillatory resolution. Nonorthogonal
blocks can grow or decay exponentially under scaling, so block balancing and
overlap truncation are essential for coupled channels [18, 19].
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The output should be analyzed in E = w? first. A candidate QNM is
an isolated eigenvalue stable under 6, N, basis widths, integration range,
and branch conventions. Only then should a square root be taken to quote
w. Low-lying, weakly damped modes are usually much more stable than
high overtones because they lie farther from the rotated continuum and are
represented by less oscillatory scaled wave functions.

10.3.4 Schwarzschild and extremal RN benchmarks

Leaver’s continued-fraction method provides accurate benchmark frequencies
for Schwarzschild and Reissner-Nordstrom backgrounds [102, 149, 164].
Complex-scaling calculations reproduce low-lying Schwarzschild Regge—
Wheeler modes and extend to scalar, electromagnetic, and gravitational
sectors of extremal Reissner—Nordstrom [18]. The most robust agreement
occurs for the fundamental modes. First overtones require broader basis
scans, while still higher modes can be difficult to distinguish from continuum
pseudostates in an unoptimized Gaussian basis.

This pattern has a spectral explanation. For fixed 6, the distance be-
tween a pole and the rotated continuum controls isolation in the non-normal
eigenproblem. Higher overtones have larger negative imaginary parts and lie
closer to, or below, the accessible ray. Increasing 6 exposes them but also
probes a wider complex-coordinate sector where the potential and basis may
be less well conditioned. There is therefore no monotonic rule that a larger
scaling angle is numerically better.

10.3.5 Spectral instability and pseudospectra

Black-hole QNM operators can be highly non-normal. Define the e-
pseudospectrum of the matrix pencil (H?, N) by

o(H,N) = {2 € C: spin(H’ = 2N) < e}, (10.57)

where sy, is the smallest singular value after a documented basis normal-
ization. Large pseudospectral contours indicate that a small potential or
discretization perturbation can move eigenvalues far from their unperturbed
positions [165, 166].

Spectral instability does not imply identical instability of all time-domain
observables. The resolvent norm, residues, source projection, and duration
of the observation determine whether a shifted pole has appreciable effect.
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Greybody factors and suitably integrated response functions can be more
stable than individual high overtones [167]. Complex scaling is useful here
because it gives access to both poles and the deformed continuum resolvent.

10.4 Calculation laboratory VIII-A: Schwarzschild
and extremal Reissner—Nordstrom QNMs

Calculation route

Prerequisites. The Regge-Wheeler/Zerilli reduction, QNM boundary
conditions, analytic dilation of the tortoise coordinate, and basis
stability.

Calculation goal. The Regge—Wheeler/Zerilli-Moncrief reduction,
complex-scaled basis construction, matrix elements, stability tests, nu-
merical spectra, Leaver benchmarks, continuum density, and complex-
range Gaussians.

Completion criterion. Construct the complex-scaled black-hole ma-
trix problem, identify stable QNMs, and reproduce the Schwarzschild
and extremal-RN benchmarks.

This Laboratory reconstructs the calculation underlying Ref. [18]. The
Regge-Wheeler and Zerilli-Moncrief derivations are given once in Sec. 10.1,
including the charged background; general complex scaling is fixed in Stage
IV. We therefore begin with the basis and matrix construction specific to the
QNM calculation.

10.4.1 Finite-basis realization of the black-hole resonance
problem

Numerical implementation and some schemes of choosing bases

Variational procedure to eigenvalue problem We now turn to the
practical implementation of the complex-scaled eigenvalue problem. The
purpose of this section is not to introduce a new mathematical structure, but
rather to explain how the complex-scaled radial equation is converted into a
finite-dimensional matrix problem suitable for numerical computation. As
discussed in the previous subsection, the essential effect of complex scaling
is to transform the outgoing-wave resonance problem into a non-Hermitian
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eigenvalue problem. For the Schwarzschild case, this begins with the Regge—
Wheeler equation, which has the Schrodinger-type form

d2
[ + Vl(r)l Di(ry) = WPy (ry). (10.58)

T 3.2
drz

After complex scaling, the kinetic term acquires the factor e 2 while the
potential is evaluated along the deformed contour. The resulting equation can
then be treated as an eigenvalue problem for the complex-scaled operator. To
solve this problem numerically, we expand the complex-scaled wave function
in a finite set of square-integrable basis functions and apply the Rayleigh—Ritz
variational procedure. In the present work, we adopt several types of Gaussian
basis functions of both even and odd parity. This choice is convenient because
such a basis is analytically simple, provides stable matrix elements for the
kinetic term, and allows a flexible coverage of the tortoise-coordinate domain
through a geometric progression of Gaussian ranges. The complex-scaled
differential equation is thereby reduced to a generalized matrix eigenvalue
problem for the expansion coefficients. This basis-expansion strategy is
particularly suitable for the present purpose. First, it is fully compatible with
the CSM framework, in which resonance wave functions become effectively
L?-integrable after complex scaling. Second, it does not rely on a Frobenius
expansion tied to a specific horizon structure, unlike continued-fraction
approaches of Leaver type. This point is important for our broader goal of
treating not only the Schwarzschild problem but also the Reissner—Nordstrém
family within a common framework. In what follows, we first construct
the matrix representation of the complex-scaled Regge—Wheeler operator
in a simple Gaussian basis. We then explain how the generalized complex
eigenvalue problem is solved in practice and how physically relevant QNM
frequencies are identified among the resulting eigenvalues.

C(’f‘2

* As a first imple-

2 _
o and r.e

Demonstration in a simpler case: e~
mentation of the complex scaling method, we discretize the complex-scaled
Regge—Wheeler equation in a Gaussian basis. The purpose of this subsection
is mainly illustrative: it provides a direct realization of the CSM eigenvalue
problem in terms of explicit basis functions and matrix elements, and it serves
as a useful reference point before introducing more efficient basis choices in
the next subsubsection. We begin with the Regge—Wheeler equation derived

in Sec. 10.1, with the potential in Eq. (10.38). Under complex scaling, the
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equation is transformed into

—92i d2 i i
e zeﬁﬂfle(m ¥ (rel?) = (W27 (r,el?), (10.59)

where Vf denotes the potential evaluated along the complex-rotated contour.
To solve Eq. (10.59), we use the Gaussian expansion method [101] and
expand the complex-scaled wave function in square-integrable Gaussian basis
functions. Since, in practice, an expansion restricted to even functions alone
is not sufficient to reproduce the quasinormal frequencies accurately, we
include both even- and odd-parity Gaussian functions:

Tmax

¢f(r*ei9) _ Z CZ,(even)(ngeven) (T*) + Z CZ,(odd)¢godd) (T'*) (1060)
=1 i=1

imax 1S the truncation order of a basis. We choose

2
¢§even) (7‘*) _ Ni(even)e*<7:) _ Ni(even)efairzj (1061)
- 2
o) = N (%) )y a0
i
with
1
a; = E (10.63)
The normalization constants are chosen as
2oy \ 1/4 250 \
Nleven) = (O‘> , N = (al . (10.64)
T T
The Gaussian ranges are taken in geometric progression,
. T* max 1/(imax_1)
Ty = T'x0 alil’ a = ( ) ) (1065)
T'x0

so that the basis efficiently covers both short- and long-distance regions in
the tortoise coordinate. Applying the Rayleigh—Ritz variational procedure to
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the expansion (10.60), we obtain a generalized complex eigenvalue problem,

> [Hf - ()?Ny| ¢f =0, (10.66)

J

where the Hamiltonian matrix has the block form

0,(even) 0,(even) 0,(even-odd)
HY = t 0 (0;12 ‘e/\lzen) de) 6,(0dd) | » (10.67)
Viij T + Vi
and the overlap matrix is
N(gven) 0 )
N = ( K . (10.68)
(odd)
0 Ny
The overlap matrix elements are given analytically by
(even) (even) (even) (even) Ar(even) ﬁ
Ny dr, =N, N v
= [ ar o e ) = NN
(10.69)
(odd) [ (0dd) (0dd), \ _ rr(odd) nr(odd) —— VT
Ny = [m dre ¢, '(re)o; 7 (re) = N; NSy Nen + 0y
(10.70)
Similarly, the kinetic-energy matrix elements can also be evaluated in closed
form:
0,(even) _ o 20 (even) xr(even) 2ﬁ AT ooy
T;; N; N] (o + g% (10.71)

p0s(odd) _ 20 N(odd) N (0dd) 3V/T (viar;)3/?

. e 10.72
" (o + )2 ( )
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The potential matrix elements are expressed as'

7Z]

‘/lel,(even) _ efieNi(even)Nj(even) / d7’* ‘/l(r) ef(a¢+aj)e_2i07“f’ (1073)

191 J<odd> o310 Ni(odd () / dr, Vi(r) r2e(@itaz)e0r2
(10.74)

Vle (even-odd) _ —2ip N(even) N (0dd) / dr, Vi (ai+cx]-)e_2i‘97"3,
(10.75)
li,](odd—even) _ ‘/l’@jz(even—odd)' (10.76)

Here r = r(r,) is understood through the inverse tortoise-coordinate relation.
For Schwarzschild spacetime, this relation may be written explicitly in terms
of the Lambert W function, which is convenient for the numerical evaluation
of the potential matrix elements. The resulting matrix is complex symmetric,
and the quasinormal frequencies are obtained by solving the generalized
complex eigenvalue problem (10.66). Although this Gaussian discretization
is not yet the most efficient basis for the present problem, it is conceptually
transparent and provides a direct illustration of how the CSM formulation
can be implemented in practice. This representation therefore serves as a
useful starting point before turning to improved basis choices in the next
subsubsection.

Variations of Gaussian basis functions and diagonalization In ad-
dition to the Gaussian basis introduced in the previous subsubsection, it is
useful to consider several alternative basis sets. The purpose of this subsub-
section is to summarize the candidate basis functions used in our exploration
of the CSM eigenvalue problem. While the real range Gaussian basis already
provides a direct implementation of the CSM eigenvalue problem, other basis
choices can offer improved flexibility for oscillatory or resonance-like wave
functions.

In the present implementation, the practical upper bound on the scaling angle is not
set by the resonance physics 1tself but by the convergence of the basis representation.
The Gaussian basis, e~ (% +ag)e? ri, converges only if cos20 > 0, i.e., § < w/4. More
generally, in black-hole problems the inverse relation r = r(r.) may develop nontrivial
branch structures after analytic continuation, so that the allowed range of the scaling angle
can be restricted not only by the basis representation but also by the branch structure of

r(ry) itself.
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e Real range Gaussian The wave function is expanded as

imax imax
(i) = 3 CpenNenem ot 4 Y OpMNP Y (g,
=1 i=1

(10.77)

e Polynomial x real range Gaussian The wave function is expanded
as

Pmax Imax

W (re?) =3 N CPNP (agr,)” e i, (10.78)

p=0 i=1

Pmax 1S the highest degree of the polynomial of r,; for each ¢, the basis

Pmax

is spanned by 1, 7, 72, ..., r2™ with the Gaussian factor.
» sin/cos x real range Gaussian The wave function is expanded as

inlax
. . : 2
PO (r.el?) = > CPM N sin (/o ry) e~ %7
i=1
imax

+ > CENE cos(Vag o) e (10.79)
=1

The Real range Gaussian basis corresponds to the Polynomial x real range
Gaussian one with ppax = 1. Among these candidates, the Polynomial or
sin/cos x real range Gaussian basis is expected to be particularly effective for
representing oscillatory behavior while maintaining the analytic convenience
of Gaussian matrix elements. After choosing a basis set, we represent the
complex-scaled wavefunction as

V0 (reel?) = Zchb,-(r*), (10.80)

where {¢;} denotes one of the basis sets introduced above. Substituting
this expansion into the complex-scaled wave equation and applying the
Rayleigh—Ritz procedure, we obtain the generalized eigenvalue problem

Hpe = ANe, A =w?, (10.81)

where Hy is the complex-scaled Hamiltonian matrix, IV is the overlap matrix
of the non-orthogonal basis, and c¢ is the coefficient vector. For basis sets with
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sufficiently mild overlap, one may solve Eq. (10.81) directly as a generalized
complex eigenvalue problem. In practice, however, the basis functions used
here are often strongly non-orthogonal, and the overlap matrix may contain
nearly linearly dependent directions. To improve numerical stability, we
therefore orthogonalize the basis before the final diagonalization whenever
necessary. More precisely, we first diagonalize the overlap matrix,

N =UKUT, (10.82)
where
K = diag(k1, K2,.--) (10.83)

contains the eigenvalues of N, and U is the corresponding eigenvector matrix.
Small eigenvalues of IV indicate nearly redundant directions in the truncated
basis. We therefore discard basis components whose overlap eigenvalues
satisfy

|ki| < en, (10.84)

with ey a numerical cutoff. We set ey = 107°, a value often adopted
empirically. After this truncation, the Hamiltonian is transformed to the
orthonormalized basis according to

Hy= K '2UTH,UK— /2, (10.85)

where only the retained subspace is understood. The generalized eigenvalue
problem (10.81) is thereby reduced to the ordinary eigenvalue problem

Hyé = \e. (10.86)

We then diagonalize the complex matrix Hy and obtain a set of complex
eigenvalues A\;. The corresponding quasinormal-frequency candidates are
defined by

Wi = VA, (10.87)
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where the physically relevant branch is selected by the usual QNM convention,
namely

Im wy, < 0. (10.88)

In the present implementation, this orthogonalization step is particularly
important for the polynomial and trigonometric Gaussian bases, for which
the overlap matrix can become ill-conditioned as the basis size increases. The
orthogonalized formulation substantially improves the numerical stability
of the diagonalization and suppresses spurious directions associated with
near-linear dependence in the original non-orthogonal basis. It should be
emphasized that the output of a single diagonalization is not yet sufficient to
identify the physical QNMs. The resulting spectrum generally contains not
only resonance candidates but also discretized continuum states. For this
reason, the physical QNM frequencies are identified only after the stability
analysis described below, in particular through their dependence on the
scaling angle, basis size, and basis parameters.

Stability analysis and identification of QNNM frequencies

The eigenvalues obtained from a single diagonalization generally contain
not only resonance candidates but also discretized continuum states and
basis-dependent artifacts. Physical QNM frequencies are therefore identified
through their stability under variations of the complex-scaling angle 6. In
particular, resonance eigenvalues are expected to remain nearly invariant
as 0 is varied, whereas continuum-related eigenvalues typically move along
the rotated continuum. A second diagnostic is the dependence on the basis
size. Genuine QNM frequencies should approach stable values as the basis is
enlarged. One should also examine the dependence on the basis parameters,
such as the range parameters of the Gaussian basis. Physical resonances
are expected to be much less sensitive to such changes than spurious states.
Only eigenvalues that are simultaneously stable against variations of 6, basis
size, and basis parameters are identified as physical QNM frequencies. When
reference results are available, such as those obtained by Leaver’s method,
the identified QNM frequencies should also be compared with them in order
to assess the numerical accuracy of the method.
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10.4.2 Numerical simulation of QNM via CSM

Benchmark strategy

The complex-scaling eigenvalues shown in this section are compared with the
standard Schwarzschild QNM data obtained by Leaver’s continued-fraction
method and others summarized in Sec. 10.4.3. In the present paper, the main
role of this benchmark is not to rederive the continued-fraction formalism itself,
but to use its established numerical values as a reference for identifying stable
resonance eigenvalues under variations of the scaling angle, basis choice, and
radial cutoff. When an isolated eigenvalue remains approximately invariant
under these variations and agrees with the tabulated Leaver frequencies, we
regard it as strong evidence that the mode is a genuine QNM rather than a
discretized continuum artifact.

Trial run of the methodology and comparison of basis dependence

As a first trial run of the present methodology, we compare the complex-scaled
spectra obtained with several basis sets. The purpose of this comparison
is twofold. First, it provides a basic numerical check that the physically
relevant QNM frequencies are reproduced in a reasonably stable manner
across different basis choices. Second, it illustrates that, although the detailed
distribution of the nonphysical eigenvalues depends on the basis, the low-
lying resonance candidates are much more robust. We focus on the [ = 2
gravitational mode (s = 2) for the Regge—Wheeler equation with M = 0.5
and consider three representative basis sets: the Real range Gaussian basis
(equivalently, the Polynomial x real range Gaussian basis with ppax = 1),
the Polynomial x real range Gaussian basis with ppax = 3, and the sin/cos
x real range Gaussian basis. In each case, we diagonalize the complex-
scaled Hamiltonian for nearby values of the scaling angle 6 and compare
the resulting eigenvalue distributions in the complex w plane. The stability
of the lowest resonance candidates under such changes provides a basic
diagnostic for identifying the physical QNMs. Figure 10.1 shows the result
obtained with the real range Gaussian basis. The scaling angle is taken to
be 6 = 25°, 30° in the upper panel, and 6 = 40°, 42° in the lower panel.
As seen in the figure, a sequence of discrete eigenvalues appears roughly
along a rotated branch in the complex w plane. This sequence represents
the discretized continuum spectrum in the present finite-basis calculation.
By contrast, the isolated points on the real-axis side of this branch are
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interpreted as resonance eigenvalues, namely the QNM frequencies. This is
the standard spectral pattern expected in the CSM: continuum-related states
move with the scaling angle and align along the rotated branch, whereas
genuine resonance states remain relatively isolated from it and show much
weaker 6 dependence. For this reason, the identification of QNM frequencies
is based not on a single diagonalization result alone, but on whether an
eigenvalue remains isolated from the rotated continuum and stable under
changes of 6. The lowest mode in Fig. 10.1 is already rather stable under the
changes 6§ = 25° — 30° and 6 = 40° — 42°, while the second mode exhibits
a visibly larger displacement for 6 = 40°. This behavior is consistent with
the general expectation that the fundamental QNM is more robust than
higher-lying states against basis and scaling-angle variations. Figure 10.2
shows the corresponding result for the Polynomial x real range Gaussian basis
with pmax = 3. Compared with the previous case, the fundamental mode is
again highly stable, whereas the second mode still shows a more noticeable
dependence. At the same time, the polynomial basis yields a visibly better
reproduction of the low-lying frequencies than the simple real range Gaussian
basis, in particular for the first overtone. This indicates that the present CSM
formulation robustly captures the lowest QNM, while higher modes remain
more sensitive to the details of the truncated basis representation. Finally,
Fig. 10.3 displays the result for the sin/cos x real range Gaussian basis. This
basis is designed to incorporate more explicit oscillatory structure into the
trial space and is therefore expected to be advantageous for resonance wave
functions. However, in practice its performance is more delicate. Although
the detailed eigenvalue distribution is broadly similar to the other cases, the
low-lying resonance candidates are reproduced less accurately than with the
polynomial basis. Moreover, obtaining results of comparable quality appears
to require a more careful tuning of the numerical setup, including the number
of basis functions, the Gaussian ranges, and the integration interval used for
the interaction matrix. At the present stage, this makes the trigonometric
basis less suitable for a systematic survey. Taken together, these figures show
that the fundamental QNM is reproduced rather stably across different basis
choices, while higher-lying states are more sensitive to the basis and to the
scaling angle. This is precisely the behavior expected in a CSM calculation:
physical resonance eigenvalues should remain comparatively stable, whereas
continuum-related or spurious states tend to move more substantially under
changes of the numerical representation. For convenience, the lowest and next
resonance candidates obtained with the different basis sets are summarized in



296 Chapter 10. Stage VIII: Turn horizons into a resonance connection problem

Table 10.1. For the I = 2 Regge-Wheeler mode, the fundamental frequency
is reproduced very stably and is already close to Leaver’s value across the
basis sets considered here. By contrast, the second-mode candidate shows
a visibly stronger dependence on the basis choice and on the scaling angle.
Among the basis sets examined here, the polynomial basis with ppax = 3
gives the best overall agreement for both the fundamental mode and the first
overtone, while the sin/cos basis reproduces even the fundamental mode less
accurately in the present implementation. It is therefore natural to regard the
Polynomial x real range Gaussian basis as the most practical choice for the
subsequent calculations. The trial run in this subsection thus serves not only
as a demonstration of basis dependence, but also as a concrete basis-selection
step for the main numerical analysis below.

Table 10.1: Comparison of the lowest and next resonance candidates for the
I = 2 Regge—Wheeler mode obtained with different basis sets. In this analysis,
we set s = 2 and M = 0.5. For reference, the corresponding Schwarzschild
QNM frequencies from Leaver’s method are also shown.

Basis Angle Lowest mode w; Next mode wsy

Reference (Leaver)
Leaver — 0.747343 —i0.177925 0.693422 — i0.547830

Real range Gaussian basis
Real range Gaussian 0 =40° 0.747343 —i0.177958 0.750229 — i0.481678
Real range Gaussian 0 =42° 0.747349 —i0.177940 0.738955 — i0.497959

Polynomial x real range Gaussian basis (Pmax = 3)
Polynomial x Gaussian 6 =40° 0.747348 —i0.177926 0.712209 — i0.485971
Polynomial x Gaussian 6 = 42° 0.747345 —10.177925 0.704895 — i0.502870

sin/cos x real range Gaussian basis
sin / cos x Gaussian 0 =40° 0.743544 —i0.168990 0.672161 — 10.389585
sin / cos x Gaussian 0 =42° 0.746374 —i0.169193 0.673930 — 10.403464
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Figure 10.1: [ = 2, Real range Gaussian basis. The scaling angle is taken
to be 6 = 25°, 30° on the upper panel, and 6 = 40°, 42° on the lower
panel. We take ip.x = 30, ryg = 0.1, and 7, max = 60. The sequence of
points aligned approximately along the f-rotated direction represents the
discretized continuum spectrum, while the isolated points on the real-axis
side are interpreted as resonance eigenvalues, namely the QNM frequencies.
The lowest resonance candidate is w; = 0.747343 — i0.177958 (0 = 40°)
and w; = 0.747349 —i0.177940 (# = 42°). The next candidate is wy =
0.750229 — i0.481678 (6 = 40°) and wy = 0.738955 — 10.497959 (6 = 42°).
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Figure 10.2: | = 2, Polynomial x real range Gaussian basis with pmax = 3. We
take imax = 30, 749 = 0.1, and 74 max = 60. The lowest resonance candidate
is wp = 0.747348 — i0.177926 (0 = 40°) and wy; = 0.747345 — i0.177925
(0 = 42°). The next candidate is wy = 0.712209 — i0.485971 (0 = 40°),
wo = 0.704895 — i0.502870 (0 = 42°).
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Figure 10.3: [ = 2, sin/cos x real range Gaussian basis. We take ipax =
30, 7o = 0.1, and rymax = 80. The lowest resonance candidate is w; =
0.743544 — i0.168990 (# = 40°) and w; = 0.746374 — i0.169193 (6 = 42°).
The second-mode candidate is wy = 0.672161 — 10.389585 (§ = 40°) and
wo = 0.673930 — i0.403464 (0 = 42°).



300 Chapter 10. Stage VIII: Turn horizons into a resonance connection problem

Basis selection from trial run of more general cases

Before presenting the main numerical results, we briefly summarize the
outcome of a broader trial run aimed at selecting a practical working basis
for the subsequent calculations. The purpose of this subsection is not yet to
establish the final numerical accuracy of the method, but rather to identify
which class of basis functions captures the low-lying QNM spectrum in a
stable and manageable way in the Schwarzschild and extremal Reissner—
Nordstréom problems. As candidate trial spaces, we considered several basis
families built from real-range Gaussians. Among them, a particularly natural

choice is the Polynomial x real range Gaussian basis,
Gin(rs) rfe_o‘”z, n=20,1,2,..., (10.89)

which extends the simplest Gaussian basis by increasing the polynomial
degree. We also tested more explicitly oscillatory trial spaces, such as the
sin/cos x real range Gaussian basis. The motivation for the latter is clear:
since QNM wave functions are oscillatory, one may expect a trigonometric
basis to be advantageous. In practice, however, the situation turned out to
be more delicate. Our exploratory calculations indicate that the polynomial
basis is the most practical choice among those examined here. For the low-
lying modes, it reproduces the known QNM frequencies rather well over a
moderate range of basis parameters. By contrast, the sin/cos basis appears to
require a more careful tuning of the numerical setup, including the number of
basis functions, the Gaussian ranges, and the integration interval used for the
interaction matrix. At the present stage, this makes the trigonometric basis
less convenient for a systematic study. This tendency is already visible in
the Schwarzschild benchmark. The fundamental mode is reproduced stably
across different basis parameter sets, whereas the first overtone shows a
noticeably larger spread, and still higher modes become increasingly difficult
to identify. This is consistent with the general expectation that relatively
narrow resonances are easier to isolate in a finite-basis CSM calculation, while
broad and strongly damped modes are more sensitive to basis truncation and
to the vicinity of the rotated continuum. A similar tendency persists in the
extremal Reissner—Nordstrém case. The lowest modes can still be identified in
reasonable agreement with existing reference values, while higher and broader
modes become more ambiguous. From the present exploratory viewpoint, the
important practical conclusion is therefore the following: although several
basis choices are in principle possible, the Polynomial x real range Gaussian
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basis provides the best balance between numerical stability, flexibility, and
ease of implementation at the current stage of the calculation. For this
reason, in the following subsection we adopt the polynomial basis as our main
working basis and present the numerical results obtained within that setup.
The trial run described above should thus be understood as a preparatory
step, which clarifies both the range of validity and the practical limitations
of the present implementation.

Numerical results

Having selected the Polynomial x real range Gaussian basis as the main
working basis, we now present the numerical results obtained with the present
CSM formulation. Our emphasis is on the low-lying QNM frequencies, for
which the stability of the calculation is best under control.

Schwarzschild case We begin with the Schwarzschild case, which serves
as the primary benchmark. To examine the sensitivity of w to Gaussian
parameters, we performed calculations for several values of 8 between 42° and
44° using the four parameter sets listed in Table 10.2. The results are shown

Table 10.2: Parameter sets used to examine the sensitivity of w to the
Gaussian basis parameters.

Set  fmax  Tx0  Txmax

1 30 0.1 60
2 30 0.1 80
3 40 0.1 60
4 40 0.1 80

in Fig. 10.4. The upper panels show the states obtained by diagonalizing Hy
for [ =2 and [ = 3. In the lower panels, the values of w identified as QNMs
are compared with those obtained by Leaver’s method for each case. For
the Regge—Wheeler equation, the fundamental mode is reproduced with high
accuracy, and the agreement with Leaver’s continued-fraction values is very
good. The first overtone can also be identified, although its numerical spread
is already noticeably larger than that of the fundamental mode. For still
higher overtones, the identification becomes substantially more difficult within
the present implementation, and the extracted values are more sensitive to
the basis parameters and the scaling angle. This behavior is natural in
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CSM, since highly damped modes lie closer to the rotated continuum and
are therefore more vulnerable to finite-basis effects.
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Figure 10.4: The Schwarzschild case. M = 0.5. Upper panels: eigenvalues
of the complex-scaled Hamiltonian Hy for [ = 2 and [ = 3. 0 = 42°-44°.
Lower panels: comparison of the QNM candidates with Leaver’s values.

Extremal Reissner—Nordstrom case We next turn to the extremal
Reissner—Nordstrom problem. Here the present framework is particularly
useful, since the standard continued-fraction treatment becomes more delicate
in the extremal limit. As in the Schwarzschild case, we examine the sensitivity
of the extracted frequencies to the Gaussian basis parameters. For (s,1) =
(0,0), we use the same Gaussian parameter sets as listed in Table 10.2.
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For the other cases, we adopt the parameter sets listed in Table 10.3. We
again performed calculations for several values of 6 from 42° to 44° The

Table 10.3: Parameter sets used to examine the sensitivity of w to the
Gaussian basis parameters.

Set  max  Ts0  Txmax

1 40 0.1 60
II 40 0.1 80
I 50 0.1 60
IVv. 50 0.1 80

numerical results are shown in Figs. 10.5, 10.6, and 10.7 for scalar (s =
0), odd-parity electromagnetic (s = 1), and odd-parity gravitational (s =
2) perturbations, respectively. As in the Schwarzschild case, the upper
panels show the eigenvalues obtained by diagonalizing the complex-scaled
Hamiltonian Hy for several values of [, while the lower panels compare the
frequencies identified as QNMs with existing reference values. In the extremal
Reissner—Nordstrom case, the lower panels include the results of Onozawa
et al. [154] for comparison.  For the perturbations considered here, the
low-lying QNM frequencies are again reproduced in reasonable agreement
with the existing calculations. The agreement is especially good for the lowest
and relatively narrow modes, whereas broader and more strongly damped
modes exhibit a larger spread under changes of the basis parameters and the
scaling angle. This is qualitatively the same tendency as in the Schwarzschild
benchmark and is consistent with the general expectation that highly damped
modes, being closer to the rotated continuum, are more sensitive to finite-
basis effects in the CSM. It is also worth noting that, whenever both Onozawa
et al. and WKB values are available, the present CSM results tend in general
to lie closer to the former than to the latter. From the viewpoint of resonance
identification, this is an encouraging sign that the present implementation is
correctly capturing the low-lying QNM spectrum in the extremal Reissner—
Nordstrom background. Another useful consistency check is provided by the
known isospectrality between the odd-parity electromagnetic and odd-parity
gravitational sectors in extremal Reissner—Nordstrom spacetime. Within
the numerical precision of the present calculation, we confirm that the same
QNM frequencies are obtained in these two sectors. This agreement provides
an additional indication that the present CSM implementation is correctly
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Figure 10.5: The
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extremal Reissner—Nordstrom odd-parity electromagnetic



10.4 Calculation laboratory VIII-A: Schwarzschild and extremal

Reissner—Nordstrom QNMs 305
n=20 n= OO n=00)
0 @) = O
% Ng, M
%‘% 0.1 \f% * \ n= IO
0.1 %, N e n=1 02f
S, 0.2 £ C) 4 Nn=2 O
W, n=1 03 s, 0.4 o, R
=02 * = % n =2 = sy
2 ® O S04 ) So6 o By
E Byt £ Byre =0 -
=.03 T e “05 % - y
*s § e 0.8 44
4
04[] = o 4 =3 1=14
= 07kt = R
056—0T 02 03 04 05 08610203 04050607 08 12602 04 06 08 T 12
Re[o] Re[o] Re[o]
-0.08 = 0 n=0: CSM + 0 n=0: CSM +
Onozawa x Onozawa x
0.12 0.1 WKB x T 0.1 WKB =
— n=1: CSM © — n=1: CSM & —
L= 2} Onozawa = l= 3} Onozawa = l= 4}
016 _ 02 WKB o _ 02 WKB o
2 n=0: CSM + 2 n=2 CSM e 3 n=2 CSM e
£ Onozawa x £ Onozawa & ® £ Onozawa & -
= -02 WKB — 03 WKB + = -03 WKB =+
Leaver
n=1: CSM =
024 Onozawa © 04 04
AN WKB « LA -
0.2 Leaver - 05 05
2839 04 041 042 043 044 06 0.65 07 0.75 U092 093 094 095 096 097
Re[o] Re[w] Re[m]

Figure 10.7: The extremal Reissner—Nordstrom odd-parity gravitational case.
M =1.

capturing the low-lying resonance spectrum.

Summary of low-lying QNM frequencies Overall, the numerical results
support the following picture. For relatively narrow, isolated modes, the
present CSM formulation performs well and yields QNM frequencies in good
agreement with established methods. For broader, more strongly damped
modes, however, numerical stability is reduced, and a more careful analysis
of convergence with respect to basis size, basis parameters, integration range,
and scaling angle will be required. Accordingly, the present results should be
regarded as a first systematic demonstration of the method rather than as
its final optimized form. In the remainder of this section, we summarize the
low-lying frequencies obtained for the Schwarzschild and extremal Reissner—
Nordstréom cases, and compare them with the available reference values
reviewed in Sec. 10.4.3. Table 10.4 presents the numerical results obtained by
the CSM for the Schwarzschild case. To estimate the numerical uncertainty
of the extracted QNM frequencies, we use the spread of the results obtained
from different numerical parameter sets. Let w; denote the frequency obtained
in the ¢th run, and let Ngamp be the total number of runs. We then define
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the average frequency by

1 Nsamp
0= > wi, (10.90)
Nsamp i—1
and the numerical uncertainty by
Aw = max |w; — @] . (10.91)
(2

Accordingly, we quote the final result as
w=wtAw. (10.92)

Here, Aw should be understood as a practical measure of numerical stability
rather than as a statistical error bar. Tables 10.5-10.6, 10.7-10.8, and 10.9-

Table 10.4: Numerical results of QNM frequencies of Schwarzschild. The
numbers in parentheses indicate the estimated numerical uncertainty in the
last quoted digits.

n  Method =2 =3
CSM 0.7473434(10)—i0.17792461(83) 1.19888660(11)—i0.18540611(13)
Leaver  0.747343 —i0.177925 1.198887 —i0.185406

2 CSM 0.6998(55)  —i0.5081(90) 1.16423(53)  —i0.56265(27)
Leaver  0.693422 —10.547830 1.165288 —i0.562596

3 CSM — not identified
Leaver  0.602107 —i0.956554 1.103370 —i0.958186

10.10 show the corresponding results for the extremal Reissner—Nordstréom
case with scalar (s = 0), odd-parity electromagnetic (s = 1), and odd-parity
gravitational (s = 2) perturbations, respectively. Particular attention will be
paid to the degree of stability under changes of the basis parameters, as well as
to the distinction between robust resonance eigenvalues and basis-dependent
artifacts. A few general trends may be read off from Tables 10.4—
10.10. In both the Schwarzschild and extremal Reissner—Nordstréom cases,
the agreement with the reference values is best for the lowest and relatively
narrow modes. The fundamental mode is reproduced very accurately, whereas
the numerical spread becomes larger for higher overtones. This is consistent
with the general expectation in the CSM that strongly damped modes lie
closer to the rotated continuum and are therefore more sensitive to finite-basis
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Table 10.5: QNMs of extremal Reissner—Nordstrom scalar (s = 0) for [ = 0

and [ =1
Method =0 =1
n=>0
CSM 0.1349(11)—i0.0917(14)  0.3776424(14)—i0.08938386(76)
Onozawa 0.13346 —i0.095844 0.37764 —i0.089384
WKB 0.12109 —i0.10371 0.37570 —i0.08936
n=1
CSM — 0.3507(82) —i0.2571(49)
Onozawa 0.092965 —i0.33065 0.34818 —i0.27614
WKB 0.09157 —i0.33742 0.34392 —i0.27828
n=2
CSM — .
Onozawa 0.075081 —i0.58833 0.29846 —i0.48643
WKB 0.05056 —i0.57164 0.29661 —i0.48145

Table 10.6: QNMs of extremal Reissner-Nordstrom scalar (s = 0) for [ = 2

Method =2
n=20
CSM 0.62657272(19)—10.088748359(98)
Onozawa 0.62657 —i0.088748
WKB 0.62609 —i0.08873
n=1
CSM 0.60810(10)  —i0.26920(11)
Onozawa 0.60817 —10.26909
WKB 0.60677 —i0.26944
n=2
CSM not identified
Onozawa 0.57287 —10.45820

WKB 0.57254 —i0.45750
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Table 10.7: QNMs of extremal Reissner—Nordstréom odd-parity electromag-
netic (s=1) for il =1and [ =2

Method =1 =2
n=20
CSM 0.431340738(82)—i0.08346031(23)  0.704304022(14)—i0.085973391(76)
Onozawa 0.43134 —i0.083460 0.70430 —i0.085973
Leaver 0.431415 —i0.08343 0.704075 —i0.086205
WKB 0.43013 —i0.08349 0.70398 —i0.08596
n=1
CSM 0.4054(27) —10.2556(53) 0.688059(56)  —i0.259911(49)
Onozawa 0.40452 —i0.25498 0.68804 —i0.25992
Leaver 0.40602 —i0.259705 0.68315 —i0.26256
WKB 0.40076 —10.25675 0.68701 —i0.26014
n=2
CSM — 0.649(25) —i0.427(15)
Onozawa 0.35340 —i0.44137 0.65624 —i0.44007
Leaver 0.35347 —i0.44260 0.655675 —i0.4408
WKB 0.35136 —i0.44210 0.65575 —i0.43986

Table 10.8: QNMs of extremal Reissner—Nordstréom odd-parity electromag-
netic (s =1) for [ =3

Method =3
n=>0
CSM 0.965762603(31)—i0.087001340(45)
Onozawa  0.96576 —i0.087001
Leaver —
WKB 0.96563 —i0.08700
n=1
CSM 0.953816(10)  —i0.2621206(52)
Onozawa 0.95381 —i0.26212
Leaver —
WKB 0.95339 —i0.26218
n=2
CSM 0.9296(16) —10.4403(26)
Onozawa 0.93020 —i0.44064
Leaver —

WKB 0.93004 —i0.44056
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Table 10.9: QNMs of extremal Reissner—Nordstrom odd-parity gravitational
(s=2)forl=2and =3

Method =2 =3
n=2>0
CSM 0.431340738(82)—i0.08346031(23)  0.704304022(14)—i0.085973391(76)
Onozawa 0.43134 —i0.083460 0.70430 —i0.085973
Leaver 0.431415 —i0.08343 0.704075 —i0.086205
WKB 0.43013 —i0.08349 0.70398 —i0.08596
n=1
CSM 0.4054(27) —i0.2556(53) 0.688059(56)  —i0.259911(49)
Onozawa 0.40452 —i0.25498 0.68804 —i0.25992
Leaver 0.40602 —i0.259705 0.68315 —i0.26256
WKB 0.40076 —10.25675 0.68701 —i0.26014
n=2
CSM — 0.649(25) —i0.427(15)
Onozawa 0.35340 —i0.44137 0.65624 —i0.44007
Leaver 0.35347 —i0.44260 0.655675 —i0.4408
WKB 0.35136 —i0.44210 0.65575 —i0.43986

Table 10.10: QNMs of extremal Reissner-Nordstrom odd-parity gravitational

(s=2)forl=4
Method =4
n=>0
CSM 0.965762603(31)—i0.087001340(45)
Onozawa 0.96576 —i0.087001
Leaver —
WKB 0.96563 —i0.08700
n=1
CSM 0.953816(10)  —i0.2621206(52)
Onozawa 0.95381 —i0.26212
Leaver —
WKB 0.95339 —i0.26218
n=2
CSM 0.9296(16) —10.4403(26)
Onozawa 0.93020 —i0.44064
Leaver —
WKB 0.93004 —i0.44056
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effects. In the extremal Reissner—Nordstrom case, the present CSM values
tend in general to be closer to the results of Onozawa et al. than to the
corresponding WKB values. Moreover, the odd-parity electromagnetic and
odd-parity gravitational sectors yield the same low-lying frequencies within
the present numerical precision, in agreement with the known isospectrality
of these sectors in the extremal Reissner—-Nordstréom background. Taken
together, these results indicate that the present implementation already
captures the robust low-lying resonance spectrum reliably, while broader
and more highly damped modes still require a more systematic study of
convergence and numerical stability.

10.4.3 Leaver’s method and benchmark tables

For later comparison, we briefly summarize Leaver’s method for computing
quasinormal mode frequencies given in Refs. [102, 149]. Let ¢;(r) denote
the radial wave function. For the Regge—Wheeler equation, the effective
potential vanishes both at the horizon and at spatial infinity. Hence the
quasinormal-mode boundary conditions are

((7)]. o~ e W~ (r — 20T AMY r— 2M, 10.93
m
and
(r ~ T | lwr 21Mw r — 00, 10.94
out

where M is the black-hole mass, w is the complex quasinormal frequency, and
r, 18 the tortoise coordinate. A convenient starting point is the generalized
radial equation

[A—si <A5+1jr> - vm} W) =0, (10.95)

where s is the spin weight, V(r) is the radial potential, and
A =7r2—2Mr+ da?. (10.96)

Here a is the Kerr rotation parameter. The Schwarzschild case is recovered
by setting a = 0. To implement the boundary conditions, one introduces the
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series ansatz

wl(r) — eiwr(r _ r_)—l—s+2iMw+21Ma(T, o 7’+)_s_2iMU i a, (7‘ — T_,_)”’
n=0 rer-

(10.97)

with

1
ry =M+ M?—a?, o=—"-" <r+w—ma>. (10.98)

Ty —T_ 2M

Here m is the azimuthal quantum number. Substituting Eq. (10.97) into
Eq. (10.95) yields a three-term recurrence relation for the expansion coeffi-
cients a,:

agal + Boag = 0, (10.99)
OnOni1 + Bnan + Ynan-1 =0, n>1. (10.100)

The coefficients s, By, and 7, depend on the mode parameters, in particular
on a, m, and w. It is useful to define the ratio

Ay = (10.101)
ap—1
Then the recurrence relation implies
R — (10.102)

Bn - anAn—l—l .
Iterating this relation gives the continued-fraction equation

o= Ay = OO (10.103
Bl - Bo— Q573

The quasinormal frequencies are obtained by solving Eq. (10.103). In practice,
one truncates the continued fraction at sufficiently large order. Leaver solved,
for example, the cases [ = 2,3 up to N = 60 as in Table 10.11. Nollert
later improved the large-N convergence [164]. Table 10.12 summarizes QNM
frequencies for extremal Reissner—Nordstrom black hole given by Onozawa et
al. in Ref. [154].
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Table 10.11: [ = 2 and [ = 3 Schwarzschild gravitational QNMs by Leaver’s
method [102, 149]. (Rew,Imw) is shown. Here s =2 and M = 0.5.

n 1=2: wy, l=3: wy,
1 (0.747343, —0.177925) (1.198887, —0.185406)
2 (0.693422, —0.547830) (1.165288, —0.562596)
3 (0.602107, —0.956554) (1.103370, —0.958186)
4 (0.503010, —1.410296) (1.023924, —1.380674)
5 (0.415029, —1.893690) (0.940348, —1.831299)
6 (0.338599, —2.391216) (0.862773, —2.304303)
7 (0.266505, —2.895822) (0.795319, —2.791824)
8 (0.185617, —3.407676) (0.737985, —3.287689)
9  (0.000000, —3.998000) (0.689237, —3.788066)
10 (0.126527, —4.605289) (0.647366, —4.290798)
11 (0.153107, —5.121653) (0.610922, —4.794709)
12 (0.165196, —5.630885) (0.578768, —5.299159)
20 (0.175608, —9.660879) (0.404157, —9.333121)
30 (0.165814, —14.677118)  (0.257431, —14.363580)
40 (0.156368, —19.684873)  (0.075298, —19.415545)
41  (0.154912, —20.188298) (—0.000259, —20.015653)
42 (0.156392, —20.685530)  (0.017662, —20.566075)
50 (0.151216, —24.693716)  (0.134153, —24.119329)
60 (0.148484, —29.696417)  (0.163614, —29.135345)
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Table 10.12: Quasinormal frequencies for the extremal Reissner—-Nordstrom
black hole with M = 1. The values (Imw, Rew) are shown for each s and I.

This table is taken from Ref. [154] (Onozawa et al.).

n  Method

(s,1) =(2,2)

(2,3)

(2,4)

0 Onozawa
Leaver
WKB

1  Onozawa
Leaver
WKB

2 Onozawa

(—0.083460, 0.43134)
(—0.083645, 0.43098)
(—0.08349, 0.43013)

(—0.25498, 0.40452)
(—0.257055, 0.39309)
(—0.25675, 0.40076)

(—0.44137, 0.35340)

(—0.085973, 0.70430)

(—0.08596, 0.70398)
(—0.25992, 0.68804)

(—0.26014, 0.68701)
(—0.44007, 0.65624)

(—0.087001, 0.96576)

(—0.08700, 0.96563)
(—0.26212, 0.95381)

(—0.26218, 0.95339)
(—0.44064, 0.93020)

Leaver (—0.442035, 0.353515) — —

WKB (—0.44210, 0.35136) (—0.43986, 0.65575) (—0.44056, 0.93004)
n  Method (s,) =(1,1) (1,2) (1,3)

Onozawa  (—0.083460, 0.43134)  (—0.085973, 0.70430)  (—0.087001, 0.96576)

Leaver  (—0.08343, 0.431415)  (—0.086205, 0.704075) -

WKB (—0.08349, 0.43013) 0.08596, 0.70398) (—0.08700, 0.96563)

1  Onozawa
Leaver
WKB

(—0.25498, 0.40452)
(—0.259705, 0.40602)
(—0.25675, 0.40076)

(_

(—0.25992, 0.68804)
(—0.26256, 0.68315)
(—0.26014, 0.68701)
(= )
(— )
(— )

(—0.26212, 0.95381)

(—0.26218, 0.95339)

2 Onozawa  (—0.44137, 0.35340) 0.44007, 0.65624 (—0.44064, 0.93020)
Leaver (—0.44260, 0.35347) 0.4408, 0.655675 —
WKB (—0.44210, 0.35136) 0.43986, 0.65575 (—0.44056, 0.93004)
n  Method (s,1) = (0,0) (0,1) (0,2)
Onozawa  (—0.095844, 0.13346)  (—0.089384, 0.37764) (—0.088748, 0.62657)
WKB (—0.10371, 0.12109) 0.08936, 0.37570 0.08873, 0.62609

1 Onozawa

(—0.33065, 0.092965)

(- )
(—0.27614, 0.34818)
(—0.27828, 0.34392)
(— )
(— )

(— )
(—0.26909, 0.60817)
(—0.26944, 0.60677)
(— )
(— )

WKB (—0.33742, 0.09157)
2 Onozawa (—0.58833, 0.075081) 0.48643, 0.29846 0.45820, 0.57287
WKB (—0.57164, 0.05056) 0.48145, 0.29661 0.45750, 0.57254
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10.4.4 A note on continuum level density in the complex-
scaling framework

In the main text, we have focused on the extraction of quasinormal-mode
(QNM) frequencies as isolated resonance eigenvalues of the complex-scaled
operator. For the present paper, this is the primary use of the complex scaling
method (CSM). However, the CSM is not limited to discrete resonance poles.
It also provides a natural framework for treating the continuum sector, which
is physically important in black-hole perturbation theory. From the black-
hole point of view, this issue is closely related to the late-time tail. While
the intermediate-time ringdown is governed by QNM poles, the late-time
signal is associated with continuum contributions, often described in terms
of a branch cut of the Green function and the resulting power-law decay. For
this reason, a quantity that probes the continuum sector is of direct physical
interest. In the CSM framework, such a quantity is the continuum level
density (CLD) [168]. Let H be the full operator and Hy a suitable reference
operator. The CLD is formally defined by

1 1 1
Ap(E) = —=ImT - 10.104
pE) WHI%E—H+M E—m+my (10-104)

where F is the spectral parameter [169]. After complex scaling, this becomes

1 1 1
A?(E) = —=ImT — 10.105
1 1 1
S—— | L . — 10.106
S R = .

where E? and E&V, are complex energies of complex-scaled Hamiltonians H?
and Hg , respectively. The point is that, in the CSM, both isolated resonances
and the rotated continuum are represented within the same non-Hermitian
spectral problem. Therefore, the same framework that extracts QNM frequen-
cies can, in principle, also be used to analyze continuum observables relevant
to late-time tails. Another important point should be emphasized. As seen
from Eq. (10.106), the CLD is expressed as an incoherent sum of terms of
the form 1/(E — EY). This means that, because each resonance is completely
isolated as a single eigenstate in the CSM, its contribution to the CLD can be
extracted separately. It is helpful to explain the meaning of this expression in
simple terms. If one considers only discrete bound states, then the spectrum
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consists of isolated energy levels. By contrast, in a scattering problem the
spectrum also contains a continuum. The CLD describes how this continuum
is modified by the interaction. In other words, it is not merely a count of
isolated states, but a spectral measure of how the interacting system differs
from the free or reference one throughout the continuum region. In standard
scattering theory, the CLD is closely related to phase-shift information. For
a single channel, one may schematically write

d8(E)

Ap(E) x ——
p()och,

(10.107)
where §(F) is the scattering phase shift. This relation is well known in other
areas of physics and is one of the reasons why the CLD is a useful bridge
between spectral theory and scattering observables. We do not make direct
use of this relation in the present paper, but it is worth keeping in mind
because it clarifies that the CLD is fundamentally a continuum quantity.
In the present work, we do not attempt a systematic CLD analysis for all
backgrounds. A full study would require a careful choice of the reference
operator Hy, together with a dedicated investigation of the dependence on the
scaling angle, basis truncation, and numerical integration range. Nevertheless,
it is useful to record that the present CSM formulation is in principle capable
of treating not only resonance poles but also the continuum sector. As
a simple illustration, one may consider the extremal Reissner—-Nordstrom
case in a channel where the QNM calculation is numerically most stable,
for example the odd-parity electromagnetic mode with (s,l) = (1,3) or
equivalently the odd-parity gravitational mode with (s,l) = (2,4). In such a
case, the low-lying resonance poles are already well separated and accurately
reproduced in the main analysis, so the same setup is a natural starting
point for a CLD plot. In the present formulation, the spectral variable of the
Schrédinger-type equation is E = w?. Therefore, when we express the CLD
in terms of w rather than F, the Jacobian of the transformation should be
taken into account as

_dE

Ae(w) dw

AY(E) = 2wA%(E). (10.108)
A representative result is shown in Fig. 10.8 as a function of w (or equivalently
of E) with 6 = 40°. The full CLD (the solid line) exhibits the characteristic
resonance profile familiar in the CSM: it is negative on the low-energy side,
develops a pronounced peak near the resonance region, and then gradually
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approaches zero at higher energies. Since the CSM allows one to separate the
contributions from individual resonance states, we also show the decomposi-
tion into the contributions of the lowest mode wy and of the higher modes
w1 and we, which are represented by the dotted, dot-dashed, and dashed
curves, respectively. The dominant peak structure is produced mainly by the
lowest resonance wp, whose contribution already shows essentially the same
qualitative behavior as the full CLD, namely a negative low-energy part,
a resonance peak, and an asymptotic approach to zero. By contrast, the
contributions from wy and wo do not display comparably visible isolated peaks
in the present range, but rather yield a smoother component that changes
from a negative value toward zero. Again, the purpose of this figure is only

‘I_>
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=
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-50 5 120608 1 12 141 Zo
60 Total — | < -6 {f 9=20" — |
: n=0--- -8 Exact(Scatt.) o
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—800 015 l s 5 53 ; 0051152253354
® Energy[MeV]

Figure 10.8: Left panel: Ilustrative CLD in the CSM for the extremal
Reissner—Nordstrom case in the odd-parity electromagnetic channel (s,1) =
(1,3), together with its decomposition into contributions from the low-lying
modes wp—p,1,2. We set Hy = —d2/drf and 0 = 40°. The vertical dashed
line represents the value of Rew;. The CLD shows a characteristic structure:
it is negative on the low-energy side, develops a pronounced peak near the
resonance energy, and then gradually approaches zero at higher energies.
This is qualitatively the same pattern as in standard CSM applications
to resonance problems, indicating that the present black-hole calculation
captures a resonance embedded in the continuum in essentially the same
spectral manner. In black-hole language, this is the sector that is expected to
be related to branch-cut contributions and late-time power-law tails. Right
panel: A typical CLD in a nuclear system taken from Ref. [168], where one
finds the same qualitative behavior: a negative contribution on the low-energy
side, a resonance peak, and an asymptotic approach to zero.



10.4 Calculation laboratory VIII-A: Schwarzschild and extremal
Reissner—Nordstrom QNMs 317

illustrative. It is included here simply to show that the CSM framework used
in the main text for QNM frequencies can also be extended to continuum
observables. Our emphasis in this paper remains on the simpler and more
immediate problem of extracting QNM frequencies from the complex-scaled
eigenvalue spectrum. Once the numerical implementation is sufficiently ma-
ture, it should be possible to extend the analysis to continuum observables
of CLD type. This would be especially interesting in black-hole problems
where the balance between resonance poles and continuum contributions is
physically important. Thus, the main message of this calculation module is
simple: the CSM is useful not only because it turns QNM boundary condi-
tions into a tractable eigenvalue problem, but also because it provides, in
principle, a way to study the continuum sector relevant to the late-time tail.
In this sense, the CLD should be viewed as a natural next step beyond the
frequency calculations presented in the main text.

Laboratory checkpoint

Before moving to the next stage, perform the following checks without copying
the displayed final answer.

1. Derive the Regge—Wheeler potential from the odd-parity perturbation
equations, including the tortoise-coordinate boundary conditions.

2. Assemble one finite complex-scaled basis matrix and scan scaling angle,
basis size, and radial range to identify a stable QNM.

3. Compare the extracted frequency with a Leaver benchmark and inspect
the corresponding continuum-level-density contribution.



318 Chapter 10. Stage VIII: Turn horizons into a resonance connection problem

10.5 Two horizons: de Sitter QNMs and continuum
response

10.5.1 Two-horizon scattering problem
For a four-dimensional Schwarzschild—de Sitter black hole,

2
) =1- ¥ _ A;: A>0. (10.109)

In the static region, f(r) has a black-hole horizon r; and a cosmological
horizon r. > r. The tortoise coordinate maps

P = —00, 11, =7, o 00, (10.110)
The QNM boundary conditions are

P(ry) ~ e, Ty — —00,

(1) ~ T T — +00. (10.111)

They have the same two-ended outgoing form as Eq. (10.5), with the right
end now representing the cosmological horizon.
For scalar, electromagnetic, and axial gravitational sectors, one may again

e I(l+1 ! 6.M
D) | o), oM
r r

Val(r) = f(r) 5s2/ (10.112)

r

with the sector labels interpreted appropriately. The potential decays expo-
nentially at both horizons for a nonextremal static patch. This short-range
behavior makes global complex scaling in 7, particularly natural, subject to
the analytic branches of r(r).

10.5.2 Pole motion with the cosmological constant

Changing A changes the horizon separation, surface gravities, barrier height,
and barrier width. Quasinormal poles therefore move in the complex w plane.
A complex-scaling calculation follows these pole trajectories without changing
the outgoing boundary implementation. The same diagonalized spectrum
also contains the rotated continuum, allowing pole motion to be distinguished
from redistribution of background response [19].

Near the Nariai limit, the two horizons approach one another and an
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appropriate rescaled potential approaches a solvable barrier. This gives an
analytic benchmark related to the Poéschl-Teller family. Away from that
limit, a numerical comparison should keep fixed a dimensionless convention,
such as Mw or a frequency scaled by a surface gravity; otherwise apparent
motion partly reflects a changing unit.

10.5.3 Continuum level density for black-hole response

Choose a reference operator Hy that has the same horizon asymptotics as
the black-hole master operator but no scattering barrier. The CLD is

Ap(E) = —% I Tr (B~ H) ™' = (B — Hop)'|,  E=w? (10.113)

A stable peak can be decomposed locally into a pole contribution and a
smooth background, but the total CLD is the more invariant finite quantity.
Its integral measures the total scattering phase relative to the reference. It
therefore probes changes in continuum response even when no isolated pole
crosses the observation window.

For a two-ended one-dimensional potential, the scattering matrix contains
reflection and transmission amplitudes. The determinant phase fixes the
CLD through Eq. (6.101), while the greybody factor is the transmission
probability

Gi(w) = |Ti(w)*. (10.114)

Knowing det S does not in general determine |T'|2. Additional symmetry or
channel-resolved information is required. The CLD and greybody factor are
therefore complementary rather than interchangeable observables [19, 170].

10.5.4 Coupled channels and string-inspired backgrounds

For N, coupled perturbation channels, write

2
l_lNC‘;"Q + V(T)] P(re) = w?h(ry). (10.115)

Complex scaling acts on the common coordinate, while V' mixes channels.
The asymptotic channel basis must be chosen so that incoming and outgoing
directions are defined at each horizon. If different channels have different
thresholds or asymptotic wave numbers, the rotated spectrum contains several
rays and the Riemann sheet must be labeled channel by channel.
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String-inspired metric—dilaton systems provide a natural application
[171]. Numerically, the main new issue is matrix-block imbalance: one
channel or basis sector can acquire exponentially larger matrix elements
under deformation. Similarity balancing can improve conditioning without
changing eigenvalues, but left-right residues must be transformed consistently.

10.5.5 Higher dimensions

Tensor, vector, and scalar gravitational perturbations of higher-dimensional
static black holes also reduce to Schrodinger-type master equations in many
sectors [172-174]. When the potential is frequency independent and has two
asymptotically free ends, the same complex-scaling construction applies. The
angular spectrum and near-horizon indices change, but the pole/continuum
geometry does not. Scalar-type coupled systems and rotating backgrounds
require additional work.

10.6 Calculation laboratory VIII-B: Two-horizon
spectra and continuum response

Calculation route

Prerequisites. Two-horizon boundary conditions, black-hole complex
scaling, continuum level density, and coupled-channel diagonalization.

Calculation goal. Two-horizon complex scaling, QNM and
continuum-level-density data, greybody response, coupled string-
inspired channels, higher dimensions, and block-balancing diagnostics.

Completion criterion. Compute two-horizon QNMs and continuum
response, then diagnose coupled-channel and block-balancing effects.

This Laboratory reconstructs the calculation underlying Ref. [19]. Two-
horizon boundary conditions, the Gaussian basis, and continuum level density
have already been derived. The worked calculation therefore opens with
the parameter scan and retains the numerical response, coupled-channel,
higher-dimensional, and conditioning analyses.
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10.6.1 QNM and CLD for dS black holes
Numerical results of QNMs

We first present the QNM frequencies obtained by applying the present
CSM framework to four-dimensional Schwarzschild—dS black holes. The
purpose of this subsection is twofold. First, we check that the complex-
scaled formulation can identify isolated resonance eigenvalues also in the
presence of a nonzero cosmological constant. Second, we examine how
the low-lying QNM spectrum changes as the cosmological constant A is
varied. We consider scalar, electromagnetic, and gravitational perturbations,
corresponding to s = 0, s = 1, and s = 2, respectively. For each spin
sector, we compute two representative angular momenta, which we denote
by [ = 2 and | = 3. The notation [ is used throughout this paper for the
angular momentum quantum number. For each value of A, the corresponding
Schwarzschild—-dS Regge—Wheeler-type potential is inserted into the complex-
scaled Schrédinger equation, and the QNM candidates are extracted as
isolated eigenvalues separated from the rotated continuum. The identification
of QNM candidates is performed by looking for isolated eigenvalues that
remain stable under changes of the numerical parameters. In the numerical
analysis below, we focus on the low-lying modes. As in the Schwarzschild and
Reissner—Nordstrom analysis of our previous work, these modes are expected
to be the most stable against changes of the basis size, basis parameters,
integration range, and scaling angle. By contrast, higher overtones are
typically broader and lie closer to the rotated continuum, making their
identification more sensitive to numerical details. For this reason, the present
calculation should be understood as a first systematic test of the CSM
framework for Schwarzschild-dS backgrounds, rather than as a final optimized
computation of all overtones. For each channel, we perform calculations for
several values of the cosmological constant. Positive values,

A >0, (10.116)

correspond to Schwarzschild—dS backgrounds. The limit A — 0 connects the
present setup to the asymptotically flat Schwarzschild problem and therefore
serves as an important reference point. Particular attention will be paid
to how the real and imaginary parts of the QNM frequencies move as A
is varied. The numerical results are summarized in Figs. 10.9-10.11 for
Schwarzschild—dS. Here Fig. 10.9 shows the scalar results, Fig. 10.10 shows
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the electromagnetic results, and Fig. 10.11 shows the gravitational results. In
these figures, we fix the magnitude of the cosmological constant to A = 0.08.
For each channel, we combine the results obtained for several values of the
scaling angle,

0 = 42°-44°, (10.117)
and for the Gaussian parameter sets
Imax = 30, 40, r«0 = 0.1, Txmax = 600, 80. (10.118)

The complex eigenvalues of the complex-scaled Hamiltonian are displayed
in the complex w plane. The QNM candidates are identified as isolated
eigenvalues that remain stable under these moderate changes of the scaling
angle and basis parameters. The QNM candidates are identified as the
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Figure 10.9: The Schwarzschild—dS case with s = 0. M = 1.0. The dis-
cretized continuum spectrum is represented by the sequence of points aligned
approximately along the #-rotated direction. The isolated points on the
real-axis side are the QNM frequencies. Eigenvalues of the complex-scaled
Hamiltonian H? for [ = 2 and [ = 3 are shown. The scaling angle is taken to
be 0 = 42°-44°. In these figures, we fix the cosmological-constant parameter
to A = 0.08. The eigenvalues enclosed by red circles are identified as QNM
candidates, since they appear as isolated points separated from the rotated
continuum and remain stable under moderate changes of the scaling angle
and basis parameters.

eigenvalues enclosed by the red circles in Figs. 10.9-10.11. These eigenvalues
appear as isolated points separated from the rotated continuum and remain
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Figure 10.10: The Schwarzschild-dS case with s = 1. M = 1.0.
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Figure 10.11: The Schwarzschild—dS case with s =2. M = 1.0.
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stable under moderate changes of the scaling angle and basis parameters. We
find that the resulting frequencies agree with the previous results of Ref. [175]
with high accuracy, which provides a nontrivial validation of the present CSM
identification procedure. Table 10.13 presents the numerical results obtained
by the CSM for the Schwarzschild—dS case. In this table, we list the lowest
QNM frequencies, n = 0, for scalar (s = 0), electromagnetic (s = 1), and
gravitational (s = 2) perturbations. For each spin sector, the results for [ = 2
and [ = 3 are shown for several values of the cosmological constant A. The
numbers in parentheses indicate the numerical uncertainty estimated from
the spread of the results obtained with different values of the scaling angle
and basis parameters. For the Schwarzschild-dS case shown in Table 10.13,
both Rew and |Imw| decrease as the positive cosmological constant A is
increased. This tendency is observed in all spin sectors considered here
and for both angular momenta [ = 2 and [ = 3. It is consistent with the
approach to the near-Nariai regime, in which the black-hole and cosmological
horizons become closer and the characteristic oscillation and damping scales
are reduced. We also list the Schwarzschild results obtained from a separate
calculation for comparison. For small A, the low-lying Schwarzschild—dS
QNM frequencies vary smoothly from the Schwarzschild values. The QNM
candidates selected from the complex-scaled spectra agree with the previous
results of Ref. [175] with high accuracy. This agreement provides a nontrivial
validation of the present CSM identification procedure: the stable isolated
eigenvalues separated from the rotated continuum are correctly identified
with the physical QNM poles. The quoted uncertainties are estimated
from the spread of the results under moderate changes of the scaling angle
and basis parameters. They should therefore be understood as practical
measures of numerical stability, rather than as statistical error bars. The small
uncertainties of the low-lying modes indicate that these resonance eigenvalues
are robustly extracted within the present finite-basis CSM calculation. These
QNM results serve as a benchmark for the subsequent CLD analysis. While
the QNM frequencies characterize the isolated pole sector, the CLD probes
how the continuum part of the spectral response is modified by the black-hole
potential. In the following subsection, we therefore use the same complex-
scaled framework to analyze the continuum level density for the Schwarzschild—
dS background.
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Table 10.13: Numerical results of lowest QNM frequencies (n = 0) of
Schwarzschild—dS black hole for [ = 2 and [ = 3. The entries are given as
w = Rew—i|Imw|. For comparison, the table also includes the Schwarzschild
results obtained from a separate calculation (A = 0). The numbers in paren-
theses indicate the numerical uncertainty estimated from the spread under
changes of the scaling angle and basis parameters.

A 1=2 1=3
=0

0 0.483646(91)—10.09676(15) 0.67539(23) —i0.09654(11)
0.02 0.43462(38) —i0.08859(15)  0.60907(12) —i0.08789(25)
0.04 0.38078(15) —i0.07875(10)  0.53583(12) —i0.07789(16)
0.06  0.320020(55)—i0.066838(67) 0.45235(10) —i0.06608(33)
0.08 0.247470(18)—i0.051904(44) 0.351393(55)—i0.051402(57)
0.10 0.146608(13)—i0.030685(18)  0.209096(16)—i0.030556(24)

s=1
0 0.457595(89)—i0.09500(11)  0.65692(2
0.02 0.41503(28) —i0.08614(14)  0.59527(
0.04 0.36723(12) —i0.076233(92) 0.52630(
0.06 0.311815(48)—i0.064772(63) 0.44657(
) 8
)

) —i0.095648(80)
) —i0.08665(23)
) —i0.07662(15)
) —i0.06505(30)
0.08 0.243642(13)—i0.050673(45) 0.348668(52
0.10  0.145816(11)—i0.030372(18)  0.208523(17

s=2
0 0.37366(24) —i0.08896(15) 0.59947(23) —i0.09270(28
8 (1
51

)—i0.050791(56)

7
3
2
7
5
17)—i0.030400(23)

1
1
1
(
(

0.02 0.338393(88)—i0.081754(78) 0.54308(14) —i0.08451
0.04 0.298896(51)—i0.073288(68
0.06 0.253287(44)—i0.063047
(19)—
(21)

( 0.480033(87)—i0.07517(2
(

0.08 0.197474 10.049874(
(

)
) 9)
) 6)
71)  0.40718(19) —i0.064137(89)
42)  0.317804(32)—i0.050378(49)
21) 2

0.10 0.117916 —i0.030209(21)  0.189991(12)—i0.030313(21)
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Numerical results of CLD

We next analyze the continuum level density for the Schwarzschild—dS back-
grounds using the same complex-scaled spectra as those used for the QNM
analysis. The CLD introduced in Eq. (6.98) is defined as a density with
respect to the spectral variable E = w?. In the following plots, however, we
display the corresponding density with respect to the frequency variable w.
We therefore define
A%fw) = SE AL ()
dw E=w?
= 2w Ap’ (W?). (10.119)

This Jacobian factor should be kept in mind when comparing the CLD plotted
as a function of w with the original definition in terms of E. Figures 10.12—
10.17 show Ae(w) for scalar, electromagnetic, and gravitational perturbations
with [ = 2 and [ = 3. In each figure, the six panels from left to right
correspond to

A =0, 0.02, 0.04, 0.06, 0.08, 0.10. (10.120)

The red solid curve denotes the total CLD obtained from the full complex-
scaled spectrum. The blue dashed curve shows a partial reconstruction in
which only the lowest QNM pole, namely the n = 0 mode, is retained in the
full-Hamiltonian contribution. The same reference contribution is subtracted
in both cases. This partial curve is therefore used as a diagnostic of the
role of the lowest QNM pole in the full continuum response. Let EY be the
complex-scaled eigenvalues of the full Hamiltonian and let E97V, be those of
the reference Hamiltonian. The total quantity plotted in the figures is

2w 1 1
0 _ § §

T 174 0,0/

The n = 0 partial reconstruction is obtained by replacing the first sum by
the single contribution of the lowest QNM pole,

2w 1 1
0 — } :
A, _—glw)=——Im [WZ—Ezo N ~ wz—E@] . (10.122)

0,0/
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This comparison allows us to see how much of the nontrivial structure of
the CLD is already controlled by the lowest QNM pole. For [ = 3, the
n = 1 mode is also identifiable for the scaling angle § = 43°. In this case,
we additionally show the n = 1 partial reconstruction, defined analogously
to the n = 0 partial reconstruction. For the representative scalar case
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Figure 10.12: CLD. s =0, 1 =2, 8 = 43°. The six panels correspond, from
left to right, to A = 0, 0.02, 0.04, 0.06, 0.08, 0.10. The red solid curve denotes
the total CLD obtained from the full complex-scaled spectrum. The blue
dashed curve is the n = 0 partial reconstruction, in which only the lowest
QNM pole is retained in the full-Hamiltonian contribution while the same
reference contribution is subtracted.
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Figure 10.13: CLD. Same as Fig. 10.12, but for s = 0, I = 3. The green
dashed-dotted curve is the n = 1 partial reconstruction.
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Figure 10.14: CLD. Same as Fig. 10.12, but for s =1, [ = 2.
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with s = 0 and [ = 2, the total CLD shows a broad structure for small A.
As A is increased, the dominant structure moves toward lower frequency
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Figure 10.15: CLD. Same as Fig. 10.13, but for s =1, [ = 3.
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Figure 10.16: CLD. Same as Fig. 10.12, but for s =2, [ = 2.

and becomes sharper. This behavior is consistent with the movement of
the lowest QNM frequency shown in Table 10.13: both Rew and |Imuw]|
decrease as the system approaches the near-Nariai regime. A smaller value of
| Im w| corresponds to a narrower resonance contribution, while the decrease
of Rew shifts the dominant CLD structure toward smaller w. The same
qualitative behavior is observed for the other spin and angular momentum
sectors. The detailed peak positions and widths depend on the effective
potential, and hence on s and [, but the dominant CLD structure is largely
governed by the lowest QNM pole. This is seen by comparing the red solid
and blue dashed curves: the partial n = 0 reconstruction captures the main
peak or shoulder structure of the total CLD, while the remaining poles
and nonresonant continuum mainly modify the smooth background. The
generic near-threshold decrease and the approach to zero at large w are
common features of the reference-subtracted continuum response and should
not be attributed to a single resonance alone. For the [ = 3 cases, the
additional n = 1 partial reconstruction provides a useful comparison with
the first overtone contribution. Although it gives a visible correction in
some frequency regions, the main peak structure of the total CLD is still
primarily governed by the lowest QNM pole. This observation is consistent
with the behavior found in Appendix B of our previous CSM analysis of
Schwarzschild and Reissner-Nordstrom black holes [18]. There, the lowest
QNM contribution was also found to control the dominant structure of the
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Figure 10.17: CLD. Same as Fig. 10.13, but for s =2, [ = 3.
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CLD, while higher modes and the rotated continuum provided subleading
corrections to the overall background. The present Schwarzschild—dS results
show that the same pole-dominance pattern persists in the presence of a
positive cosmological constant.

10.6.2 Discussion

On spectral response

The CLD results clarify how the spectral response of a Schwarzschild—dS
black hole is organized in the CSM representation. The QNM frequencies
listed in Table 10.13 characterize the isolated pole sector, whereas the CLD
probes the reference-subtracted continuum response. The advantage of
the CSM is that these two pieces of information are obtained from the
same non-Hermitian spectral problem: isolated QNM poles and the rotated
continuum appear simultaneously in the complex-scaled spectrum. The
comparison between the total CLD and the n = 0 partial reconstruction
shows that the lowest QNM pole plays a dominant role in shaping the
observable peak structure of the CLD. This does not mean that the continuum
background is negligible. Rather, the total CLD is produced by the interplay
between the pole contribution and the reference-subtracted continuum. The
lowest QNM pole determines the location and width of the most prominent
structure, while the nonresonant continuum and higher poles contribute
to the smooth background and to the common threshold behavior. This
point is particularly visible in the dependence on the cosmological constant.
As A increases, the low-lying QNM frequencies move toward smaller Rew
and smaller |Imw|. The corresponding CLD peak therefore shifts toward
lower frequency and becomes narrower. In this sense, the CLD provides
a frequency-space representation of the same spectral reorganization that
is seen in the QNM table. However, unlike the QNM table, the CLD also
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retains information about the nonresonant sector. It is therefore sensitive
not only to the position of isolated poles but also to how the continuum
spectrum is redistributed by the black-hole potential. The behavior near
w = 0 should be interpreted with some care. Both the total CLD and
the partial reconstructions exhibit a common near-threshold decrease and
approach zero at sufficiently large w. These features are not specific signatures
of a single QNM pole. They arise from the reference-subtracted continuum
representation and from the conversion from the F-density to the w-density in
Eq. (10.119). For this reason, the most useful information in the present plots
is not the overall sign of the CLD near threshold, but the position, width,
and evolution of the dominant structures as A, s, and [ are varied. From this
viewpoint, the present results support the following picture. The ringdown
sector is encoded in isolated QNM poles, but the full linear response is better
described as a combined pole-continuum response. For the low-lying modes
considered here, the lowest QNM pole already captures the leading structure
of the CLD. The remaining continuum contribution provides a nonresonant
background that is invisible in a list of QNM frequencies alone. Thus, the
CLD complements the usual QNM analysis by giving a direct diagnostic of
how the continuum sector participates in the black-hole spectral response.

CLD, transmission phase, and greybody factors

It is useful to clarify the relation between the present CLD analysis and
greybody factors. Greybody factors are transmission probabilities associated
with black-hole scattering problems. They describe how the effective potential
outside the black hole modifies the spectrum of radiation from a perfect
blackbody spectrum and are therefore more directly connected to observable
fluxes. They have been studied in a variety of black-hole backgrounds,
including higher-dimensional, charged, dS, and AdS cases [170]. More recently,
greybody factors have also been discussed in connection with black-hole
ringdown amplitudes and as quantities complementary to the usual QNM
description [176, 177]. The CLD is not itself a transmission coefficient.
Rather, it measures the change of the continuum density of states relative to
a reference problem. In the CSM, the CLD (6.98) is evaluated as

1 1
E—-HY FE-H]

1
AP (E) = - Im Tr
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where H? and H{ are the complex-scaled full and reference Hamiltonians,
respectively, and E% and Eg,l/’ denote their complex eigenvalues. Equa-
tion (10.123) naturally decomposes the CLD into individual spectral contri-
butions,

AP (B) = 3 0(E) = X o (). (10.124)

This decomposition is one of the practical advantages of the CSM: resonance
poles and the rotated continuum can be analyzed within the same non-
Hermitian spectral representation. In ordinary one-dimensional scattering
theory, the change in the density of states is related to the energy derivative
of the phase of the transmission amplitude [178]. Writing

t(E) = [t(E)[e®), (10.125)

one obtains, up to the conventional normalization of the phase,

1 d5(E)
Ap(E) = ————~. 10.12
p(E) =~ (10.126)
Equivalently,
E
5(E) = / dE' Ap(E') + b, (10.127)

where dg is an energy-independent constant fixed by the choice of reference
phase. Using the CSM decomposition of Eq. (10.123), this phase may be
written as

§(E) =Y _0,(E)=>_ 60.(E)+ o, (10.128)
with
E
6, (E) = w/ dE' p°(E"). (10.129)

Thus, the CSM gives a way of separating the transmission phase into contri-
butions from resonance and continuum eigenstates. This observation suggests
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a possible bridge to greybody factors. For a black-hole scattering problem,
the greybody factor is essentially a transmission probability,

I(E) = [t(E), (10.130)

up to possible channel-dependent normalization factors. The CLD does
not by itself determine I'(E), because Eq. (10.126) gives the phase of the
transmission amplitude rather than its modulus. Nevertheless, the two
quantities probe different aspects of the same underlying scattering problem:
the greybody factor probes the probability for transmission through the black-
hole effective potential, whereas the CLD probes the rearrangement of the
continuum spectrum. From the present CSM viewpoint, the most promising
role of the CLD is not to replace a direct real-frequency scattering calculation
of the greybody factor. Rather, the CSM can decompose the spectral phase
response into resonant and nonresonant parts. If the transmission amplitude
is written as

HE) = |t(E)|®F), (10.131)
then the CSM decomposition gives, at least formally,

t(E) = [t(E)| [T e [ e Por ) x el (10.132)

This expression should be understood as a decomposition of the phase part
of the transmission amplitude, not of the transmission probability itself. A
direct computation of greybody factors requires the modulus |t(E)|, which
is most directly obtained from a real-frequency scattering calculation with
appropriate boundary conditions. However, Eq. (10.132) indicates what
the CSM can add: it can identify how much of the scattering phase, and
hence of the continuum spectral response, is controlled by QNM poles and
how much is carried by the nonresonant background. In this sense, the
CLD provides a bridge between the pole-based QNM description and more
directly observable scattering quantities such as greybody factors. A full
CSM-based reconstruction of greybody factors, including both phase and
modulus information, is left for future work.
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10.6.3 Further applications
Coupled-channel systems: toward stringy black holes

Recent work on the two-dimensional Mandal-Sengupta—Wadia (MSW) black
hole shows that intrinsic metric—dilaton perturbations can be reduced not to
a single Schrodinger equation but to a coupled matrix Schrédinger problem,

2

—%‘p(r*) + Verr(r) @ () = w?@(ry), (10.133)

*

with a 2 x 2 effective potential matrix. Here, ® is a two-component field
describing the coupled metric—dilaton perturbation sector. In the field basis
used in Ref. [171],2 the elements of the effective potential are given by

11,22 8A2e2Ar*

Ver ™ = 37 1 o2h (10154
4vl1
12 eff

— Vel 10.1
Vi Vi (10.135)
1 v V11
VA = 128‘/6%1 < _ Ag) (32 — Ag) . (10.136)

Usually, the kinetic term and the overlap matrix can be evaluated analytically
for the basis functions used in the numerical variational method, whereas the
potential matrix elements require numerical integration. Here, let us adopt
the Polynomial x real range Gaussian basis. Using Kummer’s transformation
for the confluent hypergeometric function, we obtain

2 1
WTk“\a*k*%e%Lk 2 (—%2) for n = 2k,
2 1
%a‘k_%e%lﬁ (—%) for n =2k + 1.
(10.137)

oo 2 12
n . —ar
/ drorie Vg =
— 00

Here, L§(z) denotes the generalized Laguerre polynomial. Thus, the potential
matrix element associated with VG}TQ can be evaluated analytically, without
performing the numerical integration.> We next apply the CSM to the

2This basis is obtained by redefining the original metric and dilaton perturbations so
that Eq. (10.133) has a Schroédinger-type form without first-derivative terms.

3In the coupled-channel problem, some off-diagonal components of the effective potential
can become exponentially large in the original field basis, while the eigenvalues of the
potential matrix remain finite. This indicates that the difficulty is not a physical divergence
of the potential, but a numerical conditioning problem associated with the choice of
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coupled-channel system (10.133). A characteristic feature of this problem
is that the asymptotic effective potential has two eigenvalue thresholds.
Consequently, the complex-scaled spectrum contains two rotated continuum
branches, each starting from a different threshold. This is in contrast to
the single-channel Schwarzschild-dS examples discussed above, where the
continuum branch starts from a single threshold. The result is shown in
Fig. 10.18. The two lines show the corresponding complex-scaled continua
rotated by the angle 20. To examine whether an isolated QNM eigenvalue
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Figure 10.18: Complex-scaled spectrum for the coupled-channel MSW black-
hole perturbation problem with A = 0.08. | = 2. The scaling angle is § = 42°
and 44°. We set iyax = 50, 1o = 0.1, and 74 max = 80. Because the asymptotic
effective potential has two eigenvalue thresholds, two continuum branches
are observed. Within the parameter sets examined in this work, no stable
isolated resonance eigenvalue was identified for 8 < 45°.

can be exposed between the real axis and the rotated continua, we performed
a parameter scan over the basis size, Gaussian range, integration range, and

channel basis. A suitable channel rescaling or matrix balancing is therefore required before
performing the complex-scaled diagonalization. See Sec. 10.6.4.
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scaling angle. The representative parameter sets used in this search are
summarized in Table 10.14. In all cases, we restricted the scaling angle to

0 < % (10.138)

which is the practical range of the present real-range Gaussian basis. Within

Table 10.14: Representative parameter sets used in the CSM search for
isolated resonance eigenvalues in the coupled-channel MSW black-hole per-
turbation problem.

Set  Imax Pmax Tx0 Tsxmax 0 A
1 40 3 0.1 60 30°-44° 0.01-0.1
2 40 3 0.1 80 30°-44° 0.01-0.1
3 50 3 0.1 60 30°—44° 0.01-0.1
4 50 3 0.1 80 30°-44° 0.01-0.1

this survey, we did not find a stable isolated eigenvalue that can be identified
as a QNM for 0 < 45°. This should not be interpreted as evidence for the
absence of QNMs in the underlying stringy black-hole perturbation problem.
Rather, it indicates a limitation of the present real-range Gaussian CSM im-
plementation. Indeed, the QNMs reported in Ref. [171] are strongly damped
in the parameter region studied there. For such modes, the corresponding
position in the complex F = w? plane can lie in a region that requires a larger
rotation angle to expose the pole from the continuum background. However,
the present basis representation becomes ill-conditioned as 6 approaches /4,
and therefore does not allow us to reliably search for such poles beyond
this angle. The present result is nevertheless informative. It shows that the
coupled-channel CSM calculation correctly resolves the multi-threshold con-
tinuum structure, while also revealing that the extraction of highly damped
QNM poles requires further stabilization. Possible improvements include
complex-range Gaussian bases, exterior complex scaling, and channel-basis
or matrix balancing of the type discussed in Sec. 10.6.4. We therefore regard
the stringy coupled-channel example as a useful diagnostic problem for fu-
ture extensions of the CSM framework, rather than as a completed QNM

computation in the present implementation.
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Higher-dimensional dS black holes

As another natural direction, one may consider higher-dimensional
Schwarzschild—dS spacetimes. In d dimensions, the metric may be written
as [172-174)*

ds? = — fa(r)dt* + f71(r)dr? + r2dQy s, (10.140)
oM
fa(r) = K — \r? — T (10.141)
2A
= 10.142
A (d—1)(d—-2) (10.142)

K denotes the sectional curvature of the (d — 2)-dimensional base space.
In the present discussion, we mainly restrict ourselves to the case K = 1.
For tensor-type perturbations on the (d — 2)-dimensional angular sector
with d > 5, the effective potential is given by

_ Ja(r) L d=2rfy(r) | (d—2)(d- 4)fd(7“)] _
2

Ve(r) = 13 [z(z +d—3) ;

(10.143)

For vector-type perturbations, one has

fa(r)

r2

Wir) = 4 2

(10.144)

{l(l T d-3) 4 (d—4) 4 M= Dalr) (= Q)Tffll(’")] .

The scalar-type potential is considerably more complicated. These expressions
suggest that higher-dimensional dS black holes provide a natural class of
backgrounds in which the present CSM framework may be extended. At
least for the tensor- and vector-type sectors, the perturbation equations
remain of Schrodinger type, so that the basic spectral strategy should carry
over in a relatively direct manner. As a simple illustration of the higher-
dimensional extension, we also perform a trial calculation for five-dimensional
Schwarzschild-dS (Schwarzschild-dSs) black holes. Here we do not attempt
a systematic survey of the higher-dimensional parameter space. Rather, our

4The black-hole mass parameter M is related to a horizon radius 7o as

(d—2)Ag_ord™3 om(d—1/2

M= 167Gy , Aaz= L((d—1)/2)’

(10.139)

where Aq_2 denotes the area of the unit (d — 2)-sphere.
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purpose is to check whether the same CSM prescription used in the four-
dimensional analysis can be applied directly to the tensor- and vector-type
master equations. Figure 10.19 shows the result for the Schwarzschild—dSs
case in the tensor-type sector. The complex-scaled spectra are shown for
two angular momenta, [ = 2 and [ = 3, and for two scaling angles, § = 40°
and 42°. As in the four-dimensional case, the complex-scaled continuum is
rotated in the complex energy plane, and resonance candidates are identified
as isolated eigenvalues that are separated from the rotated continuum and
remain stable under a moderate change of the scaling angle. Figure 10.20
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Figure 10.19: The Schwarzschild—dSy case for the tensor-type sector. A = 0.4.
The scaling angle is taken to be 6 = 40°, 42°. We take iy.x = 30, 74 = 0.1,
and 7y max = 60. [ = 2 on the left panel and [ = 3 on the right panel.

shows the corresponding example for the Schwarzschild—dSs case in the
vector-type sector. Again, the same qualitative spectral structure is observed.
The appearance of stable isolated eigenvalues in these trial calculations
suggests that the CSM strategy can be extended to higher-dimensional
Schwarzschild—dS backgrounds at least for the tensor- and vector-type sectors.
The present numerical results are in good agreement with those reported by
Konoplya [179].> A detailed convergence analysis and a systematic comparison
among different dimensions, angular momenta, and perturbation sectors are
left for future work.

®When comparing the numerical values, we take into account the difference in the
normalization of the cosmological-constant parameter. The cosmological constant in the
present convention is related to that used in Ref. [179] by A = 2AKonoplya-
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Figure 10.20: The Schwarzschild—dS5 case for the vector-type sector. A = 0.4.
The scaling angle is taken to be 8 = 40°, 42°. We take ipnax = 30, 1o = 0.1,
and 74 max = 60. [ = 2 on the left panel and [ = 3 on the right panel.

10.6.4 Exponentially growing matrix blocks in diagonalization
Let us consider the generalized complex eigenvalue problem
Hc= ENc, (10.145)
or, equivalently,
> [Hij — ENylcj = 0. (10.146)
J

For a two-channel problem, the Hamiltonian matrix has the block structure

g (fnthn Vi (10.147)
Vo1 Too + Voo

In coupled-channel problems such as string-inspired black-hole perturbations,
some off-diagonal blocks can become exponentially large in the original field
basis. For example, as seen in Eq. (10.137), the matrix element associated
with V1o contains the factor

A2

oo, (10.148)

which can become very large for small Gaussian range parameters «. This
does not necessarily indicate a physical divergence of the effective potential.
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Rather, it can reflect a poor conditioning of the chosen channel basis. In such
a situation, the direct diagonalization of Eq. (10.145) becomes numerically
unstable.

Block balancing

A simple stabilization strategy is to apply a similarity transformation at the
matrix level. We introduce the block scaling matrix

I 0
S = (0 SI) . s>0, (10.149)

and write
¢ = Se. (10.150)
Then Eq. (10.145) becomes
($7'HS - ESTINS) =0, (10.151)

The scaled Hamiltonian is

(10.152)

SIHS:<T11+V11 sVia )

sV Too + Vi

The eigenvalues are unchanged by this similarity transformation, while the
conditioning of the matrix problem can be improved. A natural choice is to
balance the norms of the two off-diagonal blocks:

Iz
5=/ . (10.153)
V2|

A? /o
Y

Alternatively, if the exponential growth is dominated by the factor e one
may use a scale estimate such as
— A2
S~ e %ef (10.154)

where aeg is a representative Gaussian range parameter. The norm-balancing
prescription is usually more robust, because it uses the actual matrix elements
after discretization.
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Channel-basis balancing

A more structural approach is to change the channel basis before discretization.
Consider the coupled Schréodinger-type equation
2

—@@(T*) + V(""*)(I)(T*) = E(I)(T*)' (10‘155)

We introduce a local channel rescaling

eAr* 0
O(ry) = D(r«)E(ry), D(r,) = ( 0 eA’"*> . (10.156)

Substituting this into the original equation and multiplying by D~! from the
left, we obtain
d2

d
—— =-2D'D)—=+(D'VD-D'D") = = E=. 10.157
a2 =t ) (10.157)

Thus, the exponentially unbalanced off-diagonal potential is replaced by
Vig = e AV Va2 1y (10.158)

This can reduce the exponential hierarchy between the two off-diagonal
blocks. The price of this transformation is the appearance of a first-derivative
coupling term,
-1y d —_
—2D7'D = (10.159)

dr,

Therefore, the resulting problem is no longer in the standard Schrodinger form
without first derivatives. Nevertheless, this formulation may be numerically
preferable if the original off-diagonal blocks are so unbalanced that the
direct diagonalization becomes ill-conditioned. In practice, the matrix-level
block balancing is the simplest first test, because it does not modify the
differential equation. If the instability persists, the channel-basis balancing
of Eq. (10.157) provides a more systematic way to remove the exponential
hierarchy at the level of the continuum problem.
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Laboratory checkpoint

Before moving to the next stage, perform the following checks without copying

the displayed final answer.

1. Derive the local ingoing/outgoing exponents at both horizons and

translate them into admissible complex-deformation wedges.

2. Reproduce one de Sitter QNM spectrum together with its continuum

level density while varying the cosmological parameter.

3. For a coupled example, monitor the norms of every matrix block and

demonstrate the effect of block balancing on the stable poles.

10.7

VIII.1

VIII.2

VIIIL.3

VII1.4

VIIIL.5

VIII.6

VIIIL.7

Problems for Stage VIII

Starting from the Schwarzschild metric, derive the tortoise coordinate
and its asymptotic forms at the horizon and infinity.

Verify the parity of scalar, vector, and tensor spherical harmonics.
Count the independent odd-parity metric amplitudes before and
after gauge fixing.

Fill in the projection steps from the linearized Ricci tensor to the
covariant Regge—Wheeler equation. Check every use of a warped-
product identity.

Derive the Regge—Wheeler potential and verify its limiting behavior.
Show that [ = 0 and the vacuum odd [ = 1 sector require separate
treatment.

Translate ingoing horizon and outgoing infinity conditions into a
vanishing connection coefficient. Check the sign using e =%,
Perform a leading barrier-top WKB estimate of the fundamental
Schwarzschild QNM and compare its scaling with M to the exact
numerical result.

Derive the analytic complex-scaling exposure condition in the tortoise
coordinate. Explain why the inverse map r(r.) and its branch cuts
restrict a naive global rotation.
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VIIIL.8 Build Gaussian-basis kinetic and overlap matrices for the Regge—
Wheeler equation. Diagnose loss of precision as the range ratio and
polynomial order increase.

VIIIL.9 For Schwarzschild—de Sitter, locate both horizons and map them to
ry — Fo0o. Determine the near-Nariai scaling of the barrier width.

VIIIL.10 Derive the QNM contribution to a continuum level density and
compare it with the reference-subtracted cut contribution. Explain
why the peak of the full response need not coincide with Re wqnw.
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Chapter 11

What is invariant and what is chosen

11.1 Invariant resonance data versus representa-
tions

11.1.1 The invariant core

Across the constructions in the preceding Stages, the invariant core consists
of four items: an analytically continued singularity, its spectral sheet, its
residue or root subspace, and the continuum contour relative to which it
is exposed. The wave function, norm, and operator domain depend on the
representation. A claim of equivalence should therefore compare resolvent
matrix elements or connection coeflicients, not the pointwise form of two
regularized wave functions.

For a simple resonance, the comparison is most usefully read from the

connection problem outward:

Cin(Er,h) =0<= F(kr) =0
<= S(k) has a pole at kg
<~ W(kR) =0
< HyVy = ERrV¥y. (11.1)
Here F' is a Jost function, W is an incoming/outgoing Wronskian, and Cy, is
an exact-WKB connection coefficient. The complex-scaled eigenvalue relation

holds for an angle that exposes the pole. The rigged Hilbert space supplies
the pole functional associated with the common residue.

11.1.2 A compact dictionary

344
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Language Resonance object Reliability test
Exact WKB Zero of a Borel-resummed Stokes graph, lateral sum,
incoming connection sheets, and monodromy are
coefficient documented
Scattering Pole of S, T, or a Sheet, outgoing boundary
theory continued resolvent value, residue, and
threshold structure are
specified
Complex Isolated eigenvalue of Hy  Stability under 8 and basis
scaling changes; separation from
the rotated continuum
Feshbach Nonlinear root of Retarded branch of the
projection det[z — Hegr(2)] self-energy and its energy

Rigged Hilbert
space

Zel’dovich
method

Black-hole
perturbation

Pole functional in @*

Gaussian-regularized
bilinear residue

Pole of the retarded
radial Green function

dependence are retained

Test space and dual
topology admit the
required analytic
continuation

The regulator is removed
by analytic continuation,
not by an ordinary
real-axis limit

Horizon and outer
boundary conditions match
the time convention; cuts
and residues are included

The table is deliberately phrased in terms of tests rather than slogans.

For example, “complex eigenvalue” is absent from the first column because it

is not by itself a definition. Likewise, “normalizable state” means different

things before and after deformation.
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11.1.3 What non-self-adjointness does and does not mean

A non-self-adjoint operator may arise in at least four ways. It may be a
fundamental effective generator after environmental degrees of freedom are
discarded. It may be an energy-dependent Feshbach operator. It may be an
analytic representation, such as Hy, of a self-adjoint scattering problem. Or it
may be a finite numerical approximation whose non-self-adjointness includes
discretization artifacts. Physical conclusions depend on which situation
applies.

Complex scaling belongs primarily to the third category. It does not
claim that microscopic quantum mechanics violates unitarity. Instead, it
moves a pole from a nonphysical sheet into the point spectrum of a deformed
operator. The rotated continuum completes the representation and restores
the analytic information needed to reconstruct real-energy unitary scattering.

An open-system Lindblad generator belongs to the first category after a
Markovian approximation. Its eigenvalues describe decay of density-matrix
modes, not automatically poles of a one-particle S matrix. Quantum-jump
unravelings can relate the two in particular models, but complex scaling
should not be identified with a no-jump Hamiltonian without an explicit
derivation [134, 135, 180].

11.1.4 Observables beyond pole positions

A mature resonance calculation should aim at more than a table of complex
energies. The next layer consists of residues, channel projectors, phase shifts,
time delays, and continuum level densities. For black holes, this means
excitation factors, source-dependent Green functions, greybody factors, and
branch-cut discontinuities. For exceptional points, it means the full Jordan
resolvent and a normalized holonomy, not only the eigenvalue square root.

Exact WKB and complex scaling are complementary at this layer. A
derivative of the exact connection coefficient gives a pole residue, whereas
a left-right complex-scaled eigenvector gives the same residue in an L?
representation. Establishing this equality numerically in nontrivial models
would be a stringent test of the unified framework.
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11.2 What exact WKB changed in the present

research program

The novelty of the program is not exhausted by obtaining several new pole
tables. Exact WKB changed which pieces of the problem are regarded as
primary. Before choosing a Hilbert-space realization one can construct an
analytic incoming coefficient, follow it across Stokes sectors, and ask which
features survive every admissible representation. This produces the following
shifts of emphasis:

conventional starting connection-first understanding

point

complex eigenvalue zero of a globally transported incoming coeffi-

cient; the eigenvalue is one realization of the

Z€ero
divergent Gamow derivative or residue of the analytic connection
norm datum; regularizations must reproduce it
isolated resonance pole and continuum as parts of one continued
level spectral resolution

Langer correction as a
prescription

EP square root of a
matrix

black-hole
boundary condition

damping

local singular monodromy required by global
consistency

multiple zero of a scattering determinant with
continuum normalization kept explicit

horizon-to-horizon connection problem on a com-
plex spectral curve

These shifts have several consequences for how the theory is used.

First, a resonance can be constructed before choosing a non-self-adjoint
operator. Exact WKB transports local solutions, produces Ci,(F), and
defines a simple pole by Ci,(ERr) = 0 together with C! (ER) # 0. A complex-
scaled eigenvalue is then a calculational realization of this datum. This order
prevents an arbitrary complex eigenvalue of a truncation from being mistaken
for a resonance.

Second, equivalence of regularizations becomes a checkable residue identity.
The Zel’dovich pairing, the rigged-space functional, and the left—right complex-
scaled dyad must reproduce the derivative of the same connection coefficient.
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Agreement of pole positions without agreement of the residue is only a partial
test.

Third, the continuum is not a background that may be deleted after a
pole is found. Rotating the continuum, deforming a Berggren contour, or
extracting a resonance term reorganizes one spectral response. Threshold
cuts, continuum level density, and source-dependent excitation survive that
reorganization and control where a pole approximation is accurate.

Fourth, new applications are classified by the connection data they add. A
radial origin adds Frobenius indices and singular monodromy; an exceptional
point changes a simple zero into a multiple zero and requires a Jordan chain;
a black-hole horizon replaces spatial infinity by a second radiation sector.
The local differential equation may still look Schréodinger-like, but the global
connection problem has changed and must be rebuilt accordingly.

Finally, the same organization separates theorem, representation, and
numerics. Analytic dilation supplies the theorem-controlled wedge. A basis
and scaling angle supply a representation. Stability under the parameters
that should be inessential supplies a numerical falsification test. The three
layers cooperate, but none can be substituted silently for another.

The research articles in which these calculations were first developed are
Refs. [15-20, 25]. Their chronology is bibliographic provenance; the logical
order used here is the dependency order of the connection problem.

11.3 Where the connection-first framework is in-
complete

11.3.1 Operator theory for black-hole complex scaling

The numerical success of complex scaling for black-hole master equations
does not yet amount to a general ABC theorem for black-hole geometry. A
rigorous result should specify weighted spaces, analytic branches of r(ry),
domains at horizons, long-range asymptotics at flat infinity, and the relation
between the deformed operator and the retarded resolvent. de Sitter static
patches, with exponential decay at both ends, are likely a cleaner starting
point than asymptotically flat spacetime.

Exterior deformation may be essential for asymptotically flat tails. One
would like a theorem that isolates a finite set of QNM poles while keeping the
zero-frequency branch point and its cut under control. The output should
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be a resonance expansion with a quantified remainder, not merely a rotated

spectrum.

11.3.2 Uniform analysis at thresholds

Standard WKB fails when turning points coalesce, while standard pole
perturbation fails when a pole reaches a branch point. Uniform local models,
such as Airy, parabolic-cylinder, or higher catastrophe equations, should be
matched to the exact-WKB and complex-scaled resolvents. This would give
a common treatment of virtual states, anomalous EP orders, zero-damped
black-hole modes, and long-time tails.

The relevant universal data include the threshold exponent of the density
of states, the Puiseux order of the pole trajectory, and the scaling of the
residue. A finite matrix can reproduce these only if its energy-dependent
self-energy or continuum limit is retained.

11.3.3 Residues and excitation factors from exact WKB

Most exact-WKB spectral calculations focus on zeros of a quantization
condition. For response theory, one needs derivatives of that condition and
normalization of left and right solutions. In the notation of Eq. (5.32), a
program for residues requires a Borel-resummed evaluation of C/, (ER) and of
the source overlap. Comparing the result with complex-scaled biorthogonal
projectors would connect resurgence directly to measurable line strengths
and black-hole ringdown amplitudes.

11.3.4 A regulator-independent EP continuum limit

Momentum bins make the resonance—continuum EP calculable, but they
select a particular discretization. The next step is to repeat the construction
with Gaussian wave packets, a finite box, Berggren contours, and exterior
complex scaling. After matching the same physical holonomy, all regulators
should agree. If they do not, the discrepancy will identify which part of the
claimed topology belongs to the test-function choice rather than to the pole.

It is also important to formulate the EP in terms of the continued resolvent
and its Riesz projection before taking a continuum limit. This would separate
a genuine higher-order pole from an avoided crossing with a discretization
pseudostate.
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11.3.5 Status of monodromy renormalization

Monodromy renormalization is presently a useful organization principle, not
a complete universal theory. To develop it further one should define the class
of allowed local counter-Voros terms, prove scheme-independent statements,
and relate the anomalous dimension to Stokes automorphisms. In radial
problems, one should test nonintegrable potentials for which higher quantum
periods do not cancel. At EPs, one should derive the running from smeared
resolvent pairings rather than formal symbols such as 6(0).

A successful theory would explain when the Langer reorganization is
a fixed point, how monodromy data mix under confluence of singularities,
and which trans-series parameters act as relevant couplings. Until then,
the phrase “renormalization group” should always be accompanied by the
regulator and the invariant quantity being held fixed.

11.3.6 Kerr, superradiance, and nonlinear spectral problems

Kerr is the most important gravitational extension. The angular eigenvalue
and radial operator depend on w, and the superradiant threshold w = mQgy
changes the flux interpretation. A stable numerical scheme must solve a
nonlinear eigenvalue problem with correct left—right derivatives. Exact WKB
additionally faces a moving spectral curve. A hybrid solver combining angular
spectral methods, analytic differentiation, complex scaling, and quantum
periods is a concrete route forward.

Near-extremal Kerr brings coalescing horizons, zero-damped modes, and
near-horizon conformal structure. It is a natural laboratory for the joint
threshold/EP /monodromy analysis outlined above.

11.3.7 Coupled channels and many-body resonances

Nuclear complex scaling already treats many-body continua and cluster
thresholds [8, 181]. Exact WKB is most developed for ordinary differential
equations. Extending the unified picture to matrix differential equations
requires non-Abelian Stokes matrices and a careful treatment of channel
thresholds. The resulting framework would connect continuum- discretized
coupled channels, Berggren bases, and resurgent monodromy [119].
Unscreened Coulomb forces make the problem qualitatively harder. The
three-body breakup region and each two-cluster region require different
asymptotic coordinates and logarithmic phases. Existing 3C, Redmond,
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and sectorial expansions determine important leading terms, while Faddeev—
Merkuriev splitting yields well-posed channel equations [49, 51, 52, 54]. What
is still missing for the present resonance program is a uniform analytic atlas
with controlled overlap errors, a corresponding global outgoing resolvent,
and a continuation prescription that follows poles through rearrangement
thresholds. This is a more precise target than seeking one formal three-body
Coulomb wave.

The direct-integral viewpoint suggests how to state the channel problem.
At each real energy the fiber should contain all open cluster channels, while
the asymptotic comparison dynamics must be modified by the appropriate
pairwise Coulomb phases. The difficult step is to continue this measurable
fiber description analytically across thresholds without losing the cluster-
dependent boundary conditions. A multivariable exact-WKB or microlocal
construction would have to reproduce the same atlas.

11.3.8 Quantum field theory

In quantum field theory, unstable particles are poles of analytically con-
tinued correlation functions, while semiclassical saddles and renormalons
control resurgent large-order behavior. The one-particle exact-WKB dictio-
nary suggests a field-theoretic question: can the pole mass, width, spectral
density, and Borel singularity data be organized in a common rigged space
of correlation-function boundary values? A direct lift is obstructed by mul-
tiparticle cuts, gauge constraints, and ultraviolet renormalization, so the
monodromy renormalization introduced here should not be conflated with
ordinary QFT renormalization.

For a massive theory with isolated one-particle mass shells, Haag—Ruelle
or LSZ scattering supplies the field-theoretic counterpart of ordinary wave
operators. QED violates the decisive premise: Gauss’ law and massless
photons turn a charged particle into an infraparticle, and the coherent
soft dressing is not a vector in the vacuum Fock representation [58-60].
A resonance theory for charged fields must therefore continue correlation
functions between the correct infrared representations, not add a width to a
nonexistent sharp Fock particle.

Gauge-invariant charged interpolating operators are nonlocal composites
carrying an electric dressing to infinity. Their infrared sensitivity, Wilson-line
endpoint and cusp renormalization, and multiparticle cross correlations must
be separated carefully. A concrete operator-algebraic program is to construct
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an asymptotic observable algebra, classify the relevant soft-charge or flux
representations, express physically mixed preparations as direct integrals over
an explicitly chosen measure space, and define the scattering map between
incoming and outgoing fibers. Only then should one ask which continued
resolvent or correlation functional carries an unstable pole and how its residue
is normalized.

Solvable large-N models, massive theories coupled to a controllable mass-
less field, nonrelativistic QED, false-vacuum decay, and semiclassical back-
grounds with a one-dimensional fluctuation equation provide intermediate
tests. The goal is not to replace unitarity or the Kallén—Lehmann represen-
tation, but to relate their sector-dependent spectral densities to resurgent
connection data. A mathematically complete four-dimensional QED scatter-
ing theory with charged infraparticles and asymptotic completeness remains
beyond the present framework; this limitation should be stated rather than
hidden by an infrared regulator.

11.3.9 Numerical certification

Non-normal eigenvalues require stronger certification than a standard Her-
mitian spectrum. Promising tools include interval arithmetic for matrix
elements, validated singular-value bounds, contour-integral eigenprojectors,
and independent residual estimates in weighted function spaces. For exact
WKB, rigorous Borel summability bounds and controlled Padé errors would
play the analogous role. Benchmark models should report not only digits but
also which analytic sheet and deformation domain those digits certify.

11.4 Reproducibility checklist for every represen-
tation

For a complex-scaling calculation, the following information is sufficient to
reconstruct most systematic choices:

1. the coordinate contour, scaling angle, and analytic branches of every
multivalued function;

2. the basis functions, nonlinear scales, truncation size, quadrature, and

overlap-matrix cutoff;

3. right and left residuals, matrix condition estimates, and the normaliza-

tion convention;
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4. eigenvalue trajectories under changes of 8, basis family, nonlinear scales,
and precision;

5. the reference Hamiltonian and matched discretization used for a CLD;

6. an independent benchmark for representative poles and, when possible,
residues;

7. the square-root branch used to convert E to w in a black-hole problem.

For an exact-WKB calculation, report the spectral curve, branch cuts,
Stokes graph, Borel direction, lateral prescription, integration cycles, trunca-
tion order, Borel-Padé order, and stability under changes of resummation
parameters. If a monodromy counterterm is used, report the regulator,
matching condition, and scheme-dependent finite parts.

11.5 Conclusions: resonance theory as a connection
problem

Quantum resonance is a meeting point of scattering theory, non-self-adjoint
spectral analysis, asymptotics, and time-dependent response. The calculation
is least ambiguous when it starts from Borel-resummed local branches and
their global connection matrix. The no-incoming condition selects a zero of
an analytic coefficient; the continued resolvent and S matrix have a pole at
that zero. Feshbach projection packages the same continuum dependence
into an energy-dependent operator, complex scaling exposes the pole as an
L? eigenvalue, Zel’dovich regularization defines its bilinear normalization,
and a rigged Hilbert space places its residue vector in a continuous dual.
These are not competing definitions but calculational realizations reached
after the invariant connection datum has been fixed.

Functional analysis makes this dictionary more physical, not less. The
operator domain specifies the observable, topology specifies the admissible
limit, the spectral measure specifies the continuum, and a locally convex test
space specifies which generalized eigenvectors are continuous. In the direct-
integral spectral representation, energy is the base measure and open channels
form the fibers; the scattering operator is literally the direct integral of the
on-shell matrices. von Neumann algebras extend this organization to factor
and superselection decompositions. Resonances sit at the controlled interface
between that measurable self-adjoint structure and analytic continuation.
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The framework remains useful when the problem is enlarged. A radial
singular point contributes monodromy that cannot be discarded as a formally
higher-order term. An exceptional point turns pole continuation into a
branched Jordan problem and forces continuum normalization to be regulated.
A black-hole quasinormal mode is an outgoing resonance on the tortoise line,
and complex scaling treats its pole and continuum response within one
spectral representation.

Long-range forces also show where the elementary picture must change.
A two-body Coulomb state is asymptotic to a logarithmically distorted
Coulomb wave, not to a free plane wave. Three charged particles require
an atlas of breakup and cluster asymptotics rather than a universal product
state. In QED, Gauss’ law and the soft cloud can move charged asymptotic
states out of the vacuum Fock representation altogether. The growing
complexity with particle number is therefore not merely combinatorial: long-
range correlations change the representation and the composite operator that
creates the channel.

The unification does not erase the assumptions of the individual methods.
Dilation analyticity, test-function topology, threshold sheets, Borel directions,
and numerical non-normality all matter. Stating those assumptions is what
converts a suggestive analogy into a transferable method. The most promising
next steps are to compare residues and continuum response—not only pole
positions—across complex scaling and exact WKB, to construct uniform long-
range channel asymptotics for charged few-body systems, and to formulate
the corresponding resonance problem between infrared representations in
field theory.
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Appendix A

Resummation, variational reorgani-
zation, and instantons

Reader contract

This appendix is a calculation chapter, not a catalogue of summation
methods. One benchmark is carried through ordinary truncation,
Borel summation, Padé and Borel-Padé approximation, optimized and
variational perturbation theory, and order-dependent mapping. The
same calculation then identifies the saddle action which controls large
order. The final section translates every object into the exact-WKB
language used in Stage III.

Calculation route

Prerequisites. Gaussian integration, analytic continuation, and the

Borel transform in Sec. 5.1.2.

Calculation goal. Recover a function from its divergent weak-
coupling coeflicients, diagnose the failure of that recovery, and read
the missing exponential scale from large order.

Completion criterion. The reader can reproduce Figs. or tables
of convergence from the supplied Wolfram Language file, locate the
leading Borel singularity, and explain why lateral sums and exact-WKB
Stokes data are the same kind of information.

The perturbative series and the exact-WKB series are not rival approxima-
tions. They are two coordinate descriptions of an analytic problem. Ordinary
perturbation theory expands a quantity in a coupling; exact WKB expands
a local solution in a semiclassical parameter. In both cases the coefficients
generally grow factorially, the formal series alone does not determine a func-
tion, and global analytic continuation supplies the missing information. The
point of the present calculation is to make that statement operational.
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A.1 A benchmark with an exact answer

For Reg > 0, define

1 * _a2/2-ga
I(g) = \/ﬂ/_ e~ /2-g7 /4 g (A1)

This zero-dimensional integral is deliberately elementary. It has a Gaussian
perturbative vacuum, a nontrivial saddle after analytic continuation, factorial
large order, a Borel singularity, and an exact answer. It therefore separates
the logic of resummation from the numerical and domain questions of a
differential operator. The repository accompanying the calculations in this
appendix uses the same benchmark [182].

The substitution y = 22 and a standard integral representation of the
modified Bessel function give

ol/(89) 1
I(g) = 72\/7?9 K1/4(8g> . (A.2)

Equation (A.2) is a benchmark, not an input to the resummation algorithms.
In a realistic quantum problem the exact answer is unknown; one instead
compares independent continuations, stability under the order, and known
asymptotic constraints.

A.1.1 Derive the weak-coupling coefficients

Expand only the quartic exponential:

I(g) ~ i ang", (A.3)
n=0
_ (_1)n o n —x?
an—m/_mx4e /2dSU (A4)
2L(2n+1/2)
= R,

The second line is a Gaussian moment. No diagrammatic combinatorics has

(A.5)

been hidden: its rapid growth is the number of Wick contractions in its
simplest form.
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Using Stirling’s formula in the ratio a,11/a, gives

aZ:1 __(@n+ 1/712)45217@ +3/2) _ . 1+om™].  (A6)

Thus the coefficients have the schematic behavior
an ~ (—4)"T'(n) x a power of n. (A.7)

The radius of convergence is zero. This does not mean that the first few
terms are useless. It means that truncation is an asymptotic operation whose
order is part of the approximation.

A.1.2 Optimal truncation is the first nonperturbative esti-
mate

Let T), = a,g™. From Eq. (A.6), successive terms have comparable magnitude

near
1

_m.

Truncating substantially beyond n, makes the approximation worse. The

(A.8)

4|gln ~ 1, n

size of the least term is exponentially small,
T, | ~ e V@D s a power of g. (A.9)

Already at this stage perturbation theory predicts the scale of the effect
which it cannot resolve. Section A.6 will derive the same number 1/4 from a
nontrivial saddle.

A divergent series should never be judged from one fixed truncation

order. Plot the partial sums against the order. The useful region is
the plateau near the least term; the later divergence is part of the
prediction, not a software failure.




A.2 Borel and lateral summation 359

A.2 Borel and lateral summation

For a formal series F'(g) ~ 3_,,>0ang", define the Borel transform and a
directional Laplace transform by

~ an, .,
Ft)y=>" it (A.10)
n=0 """
1 ei¥oo R
SF(9) =, /0 e 9 B(1) dt. (A11)

Termwise integration recovers the original formal series because

! /Oo e 9 dt = nlg". (A.12)
gJo
The factorial division in Eq. (A.10) repairs the leading divergence, while the
Laplace integral restores the coefficients.

For the quartic integral, Eq. (A.7) implies that the nearest singularity of
I(t) lies at .

t= I (A.13)

For positive real g, this singularity is away from the positive Laplace ray, and
the perturbative series is Borel summable. For negative real g, the relevant
ray meets the continued singularity. One must specify whether the contour
passes above or below it:
1 petieco R
S F(g) = lim = e YIF(t) dt. (A.14)
el0 g Jo

Their difference is exponentially small in g. The two values are not a defect
of the formalism: they are the analytic record of choosing a side of a Stokes
ray. A complete physical problem supplies compensating saddle or boundary-
condition data so that the final observable has the required reality or outgoing
property; this is the elementary form of a transseries completion [13, 183].

A.2.1 What the Borel plane tells us before integration

The Borel plane is a map of competing saddles. If, locally,

~ C

E(t) ~ A= t/A)p’ (A.15)
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then singularity analysis gives

an ~ F(Cﬁ)A"F(n + ). (A.16)
The position A determines the exponential e=4/9; the exponent 3 determines
the power-law prefactor; the discontinuity coefficient determines the Stokes
multiplier. Numerical large-order data can therefore be used in the reverse
direction: coefficient ratios estimate A, and subleading Richardson-type fits
estimate 8 and corrections.

Domain or asymptotic warning

A numerical Laplace integral through a Padé pole is not a definition
of a Borel sum. First inspect the poles, then choose a direction or a
specified principal-value prescription. An integration routine which
silently steps around a pole has made a physical choice on the user’s
behalf.

A.3 Padé and Borel-Padé approximation

Given N +1 coefficients, the [L/M] Padé approximant is the rational function

_ Pr(g)
Qm(g)’

whose Taylor expansion agrees with F' through order V. Padé approximation

[L/M]F(g) L+M=N, Qu(0)=1, (A.17)

can represent poles and mimic a branch cut by a sequence of zeros and poles.
It does not, by itself, remove factorial divergence.

The robust combination is therefore:

1. divide a, by n! to form a truncated Borel transform;

2. replace that polynomial by a near-diagonal Padé approximant;

3. inspect its pole pattern in the Borel plane;

4. Laplace integrate along a prescribed contour.
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Explicitly,
~ N Qn, n
En(t) =2 ", (A.18)
n=0 """
Fy™Mt) = [L/M]z (2), (A.19)
1 oo _
FR(g) = ; /0 et FIEMI 4y g (A.20)

For Eq. (A.1), stable near-diagonal sequences recover Eq. (A.2) for positive
g. Alternating poles and zeros accumulate along the negative Borel axis,
resolving the branch cut which starts at Eq. (A.13).

A.3.1 A convergence protocol rather than one decimal num-
ber

For each g, calculate a family of [L/M] approximants with |L — M| < 1.
Record the result together with the closest pole to the integration ray. A
trustworthy digit is one which survives:

e increasing N,

exchanging [L/M] and [M/L];

a small contour rotation which crosses no singularity;

increased working precision;
e comparison with an independent method such as ODM.

Near-cancelling pole—zero pairs are often finite-order artifacts. They may be
diagnosed, but should not be deleted without reporting the criterion.

A.4 Optimized and variational perturbation theory

Resummation can also be organized by changing the unperturbed problem.
Add and subtract a solvable term containing a trial parameter €2, insert a
bookkeeping parameter §, expand at fixed 2, set § = 1, and only then choose
Q. For the quartic integral, write

2 4 2 . 2 4
% — Q; +6 l(l Da” | gx] . (A.21)

4+
> > i
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At order N, expand the second exponential through 6V and evaluate all
moments with the Gaussian of width Q~1/2
§=1by In(g,Q).

The exact integral is independent of €2, but the truncated result is not.

. Denote the result after setting

The principle of minimal sensitivity chooses a locally stationary approximant,

aIN(Q? Q)

S =0, (A.22)

while fastest apparent convergence sets a selected highest-order correction to
zero. Multiple stationary points are common. One follows a continuous root
sequence with N and reports the selection rule; choosing the most favorable
root after seeing the exact answer is not an algorithm.

Optimized perturbation theory emphasizes the invariance of a complete
answer under the artificial parameter and uses stationarity as the finite-
order criterion [108]. The linear delta expansion makes the bookkeeping
construction explicit, with convergence results available in important model
problems [109, 110]. Variational perturbation theory further builds known
strong-coupling scaling into the reorganization [111]. The names overlap in
the literature; the defining data are therefore the splitting, the truncation
rule, and the optimization condition, not the label.

A.4.1 Why optimization can recover strong coupling

Rescale z = g~ /%y in Eq. (A.1). Then

VS
I(g)=g 1/4—% eV e gy, (A.23)

so the leading strong-coupling power is g_l/ 4 and corrections occur in powers

1/2 A variational mapping which respects these exponents has informa-

of g~
tion unavailable to a raw weak-coupling polynomial. In operator problems
the analogous information comes from dimensional analysis, semiclassical

scaling, or a solvable strong-coupling limit.

Optimization does not make an approximation variational in the sense

of an upper bound. Unless a Rayleigh—Ritz theorem applies to the
precise functional being optimized, stationarity supplies stability, not
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an inequality.

A.5 Order-dependent mapping

Order-dependent mapping combines analytic continuation with an optimized
parameter. Introduce

A
=p——. A24
The exponent « is chosen from the analytic or strong-coupling behavior. For

the present quartic integral a useful map is

A

9= Pm- (A.25)

Substitute Eq. (A.25) into the weak-coupling series, reexpand in A through
order N, and write

N
In(g;p) =Y cnlp)Ag, p)"- (A.26)
n=0

The parameter is allowed to depend on the order. A common condition is

cn(pn) =0, (A.27)

or, alternatively, stationarity with respect to p. As N grows, py moves so
that the finite analytic domain in A resolves a larger part of the cut g plane.
The general construction and its convergence mechanisms are reviewed in
Ref. [112]; the specific implementation used here follows Ref. [182].

A.5.1 How ODM differs from a fixed conformal Borel map

A conformal Borel method maps a known cut Borel domain to a disk using a
fixed singularity location. ODM maps the coupling itself and changes the
scale py with the order. The former is strongest when the Borel singularity
geometry is known; the latter can infer an efficient scale from the coefficient
sequence and strong-coupling exponent. They may be combined, but then
each source of input must be stated to avoid counting the same analytic
information twice.
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A.6 Instantons and the origin of large order

Continue the quartic coupling to g = —|g|. The exponent can be written as
2 4
z”  |glx

Sx)=————. A.28

(0)= 5 -1 (A.28)

Besides x = 0, the stationary points satisfy

1
S'(x) =z — |g|z® = 0, Ty =F——. (A.29)
TVl
Their action relative to the perturbative saddle is
S(2y) — S(0) = —— (A.30)
i Algl’ '

This is precisely the exponential scale inferred from the least term in Eq. (A.9),
and its reduced action A = 1/4 is precisely the Borel singularity in Eq. (A.13).
Three calculations have found the same invariant:

large-order ratio <—  Borel singularity <+— saddle action. (A.31)

In quantum mechanics the nontrivial saddle is a finite-action trajectory in
Euclidean time rather than a point. Expanding about it gives a fluctuation
determinant and zero-mode measure. Multi-instanton sectors generate powers
of e=4/9 possible logarithms, and interactions between saddles [77, 184]. The
perturbative coefficients around one saddle encode fluctuations around the
others. This is the practical content of resurgence, not merely the statement
that a divergent series can sometimes be summed.

A.6.1 Dispersion relation for the coefficients

Suppose F'(g) is analytic in a cut plane and has a discontinuity on the negative
axis. Cauchy’s formula gives, under the appropriate subtractions,

_1)7 o0 T F(—s + 0
a0, = 7)r /O m inf1+l)ds. (A.32)

If the discontinuity has the semiclassical form

Im F(—s +i0) ~ Cs~Pe™4/* [1 + O(s)], (A.33)
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then u = A/s in Eq. (A.32) yields

-1 n+1C
an ~o TVC ynmbp(y 4 ) [1+0m™)]. (A.34)
m
Thus the imaginary part of an unstable continuation controls the late terms
of the stable perturbative problem. For a resonance, the same imaginary part

becomes a decay width after the outgoing boundary value has been fixed.

A.7 The exact-WKB translation

The exact-WKB construction in Sec. 5.1 begins from a local Riccati series,
Borel resums it in a direction, and transports the resulting basis through
Stokes sectors. The global connection coefficient Ci, (F) is then an analytic
function assembled from local data. The dictionary is exact at the structural

level:

Coupling expansion Exact-WKB connection problem
formal perturbative coefficients formal Riccati coefficients

Borel singularity at action A finite action path or WKB cycle
lateral Borel sum directional exact-WKB sum Sy+
Stokes discontinuity change of the resummed WKB basis
instanton sector exponential of a Voros period V,
physical transseries parameter boundary or connection data

zero of a continued denominator  zero of Ciy(E)

The last two rows are the reason this appendix belongs in the present
book. For a generic perturbative observable, a transseries parameter can look
like an extra constant. In a scattering problem it is fixed by preparation and
asymptotic boundary conditions. The outgoing condition selects a lateral
continuation and imposes

Cin(ER) =0. (A.35)

The resonance is therefore not obtained by adding a complex energy by hand.
It is the zero of the globally continued coefficient. Its residue depends on
0pCin, so the fluctuation and normalization information which accompanies
the exponential sector remains observable.
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A.7.1 What ordinary resummation cannot decide
A coefficient list does not specify:

e the physical sheet of the energy or momentum plane;

e which asymptotic channel is incoming or outgoing;

e the test space on which a continued eigenfunctional acts;

e whether a Borel ambiguity is cancelled, retained as a width, or moved
by a change of observable;

e which continuum background accompanies a pole.

These are connection, domain, and representation data. Exact WKB is useful
because it keeps them in the calculation from the beginning.

A.8 A reproducible Wolfram Language laboratory

The file notebooks/resummation_workflow.wl supplied with the source
archive implements the coefficient generation, direct truncation, Borel-Padé
summation, Borel-plane pole inspection, and the ODM map. It is a compact,
text-readable companion to the larger public notebook collection [182]. A sep-
arate Wolfram Community article demonstrates how symbolic and numerical
code can accompany the exact-WKB resonance analysis itself [185].

The core commands are included here so that the printed book remains
self-contained:

Listing A.1: Minimal Wolfram Language workflow for the quartic integral.

(* Quantum Resonance as a Global Connection Problem
Compact resummation workflow for Appendix A.
Wolfram Language source; no notebook front end is required. *)

ClearAll [quarticExact, quarticCoefficient, quarticTruncated,
borelPolynomial, borelPade, borelPadeSum, borelPoles,
odmMap, odmSeries, odmRoots, odmValue];

quarticExact[g_7NumericQ, precision_: 50] :=
N[Exp[1/(8 g)] BesselK[1/4, 1/(8 g)1/(2 Sqrt[Pi gl),
precision];

quarticCoefficient [n_Integer?NonNegative] :=
(-1)"n Gamma[2 n + 1/2]1/(Sqrt[Pi] n!);
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quarticTruncated[g_, order_Integer?NonNegative] :=
Sum[quarticCoefficient[n] g™n, {n, 0, orderl}];

borelPolynomial[t_, order_Integer?NonNegative] :=
Sum[quarticCoefficient[n] t"n/n!, {n, 0, order}];

borelPade[t_, order_Integer?Positive] := Module[{left, right},
left = Floor[order/2];
right = order - left;
PadeApproximant [borelPolynomial[t, order], {t, O, {left, right}}]
1;

borelPoles[order_Integer?Positive, precision_: 50] := Module[{t},
t /. N[Solve[Denominator[Together [borelPade[t, order]]] == 0, t],
precision]
1;

borelPadeSum([g_7NumericQ, order_Integer?Positive,
precision_: 50] := Module[{t, rationall,
rational = borelPade[t, order];
NIntegrate[Exp[-t/g] rational/g, {t, O, Infinity},
WorkingPrecision -> precision,
AccuracyGoal -> Floor[precision/2],
PrecisionGoal -> Floor[precision/2]]

1;
odmMap [lambda_, rho_] := rho lambda/(1 - lambda) ~2;

odmSeries[lambda_, rho_, order_Integer?Positive] :=
Normal@Series[
Sum[quarticCoefficient [n] odmMap[lambda, rho] n,
{n, 0, order}], {lambda, O, order}];

odmRoots [order_Integer?Positive, precision_: 50] := Modulel[
{lambda, rho, highest},
highest = Coefficient[odmSeries[lambda, rho, order], lambda, order];
Select[rho /. NSolvel[highest == 0, rho, WorkingPrecision -> precision],
Im[#] == 0 && Re[#] > 0 &]
1;

odmValue[g_7NumericQ, order_Integer?Positive, rho_?NumericQ,
precision_: 50] := Module[{lambda, physicalRoot},
physicalRoot = lambda /. FindRoot[
g == odmMap[lambda, rho], {lambda, Min[0.8, g/(g + rho)l},
WorkingPrecision -> precision];
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N[odmSeries[lambda, rho, order] /. lambda -> physicalRoot, precision]
1;

(* Reproducible benchmark. Inspect borelPoles before integrating. *)
Do[

Print["g = ", g, ", exact = ", quarticExact[g, 40]];
Print["Borel-Pade, N = 20: ", borelPadeSum[g, 20, 40]],

{g, {1/5, 2/5}}

1;

A.8.1 Protocol for comparing methods

Use exactly the same coefficient list and working precision for every method.
For g = 0.2 and g = 0.4, carry out the following steps.

1. Evaluate Eq. (A.2) at high precision only to create withheld validation
data.

2. Plot partial sums for all 0 < N < Npax and mark the least term
predicted by Eq. (A.8).

3. Compute near-diagonal Borel-Padé sequences and reject no pole with-
out recording its pole—zero distance.

4. Follow one continuous PMS or FAC root for OPT/VPT as N changes.

5. Follow one continuous positive ODM root pn and record both py and
the mapped variable A(g, pn).

6. Compare errors against the exact answer only after all selection rules
have been fixed.

Representative exact values are

1(0.2) = 0.9079847774 . . ., (A.36)
1(0.4) = 0.8576085854 . . .. (A.37)

The purpose is not to declare a universal winner. Borel-Padé is strongest
when the Borel geometry is well resolved; VPT is strongest when reliable
strong-coupling exponents are available; ODM is attractive when a useful
map and a stable order-dependent root can be identified. Exact WKB adds
the global channel geometry needed for spectral and scattering questions.
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Exercises

R.1 Derive Eq. (A.2) from Eq. (A.1) and verify its g | 0 asymptotic

R.2 Use Eq. (A.5) to estimate the Borel singularity from three suc-

R.3 Compare direct Padé and Borel-Padé at g = 0.4. Plot all Borel

R.4 Derive In(g,2) through N = 3 from Eq. (A.21). Find all real

R.5 Implement Eqgs. (A.25)—(A.27) without using the supplied func-

R.6 Starting from Eq. (A.32), derive Eq. (A.34), including the overall

R.7 For the inverted Rosen—-Morse problem in Sec. 5.3.2, identify the

expansion.

cessive coefficient ratios. Determine the leading 1/n correction.

poles and explain which sequences can be integrated on the
positive axis without a prescription.

positive PMS roots and track them from g = 0.05 to g = 1.

tion. Explain why selecting a different root independently at
each order destroys the meaning of convergence.

power of A.

WKB action which replaces A = 1/4 and explain how its Stokes
multiplier enters Ciy (E).

A9

What to retain for the rest of the book

The reusable lesson is a five-step discipline.

1.

Determine the domain, coupling variable, and asymptotic boundary
condition before manipulating coefficients.

. Diagnose late terms and locate candidate action scales.

. Choose a summation or reorganization whose analytic assumptions are

explicit.

. Test order, precision, contour, root, and representation stability.

. Translate the recovered analytic function back into invariant pole,

residue, and continuum data.
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This discipline is the perturbative analogue of the calculation spine in Sec. 1.3:
local data are useful only after a global connection prescription has been
fixed.



Hints and selected solutions

The problems are intended to be worked with the conventions and canonical
definitions of the corresponding Stage. The following hints give the key
step or a check; they do not replace the intermediate algebra. A companion
volume, built from solutions_ja.tex, gives complete Japanese solutions to
all ninety-nine Stage problems and all seven problems in the resummation
appendix. The present chapter remains intentionally compact so that it can
be used while reading the English text without duplicating that companion
volume.

Stage 1

For 1.2, the boundary form is —ih[¢p* (L)1 (L) — ¢*(0)1(0)]; the same phase
condition on ¢ and ¥ makes it vanish and exhausts the adjoint domain. For
1.4, p?dp = ppdE, so multiplication by (,up)l/ 2 preserves the norm. For
1.8, solve the @ equation with the chosen outgoing boundary value before
substitution; differentiation acts both on the eigenvector and on the resolvent
inside Heg. For 1.11, approximate the image of the unit ball under the
compact operator by a finite e-net and use strong convergence on that finite
set. For 1.12, square integrability of the kernel is precisely the Hilbert—
Schmidt criterion; inspect the diagonal singularity locally before estimating
the tails. For 1.13, move V2 through the eigenvalue equation and keep
the sign convention in the Birman—Schwinger operator. For 1.14, insert a
Laurent ansatz in A(z)"'A(z) = 1 and pair its leading equation with the left
and right null vectors. For 1.15, choose normalized functions with mutually
disjoint supports: a nonzero multiplier cannot turn that sequence into a
norm-convergent one.

Stage 11

For I1.3, Fourier transform (E —p?/2p+i0)~! and close the radial momentum
contour on the outgoing pole. For I1.6, the radial Green kernel is a product of
the solution regular at the origin and the outgoing solution, divided by their
Wronskian. For I1.7-11.8, the divergent phase is the time integral of 1/|vt]|
and is logarithmic; the comparison dynamics must carry exactly that term.

371
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For I1.11, integrate the differential expression against a test function twice
and retain the endpoint Wronskian. For I1.12, the two Frobenius powers
are r1/22V9+1/4. testing both in L?(0,1) locates the limit-point threshold
at g = 3/4. For I1.13, continuity fixes one Green kernel coefficient and the
derivative jump fixes the other. For II.14, match the sine solution in the
well to the two exterior exponentials and read the Jost function from the
incoming coefficient. For I1.15, differentiate the differential equation with
respect to momentum, subtract the original equation times the differentiated
solution, and integrate the resulting Wronskian derivative.

Stage III

For III.1, equate powers after inserting S = 320 | A"S,, into S?2+ 5" = Q/h>.
For II1.2, the Borel transform has a pole at unit Borel time; the two Laplace
contours differ by 27i times its residue. For II1.7, a double zero gives a
(E — E,)~2 term unless the numerator vanishes simultaneously.

Stage IV

For IV.1, use (z £10)~! = PV(1/x) Fird(x). For IV.3, write k = |k|e™'¥; the
scaled wave decays when 6 > . For IV.7, differentiate the Birman—Krein
determinant or take the imaginary part of the reference-subtracted resolvent
trace. For IV.11, expand D(E) = E — Ey — X(FE) at its simple zero; the
residue is 1/D'(ER) = 1/[1 — ¥/(ER)]. For 1V.12, differentiate the argument
of the partial-wave S matrix before setting £ = ERr. For IV.13, combine the
background and pole terms over the common denominator € +i and complete
the modulus square. For IV.14, put the same square-root branch into the
self-energy, phase space, and analytic continuation; changing only one of the
three changes the sheet.

Stage V

For V.3, u(r) = €*/?x(z) removes the first derivative created by r = e*. The
1/4 from this rescaling completes I(I + 1) to (I + 1/2)%. For V.5, evaluate
the radial momentum contour by residues at zero and infinity rather than
integrating between turning points directly.
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Stage VI

For VL3, step functions approximate every fixed L? function, but a unit vector
supported inside a newly resolved sub-bin keeps the operator-norm difference
equal to one. For VI.6, the closed-channel resolvent is real below threshold
and acquires a discontinuity above it. For VI.10, use j;(qr) ~ (qr)'/(20 + 1)!.
For VI.11, write both Jacobi sets explicitly and transform the exchange
operator before imposing the Pauli projector. For VI.12, the full extended
completeness relation restores the positive response even though individual
rotated-continuum terms need not be positive. For VI.13, take the outer
product of the right and left pole vectors and divide by their biorthogonal
overlap; a fragmented cluster is treated by a contour integral instead. For
VI.14, begin from the invariant three-body phase-space measure and only
then change variables to the measured energy pair. For VI.15, if Cin(ER) = 0
is simple, solve the connection problem for right and left null vectors and
divide their outer product by v] Cl (ER)vg.

Stage VII

For VII.1, the discriminant is (tr H)? — 4 det H; an EP also requires defective-
ness, not only equal numerical eigenvalues. For VII.4, one circuit exchanges
sheets and two circuits return the eigenvalue labels while leaving a possible
geometric factor. For VII.10, solve the determinant and its energy derivative
simultaneously and verify a rank-one null space.

Stage VIII

For VIIL1, integrate dr,/dr = (1—2M/r)~! and choose the additive constant
only after specifying a dimensionless logarithm. For VIIL5, e @(+7) ig
ingoing at the future horizon and e ="+ outgoing at infinity. For VIIL.10,
retain the reference-subtracted rotated continuum when reconstructing the

response; a single Lorentzian pole is not the full level density.

Worked solutions as calculation templates

The solutions below are deliberately more explicit than the preceding hints.
Fach one isolates a calculation that recurs in later Stages. The point is not
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to memorize the final formula, but to make the domain, boundary value,
sheet, or projection choice visible at the line where it enters.

1.2: self-adjoint momentum on an interval

Begin with the differential expression —iAd/dx on L?(0,L) and the domain

D(pa) = {1 € H'(0,L) : (L) = *(0)}. (A.38)

For ¢, € H'(0, L), integration by parts gives the boundary form

(9, p) = (pd, ¢) = —ih[¢" (L)Y (L) — ¢™(0)¥(0)]. (A.39)

It vanishes on D(p,). Conversely, if ¢ belongs to the adjoint domain, the
boundary form must vanish for every admissible 1. Using ¥(L) = e!%)(0)
and varying (0) freely yields ¢(L) = e!*$(0). Thus the adjoint has the same
domain and p,, is self-adjoint.

The eigenvalue equation gives 1 (z) = Ce'*®. Its boundary condition is

el = el hence

_ 2m + «

bn="F—  pa=hk, nel (A.40)

The calculation is a compact model of a rule used throughout the book: a
differential expression has no spectrum until its domain has been fixed.

1.8: Feshbach reduction and the derivative metric

Let P+ @ =1, PQ =0, and write (E — H)V = 0 in blocks:

(E— Hpp)PY — HpoQV = 0, (A.41)
—HgpPV + (E— HQQ)Q\I’ = 0. (A.42)

With the specified outgoing boundary value of the () resolvent,
QU = (E — Hgg) 'HopPV. (A.43)

Substitution gives

[E—~Hg(E)|PY =0,  Heg(E)= Hpp+Hpg(E—Hgg) 'Hgp. (A.44)
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For a rank-one P space write the secular function as F(E) = E — Ey — %(E).
At a simple pole FR,

1 Zg 1
F@)_E—ER+mD’ ZR_l—ywm‘

(A.45)

The same factor follows before taking rank one. Differentiate [F —
Heg(E)|YE = 0, pair with the left pole vector, and evaluate at Eg. The
coefficient of the pole is controlled by (¥g|[1 — O Heg(ER)]|[¢r). Dropping
the derivative would normalize the projected vector as if the eliminated
continuum carried no probability.

11.3: outgoing free Green function and the Born amplitude

For E = h%k?/(2u), the outgoing free kernel is

e = [

After the angular integral, extend the radial momentum integral to the whole

dsp eip~'r/ﬁ
27h)3 E — p2/(2u) +i0°

(A.46)

line. For 7 > 0 close the contour in the upper half-plane for the factor e?"/".
The +i0 prescription selects the outgoing pole, and the residue gives
ikr

uoe
G((]H(T;E) LR

(A.47)

Insert this kernel in o(t) = elF7 4 Gg+)Vw(+). For r > ' use |[r — 7| =
r—7 -7 +O(r~!). The coefficient of el*" /r is

K k)= /d3'ﬂ”“V ) A48
F k) = — 5 Y (). (4.45)
Replacing ¢(t) by the incident plane wave gives the first Born amplitude.
The sign is therefore fixed by the time convention and the boundary value of
the resolvent, not by a remembered scattering formula.

I1.6: Jost Green kernel and pole residue

For a fixed partial wave let ¢;(k,r) be regular at the origin and fl(ﬂ(k‘, T)
outgoing at infinity. Their Wronskian is independent of r. Solving the jump
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condition of the radial Green equation gives

2pik,r ) 7 (krs)

(+) ’
G, (r,r's k) =
: 2 Wi, (k)

(A.49)

Up to the convention-dependent nonzero factor, the denominator is the Jost
function Fj(k). If Fy(kg) = 0 and F/(kgr) # 0, regular and outgoing solutions
become proportional, say ¢;(kg,7) = Arur(r) and fl(+)(kR,7“) = Brug(r).

Therefore
2u ARrB
Res Gl(+) (r,r'; k) = BLROR

f=kp _ﬁmuR(T)uR(T’). (A.50)

This is the coordinate-space version of “pole position plus residue.” The state
upr alone is normalization dependent; the full residue is not.

II1.1: the exact-WKB Riccati recursion

Write the Schr'odinger equation as [—h20% + Q(x)]y) = 0 and set ¢ =
el 5@’ ey
Q

S? + 0,8 = =5 (A.51)

With § =3>° ;| A"S,, the first equations are

S2, =Q, 25180 + 51 =0, (A.52)
28151 + S§ + S =0, 258185 + 25551 + S; = 0. (A.53)

Choosing S(_il) = ++/Q gives

_ @
Sy = ~10° (A.54)
Q// 5(@/)2
S§i) -+ (8@3/2 - 32Q5/2> , (A.55)
Sz _ Q/// N 9@/@// B 15(@/)3‘ (A.56)

S 16Q2 T 3203 64Q%

The coefficients that change sign with the square-root sheet form Syqq; the
sheet-even coefficients form Seyen, With Seven = —(1/2)0,10g Soqq- This
identity fixes the all-order prefactor and provides a useful algebraic check on

any recursion code.
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II1.7: simple and double zeros of a connection coefficient

Let S(FE) = N(E)/Ciy(F) and put z = E — E,. At a simple zero,
Cn(B) = ciz + 30222 + O(2%),  N(E)=no+niz+O0(2?). (A7)
Long division gives

() = "/ <”1 - W) +0(2). (A.58)

z c1 20%

At a double zero, ¢; = 0 and ¢2 # 0. Including the cubic coefficient,

2710/02 2 ( TLng) 1
S(F) = — — -+ 0(1). A.59
(B) = =572+ = (m =5 ) S +0W) (A.59)
The second-order pole is the scalar shadow of a length-two Jordan chain.
Notice the necessary caveat: if N vanishes at the same point, cancellation
can lower the pole order. A multiple zero of a numerical determinant must
therefore be checked against the relevant numerator and nullity.

IV.1: a flat-continuum self-energy

Take one bare state of energy Ejy, continuum energies € € [Eyy, E.], constant
density p, and constant coupling g. The outgoing self-energy is

de

Ec
SN(E +i0) = 2/ _— A.60
(E +10) = plg o E—c 110 (A.60)
Using the distribution identity before performing the integral,

. E-FE .
S(E +10) = plg|*log | ——| — implg*O(E — E)O(E. — E).  (A.61)

Thus the real part shifts the level and depends on the ultraviolet model,
whereas inside the band I'(E) = —2Im X(E + i0) = 2mp|g|>. The pole solves
ER — Ey—Y"(ER) = 0 on the continued sheet. Keeping the logarithm rather
than replacing it immediately by a constant width also retains the threshold
branch point and the nonexponential tail.
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IV.5: Berggren—Zel’dovich Gaussian continuation

The asymptotic contribution to the Gamow pairing contains
[e%S) 9.
I(q) = / e~y Ree > 0. (A.62)
0

Complete the square and use the complementary error function:

I(q) = —e_g erfc (—;\%) . (A.63)
In a sector where Im ¢ > 0, the undamped integral already converges and
I.(q) — —1/(iq) as € | 0. The right-hand side is analytic in ¢ away from
the Stokes boundary, so this value defines its continuation to the resonance
quadrant even though the original undamped real-axis integral diverges
there. For a full wave function one performs this continuation term by
term only after controlling the subleading asymptotics. Berggren’s proof is
precisely what prevents “insert a Gaussian and discard it” from becoming a
regulator-dependent prescription.

V.3: deriving, not guessing, the Langer term

For the reduced three-dimensional radial function,

R2(1+ 1)

—R2u" (r) + 2

2uV(r) + u(r) = 2uEu(r). (A.64)

Set r = e and u(r) = em/2x(x). Since 0, = e~ %0y,

1
u”(T) — o 32/2 (X// _ 4X) . (A.65)
Multiplying the equation by e3*/2 produces
—h%x" 2ue®* [V (e") — E h2512 = A
N'(2) + 2 V() — B+ 12 (14 5) Ex@) =0 (A66)

The extra 1/4 is the Jacobian contribution required to remove the first
derivative. The replacement I(I 4+ 1) — (I + 1/2)? is therefore a coordinate-
and-half-density statement; using it without transforming the wave function
mixes two different differential equations.
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V.5: the radial Coulomb action

For V(r) = —k/r and £ < 0, put K = /—2uE and L = h(l 4+ 1/2). The

Langer radial momentum is

pr(r) = \/—K2+—. (A.67)

The closed contour around the two positive turning points can be deformed
to small and large circles on the two-sheeted curve. Expanding at zero and
infinity, or evaluating the corresponding residues, yields

1 UK
Bohr—Sommerfeld quantization of the radial oscillation is (27)~! § p,.dr =
h(n, +1/2). Hence

ik
2h2(n, +1+1)%

%:h(nr—i—l—i—l), E=-

(A.69)

Keeping the origin residue —L and the turning-point half phase separate
shows how the Frobenius monodromy and ordinary turning points cooperate.

VI1.2: projection to the CDCC equations

Let r be the projectile internal coordinate and R its target separation.
Expand the total wave function in retained projectile states and channel
angular functions,

v/M(R XC [qﬁnl )®YL(1§)} . c=(nI,L). (A.70)

JM

Insert this expansion in [Tg + h(r) + Uga + Upa — E]¥ = 0, multiply by the
conjugate channel function, and integrate over r and R. Orthogonality and
honr = e€nrdnr give

m? [ d®> L (L.+1
(e~ e - |t + S v () o

2R
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where

UL /(R) = ([pnr @ Y urr| Usa(Ra) + Upa(Ry) |[br @ Y lom) . (AT2)

Nothing in this derivation makes a positive-energy pseudostate a bound state.
It is a basis vector in the finite model-space projection; physical breakup
information is recovered only after convergence and smoothing.

VI1.6: eliminating a closed reaction channel

For two coupled radial channels write
(E — Hu)xa = Viaxe, (E — Ha2)x2 = Vaixa- (A.73)
The boundary condition in channel 2 fixes its Green operator, so
[E — Hi1 — Upol(E)] x1 =0, Upol(E) = Vig(E — Ha) *Var.  (A.T4)

Below the second threshold, a self-adjoint Hso has no on-shell spectral weight
at E. Its resolvent boundary value is real, and U, shifts and distorts the
elastic potential without absorbing flux. Above threshold, Stone’s formula
gives

Im Upol(E + iO) = —7TV12(5(E — HQQ)VQl, (A75)

which is negative semidefinite and supplies the reaction loss. Omitting closed
CDCC channels can nevertheless change an elastic observable below threshold
because their real dispersive contribution remains.

VII.1: the algebraic test for a second-order EP

For

a b
H_<b d)’ a,b,deC, (A.76)

the eigenvalues are

d 1
)\i:a—; o la—dp (A.77)

They coalesce when the discriminant D = (a — d)? + 4b? vanishes. This
condition is necessary but must be joined to a rank test. If H = A1, the
eigenspace is two-dimensional and the degeneracy is ordinary. Otherwise
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rank(H — A1) = 1, the nullity is one, and the algebraic multiplicity two
exceeds the geometric multiplicity: the point is an EP. Near a generic control
value g., D(g) = D'(g:)(g — g+) + -, s0

Ay = A~ /D(g.) (g — g2, (A.78)

The square-root exchange is thus derived from the secular equation. A plot
showing close eigenvalues is not an EP diagnostic until defectiveness and the
local Puiseux law have also been checked.

VII.2: resolvent of a length-two Jordan chain

Choose right vectors satisfying
(H—E)po =0,  (H—E)r =1, (A.79)

and a dual chain normalized so that the nilpotent part is represented by
N = |tho) (11| with N? = 0 on the root subspace. There H = E,1 + N. For
z # By,

(:—H) ' =[(z—E.)1-N|! (A.80)

1 N
_ A8l
BTGB (A-81)

because the geometric series terminates at N2 = 0. Restoring the explicit
root-space identity gives a simple-pole projector assembled from both chain
vectors and a double-pole coefficient proportional to [¢g)(¢1|. This is why
solving only for the coalesced eigenvector loses information: the associated
vector controls the principal part of the response.

VIII.1: Schwarzschild tortoise coordinate

For f(r) = 1 — 2M/r, radial null curves suggest defining dr,/dr = f~1.
Partial fractions give

re =7+ 2M log

.
ST 1‘ +C. (A.82)

Outside the horizon, r > 2M. As r = 2M + ¢ with € | 0,

5
r« = 2M log oYY +0(1) — —o0. (A.83)
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At large radius, r. = r 4+ 2M log(r/2M) 4+ O(1) — +o0. The logarithm’s
argument has been made dimensionless; changing its reference scale merely
changes C. Under complex continuation, however, the logarithm also records
a branch choice. That branch structure is why an unrestricted rotation of
the entire r, plane cannot be assumed to induce a single-valued rotation of r.

VIII.5: horizon signs as connection data

With time dependence e™*¢ introduce v =t + 7, and v =t — r,. Near the

future event horizon a smooth ingoing wave depends on v:

efiwv — efiwtefiwr* ) (A84)
At spatial infinity an outgoing wave depends on u:

e—iwu — e—iwte—l—iwr*‘ (A85)

Let fi be the horizon-normalized ingoing solution. At infinity it has the
connection expansion

= Cout (W) fOM 4 Cin (w) f2. (A.86)

A QNM satisfies both physical conditions exactly when Ci,(w) = 0. For
Imw < 0 these exponentials diverge on parts of the real r, axis; that di-
vergence is not a sign error but the reason analytic continuation, complex
scaling, or a rigged-space pairing is needed to represent the same connection
Zero.
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Aguilar-Balslev—Combes theorem (ABC theorem).
Under dilation-analytic and relative-compactness hypotheses, complex
dilation leaves bound eigenvalues fixed, rotates the essential spectrum,
and exposes resonance poles as discrete eigenvalues independent of the
dilation angle inside their exposure wedge. The theorem concerns an
analytic operator family and is stronger than the visual stabilization of
a finite matrix spectrum.

Adjoint operator.
For a densely defined operator A, the domain of A* consists of vectors
for which v — (¢, A®) is continuous in the Hilbert norm. The domain
is part of the definition; formal integration by parts alone does not
prove that A = A*.

Analytic dilation.
Continuation of a real coordinate dilation to a complex parameter in
a sector where the Hamiltonian is an analytic family. It is theorem-
controlled and is not synonymous with adding an absorber.

Analytic family of operators.
A parameter-dependent family whose resolvent, quadratic form, or
action on a common domain is analytic in the sense specified by Kato.
Stating the type and domain prevents a moving numerical matrix from
being mistaken for analytic deformation of an unbounded Hamiltonian.

Analytic Fredholm theorem.
For an analytic compact-operator family K(z), either 1 — K(z) is
nowhere invertible or its inverse is meromorphic, with finite-rank prin-
cipal parts at isolated poles. This is the operator-level bridge from an
integral equation to a resonance pole.

Antiresonance.
The pole or connection zero paired with a resonance by the relevant
reality, time-reversal, or sheet symmetry. It is not a second decaying
state on the same physical boundary-value problem.

383
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Asymptotic completeness.
The assertion that the ranges of the incoming and outgoing wave
operators, together with bound states, exhaust the physical Hilbert
space. Existence of Mgller operators is weaker than completeness.

Berggren completeness relation.
A contour-deformed resolution combining discrete bound and resonant
poles with a nonresonant continuum integral. Moving the contour
can change which poles appear explicitly while leaving a complete
observable unchanged.

Biorthogonal system.
Right and left vectors ¢, and 1, satisfying (@Zm\d)n) = Omn Where
diagonalization is possible. Near an exceptional point the normalization
becomes singular and must be replaced by Jordan-chain data.

Birman—Schwinger operator.
A compactly sandwiched resolvent, for example K (z) = |V|'/2(Hy —
2)~Lsgn(V)|V|'/2. Under the stated domain and compactness hypothe-
ses, z is an eigenvalue or continued pole exactly when the corresponding
K (z) has eigenvalue one.

Borel transform and lateral sum.
The Borel transform divides the coefficient of A" by a factorial so that a
divergent formal series may acquire a finite convergence radius. Laplace
integration just above or below a singular Borel ray defines the two
lateral sums; their difference is a Stokes discontinuity.

Breit—Wigner approximation.
The Lorentzian real-axis form obtained from an isolated simple pole
only after the background, residue, phase space, and self-energy are
treated as slowly varying. Pole energy and fitted peak parameters need
not agree for a broad or threshold-adjacent resonance.

Branch cut and sheet.
A cut is a convention used to make a multivalued analytic function
single-valued on one chart; a sheet is the corresponding branch of its
Riemann surface. Resonance statements must specify continuation
relative to thresholds, not merely say “the second sheet.”



Glossary of recurring structures 385

Channel.
A chosen asymptotic internal state, relative orbital motion, and set
of conserved quantum numbers. An open channel carries flux at the
selected energy; a closed channel decays asymptotically but can still
generate a real polarization potential.

Continuum-discretized coupled channels (CDCC).
A projection method that replaces selected projectile-continuum sectors
by normalized bins or pseudostates and solves the resulting coupled
radial equations. Convergence is a statement about observables un-
der enlargement of the model-space projection, not about individual
positive-energy eigenvalues.

Continuum level density (CLD).
The imaginary part of a reference-subtracted resolvent trace. Under
trace-class hypotheses it is the derivative of a scattering spectral shift
and includes both pole and nonresonant continuum information.

Complex-scaled Lippmann—Schwinger method (CSLS).
A representation of a scattering resolvent in a complex-scaled basis,
commonly used to smooth CDCC pseudostate amplitudes and resolve
breakup spectra. Angle independence is recovered only after a suffi-
ciently complete basis and consistent inverse transformation.

Complex scaling.
Analytic continuation of a dilation, commonly  — re'?, which converts
an exposed outgoing resonance into an L? eigenproblem and rotates
continuum cuts. Exterior and smooth variants modify the map while

preserving the same analytic aim.

Connection coefficient.
A scalar minor or matrix block relating local solution bases in distinct

asymptotic sectors. Its prohibited- incoming component is denoted Ciy.

Continuous spectrum.
The spectral part in which H — FE fails to have a bounded inverse
although FE is not a normalizable eigenvalue. Generalized energy eigen-
vectors are distributions or fiber labels, not additional vectors of H.

Continuum pseudostate.
A positive-energy L? eigenvector of a finite-basis diagonalization used



386 Glossary of recurring structures

as a quadrature state. Its individual energy is normally representation
dependent.

¢ product.
The bilinear pairing natural for a complex-symmetric matrix or a
suitably scaled differential operator. It transposes rather than Hermi-
tian conjugates the coefficient vector and must not be used when the
operator’s left problem has a different structure.

Direct integral.
A measure-theoretic continuum of Hilbert-space fibers, used here to
represent energy and channel multiplicity.

Dollard comparison dynamics.
A long-range modifier of free motion that includes the logarithmic
Coulomb phase before taking the scattering limit. It repairs the failure
of the ordinary free Mgller operator for Coulomb interactions.

Dressing sector.
An infrared representation in which charged asymptotic states carry a
correlated cloud of soft gauge quanta. The required profile generally
has infinite norm in the naive Fock one-particle space, so changing
charge or velocity can move between inequivalent infrared sectors.

Effect and POVM.
An effect is an operator 0 < F' < 1 representing one measurement out-
come. A positive-operator-valued measure assigns effects to measurable
outcome sets and includes finite-resolution measurements that are not

projection-valued.

Essential spectrum.
The part of the spectrum stable under the appropriate compact pertur-
bations. Complex scaling rotates its threshold rays; finite-basis points
sampling those rays are pseudostates rather than isolated spectrum of
the exact operator.

Exceptional point (EP).
A parameter value at which eigenvalues and eigenvectors coalesce so that
algebraic multiplicity exceeds geometric multiplicity. In the connection
formulation it is a multiple zero supplemented by a defectiveness test.
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Feshbach operator.
The energy-dependent operator on a retained P space obtained by
solving the @ equation with a specified resolvent boundary value. Its
derivative enters pole normalization because the eliminated sector
remains encoded in the self-energy.

Fano profile.
The asymmetric intensity |Ao|?(e + ¢)2/(1 + €2) produced by coherent
interference between a pole amplitude and a smooth background. Its
maximum and zero are reaction dependent.

Fiber Hilbert space.
The multiplicity space Hg attached to almost every energy in a direct
integral. Channel labels live in the fiber; measurable wave packets are
square-integrable sections E — ¢(E).

Gamow—Siegert state.
A solution satisfying outgoing boundary conditions at complex energy.
It is generally not in the original Hilbert space.

Gelfand—Naimark—Segal construction (GNS).
The construction of a Hilbert-space representation from a positive linear
functional on a C* algebra. It makes explicit that a state is primary
and a chosen Hilbert-space representation can depend on its physical
sector.

Infrared divergence.
Failure of an integral at vanishing momentum or energy. In long-range
scattering it can signal that the assumed asymptotic state space is wrong,
rather than merely that a finite parameter needs renormalization.

Hilbert—Schmidt operator.
A compact operator whose squared singular values are summable. An
integral kernel K (z,y) is Hilbert-Schmidt when [ |K(z,y)[?dzdy < oo;
then finite-rank kernel approximations converge in Hilbert—Schmidt,
hence operator, norm.

Jost function.
A Wronskian coefficient between a solution regular at an interior end-
point and an asymptotic incoming/outgoing basis. Under suitable short-
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range and analyticity assumptions, its zeros identify bound, virtual,
resonant, or antiresonant poles according to their sheet and quadrant.

Jordan chain.
Vectors satisfying (H — Ey)1o = 0 and (H — E,)Yj41 = ;. A chain
of length two produces both simple and double terms in the resolvent
principal part.

Langer correction.
The I(I + 1) + (I + 1/2)? term obtained when the radial equation
is transformed logarithmically and its wave function is treated as a
half-density. It records origin monodromy rather than an empirical
WKB patch.

Mgller or wave operator.
The strong limit comparing full and reference time evolution at early
or late times. Its definition includes the comparison Hamiltonian; for
Coulomb or QED asymptotics, free Fock or free-particle comparison
may be inadequate.

Monodromy.
The linear transformation of a local solution basis after analytic contin-
uation around a closed path. Turning points, regular singular points,
and coordinate Jacobians contribute distinguishable factors.

Nuclear optical potential.
A generally complex, energy-dependent effective interaction for an
elastic or selected channel. Its absorptive part represents flux into
eliminated channels and should not be confused with fundamental
nonunitarity of the full many-body Hamiltonian.

Projection-valued measure (PVM).
The countably additive family of orthogonal projections supplied by
the spectral theorem for a self-adjoint operator. Matrix elements of the

PVM define scalar spectral measures and direct-integral decompositions.

Quasinormal mode (QNM).
A mode satisfying ingoing conditions at a future black-hole horizon
and outgoing or appropriate cosmological/AdS conditions at the other
endpoint. With e %! a decaying mode has Imw < 0.
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Resolvent.
R(z) = ( — H)~! on the resolvent set. Its boundary values encode
the spectral measure; matrix elements or weighted versions may admit
analytic continuation through a continuous-spectrum cut even though
the bounded Hilbert-space operator does not.

Resonance.
A pole of an analytically continued resolvent or scattering matrix,
equivalently a zero of the appropriate Jost or incoming connection
function under the stated hypotheses.

Residue.
The coefficient of (z — zg)~! in a Laurent expansion. It contains the
normalization-invariant product of left and right pole data and is re-
quired to predict response strength; a pole position alone is incomplete.

Representation datum.
A contour, scaling angle, test topology, basis, bin width, or infrared
sector chosen to realize an invariant analytic quantity.

Riesz projection.
For an isolated spectral cluster inside a contour I', the operator
(2mi) ™t §n(z — H)"'dz. It is invariant under basis changes and treats a
fragmented or nearly degenerate resonance as a subspace rather than
as a preferred list of eigenvectors.

Rigged Hilbert space.
A continuous dense embedding @ C H C &* in which generalized
eigenvectors act as continuous functionals on a test space. The topology
of @ determines which Gamow and scattering functionals exist.

R-matrix.
A boundary relation obtained by solving an interior problem at a
chosen channel radius and matching it to known exterior functions.
Physical observables should become insensitive to the channel radius
and boundary parameter in a complete expansion.

Self-adjoint extension.
A choice of operator domain, often encoded by boundary data, that
makes a symmetric differential operator equal to its adjoint. Different
extensions can represent different physical contact or endpoint data.
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Spectral measure.
For a vector ¢» and PVM P(-), the positive measure puy(B) =
(¥, P(B)®). Survival amplitudes are Fourier transforms of such
measures; exponential decay is therefore an intermediate-time approxi-
mation when a threshold is present.

Spectral shift.
The reference-subtracted change in spectral counting associated with
a pair (H, Hp). Its derivative is a continuum level density and its
exponential is related to det S by the Birman—Krein formula under the
appropriate hypotheses.

Sturm—Liouville operator.
The differential expression w1 [—(pu’)’ + qu] together with its weighted
Hilbert space, maximal domain, and endpoint boundary conditions.
The expression alone does not define a self-adjoint operator.

Stokes curve and Stokes matrix.
A Stokes curve is a locus where the phase relation between local WKB
branches changes dominance. Crossing it changes the resummed basis by
a triangular Stokes matrix; the path-ordered product with propagation
factors is the global connection matrix.

Threshold.
The endpoint of an asymptotic channel continuum and hence a branch
point of its resolvent. Threshold powers can dominate late-time decay
and can compete with the square-root branching of a nearby exceptional
point.

Topology.
A specification of which sets are open, equivalently which convergence
and continuity statements are meaningful. Norm, strong, weak, weak-
star, and test-function topologies answer different physical questions
and must not be silently interchanged.

von Neumann algebra.
A unital * algebra of bounded operators closed in the weak-operator
topology, equivalently equal to its bicommutant. Abelian spectral
algebras are multiplication algebras; their direct-integral fibers expose

channel multiplicity and superselection structure.
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Voros symbol.

The Borel-resummed exponential of an exact-WKB period integral on
the spectral curve.

Wronskian.
The determinant of two local solutions and their derivatives. It is con-
stant for a second-order equation without a first-derivative term, fixes
the Green-kernel denominator, and provides a sensitive determinant
check for transfer and Stokes matrices.

Weyl-Titchmarsh function.
The coefficient m(z) selecting the solution square integrable at a limit-
point endpoint. Its boundary value determines the spectral measure,
while its analytically continued poles encode the same denominator as
the Jost or Green-function construction.

Zel’dovich regularization.

Gaussian damping of a divergent outgoing pairing followed by analytic
continuation in the regulator.
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These notes are a reading map, not an additional review chapter. The main
text was written to be calculationally self-contained; references here record
sources, alternative proofs, and routes to subjects which lie beyond the
book’s connection-first line. A work listed here is cited at the point where
it becomes useful, rather than being placed in an undifferentiated list of
“further references.”

Mathematical and quantum-mechanical foundations

For Hilbert-space quantum mechanics, unbounded operators, and the spectral
theorem, the volumes of Reed and Simon remain a standard bridge between
physics and functional analysis [26]; Kato is the natural next reference for
closed operators, analytic families, and perturbation theory [33]. Trace
ideals and determinant technology are treated systematically by Simon
[34]. Titchmarsh and Zettl give complementary classical and modern routes
through Sturm-Liouville theory [40, 41]. The point of Stages I-A and I-B is
not to replace these books, but to derive exactly the subset needed when a
continuum spectral problem is analytically continued.

The direct-integral and operator-algebra discussion is indebted to the
decomposition theory initiated by von Neumann and to modern accounts of
von Neumann algebras [27, 28]. Bratteli and Robinson develop the C*- and
von Neumann-algebraic language in a form adapted to quantum statistical
mechanics [31]; Haag is the standard physical entrance to local quantum
physics [30]. These sources also make clear why an energy-fiber direct integral,
a central factor decomposition, and a superselection decomposition answer
different questions. The book keeps those three decompositions separate
before using them in scattering or gauge theory.

For rigged Hilbert spaces, the foundational distribution-theoretic setting is
due to Gelfand and collaborators [32]. Pedagogical treatments of continuous
spectra and Gamow vectors may be found in Refs. [96, 98]. They are best
read after the explicit Gaussian continuation in Stage IV, where the topology
on the test space is seen to be part of the construction rather than decorative
notation.

392
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Scattering, Jost functions, and long-range sectors

Newton and Taylor are broad references for nonrelativistic scattering [37, 42;
Yafaev gives a mathematically systematic account of wave operators and
spectral methods [29]. The Zel’dovich school emphasizes resonances and
quasistationary states [38]. Rakityansky and Elander organize multichannel
scattering around the Jost matrix [39], while the Japanese textbook tradition
represented here by Sasakawa provides a compact route from elementary
quantum mechanics to practical scattering calculations [36]. Kukulin and
collaborators connect this material to resonant-state expansions and nuclear
applications [35]; the Berggren ensemble and its modern many-body use are
surveyed in Ref. [95].

Long-range scattering requires a different comparison dynamics, not a
small correction to a plane wave. Dollard’s construction is fundamental
[46, 47]. For three charged particles, the Faddeev—Merkuriev framework and
subsequent asymptotic analyses display why pairwise Coulomb phases do not
by themselves give a single uniform global form [49-55]. This is the few-body
counterpart of the infrared warning in field theory: the asymptotic state is
part of the dynamics.

The soft-photon problem begins historically with inclusive cancellation
[56, 61], but a state-level description requires dressing. Chung and Kulish—
Faddeev are classic constructions [57, 58]; Buchholz explains the charge-sector
obstruction in algebraic terms [59]. Modern dressed-state and asymptotic-
symmetry formulations relevant to the discussion in Stage II include Refs. [60,
62-64]. Dirac’s gauge-invariant charged field is an important precursor [65].

For gauge constraints, BRST cohomology in the form used by particle
physicists is represented by Kugo and Ojima [66]. Gribov copies and Singer’s
obstruction explain why the global nonperturbative problem cannot be
inferred from local gauge fixing alone [67, 68]. Algebraic sector theory starts
from observables [69, 70]. Discussions of gauge-theory entanglement and
edge structures make the loss of a naive tensor product operational [73-75];
the Hamiltonian lattice starting point goes back to Kogut and Susskind [71].
Quantum-simulation encodings give a current computational realization of
the same constraint issue [72].
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Exact WKB and resurgence

Voros’s analysis of the quartic oscillator is a landmark in the passage from
formal WKB to exact spectral information [12]. The Japanese school devel-
oped the microlocal and connection-formula foundations; useful entry points
include Refs. [105-107, 186]. Problems with many phases and global Stokes
geometry are treated in Refs. [187-189]. Hypergeometric benchmarks provide
a useful laboratory for checking normalization and connection conventions
[190].

Delabaere and Pham give a classical resurgent treatment of semiclassi-
cal asymptotics [13]; Dorigoni is a convenient field-theory introduction to
transseries and alien calculus [183]. Nikolaev’s work gives a modern geometric
view of exact WKB and abelianization [191-193]. Wall-crossing formulations
for quadratic differentials and related spectral networks connect this material
to wider geometric structures [194, 195]. These developments are not required
to execute the one-dimensional connection calculations in Stage III, but they
clarify which parts of the construction survive for higher-order or coupled
systems.

The calculation program underlying the present book began by formu-
lating resonances nonperturbatively in exact WKB [17, 140], then unified
Zel’dovich regularization, complex scaling, and rigged Hilbert spaces [25, 196].
Continuum spectra and radial equations were developed next [15, 20, 197].
The ordering of Stage III reflects the conceptual conclusion of that sequence:
the connection coefficient is primary; its operator and functional realizations
are representations of the same analytic datum.

Complex scaling, resonance functionals, and re-
sponse

The Aguilar-Balslev—Combes theorem originates in Refs. [6, 7]; Simon’s
account isolates the operator-theoretic mechanism [89], and Herbst treats
important dilation-analytic spectral questions [198]. Exterior complex scaling
is developed in Ref. [86]. Moiseyev’s book and reviews connect the theorem
to practical non-Hermitian spectral calculations [88, 139, 199].

Zel’dovich introduced Gaussian regularization for decaying states [2].
Berggren supplied the decisive resonant-state normalization and completeness
constructions [3, 94, 200, 201]. Stage IV repeats the regulated integrations
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because the angular sector in which the Gaussian limit exists is exactly what
later becomes a complex-scaling or exact-WKB Stokes-sector statement.

Feshbach’s projection formalism is the source of the energy-dependent
effective Hamiltonian used throughout the book [4, 5]. Modern discussions of
the equivalence between effective Hamiltonians and resonant boundary condi-
tions include Ref. [202]. Continuum level-density and complex-scaled response
methods in nuclear physics are reviewed in Refs. [8, 181]. Pseudospectral cau-
tions should be read alongside the elementary resolvent estimates; Trefethen’s
introduction is a compact entry point [93].

Radial motion, few-body nuclei, and CDCC

The Langer modification is traced to the original connection-formula paper
[104]; the earlier geometric quantization context is represented by Maslov
and Arnol’d [203, 204]. Recent studies of power-law radial spectra provide
useful numerical and semiclassical comparisons [205, 206]. The monodromy-
renormalization proposal in Stage V is more specific: it keeps the singular
endpoint data invariant while changing the perturbative seed, and its present
limitations are stated in Sec. 11.3.5.

CDCC grew from coupled-channel discretizations of breakup [117, 118]
and now has a broad reaction-theory formulation [119]. Four-body CDCC and
complex-scaled Lippmann—Schwinger smoothing are developed in Refs. [120,
123, 124]. Gaussian expansion methods are described in Ref. [101]; the micro-
scopic effective interaction used in many folding calculations is represented
by Ref. [122]. The relation to exact few-body equations is anchored by the
Faddeev and Alt—Grassberger—Sandhas equations [115, 116]; the R-matrix
interior—exterior split is traced to Lane and Thomas [114].

The lithium and beryllium laboratories are not generic examples appended
to the formalism. They record the line of nuclear-structure and reaction work
from which the model-space and channel questions arise [125-131]. Their
role in the book is to test whether pole positions, residues, smoothing, and
measured cross sections remain stable under one common truncation protocol.

Exceptional points

Non-Hermitian effective Hamiltonians in open systems and their resonance
interpretation are reviewed by Rotter [9, 207]. Broader modern perspectives
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are given in Ref. [10]. Experiments and models which expose encircling, state
transfer, and topology include Refs. [133, 135, 136]. Thresholds can modify
exceptional-point decay laws and apparent order [21, 24]; this is why Stage
VII keeps the continuum regulator visible.

The complex-scaling calculation of resonance holonomy developed by
the authors treats an exceptional point as a multiple zero of the same
incoming connection coefficient used for an isolated resonance [16]. Black-
hole applications make the relation between mode coalescence, excitation,
and spectral instability especially current [208, 209]. These papers motivate
the open problem of a regulator-independent continuum holonomy, but do
not yet settle it.

Black-hole quasinormal modes

The Regge-Wheeler equation begins with Regge and Wheeler [143]; Zerilli
supplied the even-parity formulation and charged generalizations [147, 210].
Moncrief’s gauge-invariant Hamiltonian treatments [144, 152, 153] and the
covariant derivation of Martel and Poisson [145] are the main checks on the
derivation in Stage VIII. Chandrasekhar’s monograph remains the standard
source for transformations between master equations [148, 211].

General reviews of quasinormal modes include Refs. [11, 141, 212].
Leaver’s continued fractions and Green-function analysis are central numeri-
cal and analytic benchmarks [102, 149]; Nollert developed the high-overtone
implementation [164]. Late-time tails and branch-cut response are treated in
Ref. [150]. Hyperboloidal formulations clarify the operator and continuum
structure [213, 214], while pseudospectral instability is emphasized in
Ref. [165].

Exact-WKB approaches to black-hole spectra include Refs. [142, 155, 161,
162]. The complex-scaling program developed in the final laboratories treats
the horizon conditions as rotated asymptotic sectors and retains continuum
response [18, 19]. The de Sitter extension makes the two-horizon connection
problem explicit. For comparisons with current spectroscopy and excitation
questions, see Refs. [215-218].
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Resummation appendix

The instanton and large-order background for Chap. A is presented
pedagogically by Marino [184]. Optimized perturbation, linear delta
expansion, variational perturbation, and ODM are represented by

Refs. [108-112]. Multi-instanton structure in quantum mechanics is
developed in Refs. [77, 219]. The public calculation repository and Wolfram
Community article give the software provenance of the supplied compact
code [182, 185]. The book’s conclusion is intentionally narrower than any
one of these sources: resummation becomes resonance theory only after its
directional analytic continuation is tied to a physical connection condition.
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