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Stage I : fEH =% < B « Fredholm
PG

I.1 effect £ POVM

fis]

0<F <1332 Born 23 [0,1] DiEREZE 25 Z %L, 4t
METZRWIME POVM Z{Eh,

s

BEEREZEEZ p >0, Trp =183 %, FEHZEOIEFIZO <
1/2Fp1/2§p%5‘2-57b)6

0 < p(F) = Tr(pF) = Tr(p'/?Fp'/?) < Trp = 1. (1.1)
THENTRTO<n<1l &l
Fr=qi1){1], F=1-# (1.2)

Z bﬂi F0+F1—17:_7Z7) F2—77F17éF1 J2DT PVM“CCitCL\
SRR Z 2% n TOAMH T 2 HRARRMEBETH 2, KON
P AR RRERIE X, SWGHE P2 FL = 1+£9(2P-1))/2 NIE
HLTELNS,

1.2 X LosEsg o B IRk

P = —ihd/dz on (0, L) ITHEFRSM (L) = el*y(0) ZFR L. HOH
Bt EREZRD X




2 Chapter 1. Stagel: fEFHZ « 5487 - Fredholm Bl

R
RARVEFR DB ¢, ¢ € HY(0,L) 1IZXf LT

(¢, P) — (P, ¢) = —1h[¢" (L)Y (L) — ¢*(0)¥(0)]. (1.3)
& A3 [E U HEE A 2 i /- i AEIX0TH %, W2, P DE
FRICET 2 0 ITOVWTHANPETD ¢ IZXFLTOIZR B2

¢(L) = ep(0) BRETH 5, L7dd>T D(P*) =D(P) THCH
BTH2, Py =pp OFIE o =CeP?hThHD,

, , h
Pl =l py=(2m+a), nel (14)

Y = L™ Y2eirnz/h ¥ 722 BERAHEIMEHZD EFE. Lzdo
TARY MILD—ETHDIEDNBERTH 5,

1.3 590K & W% o ki

IERIEZZA e, DIONTHIIRS 2057 VAP L7 W 2 & 2Rt

R

ERD f e H L Bessel DARERX Y (£, en)? < || f]1? DILD L
DDT, FHEZIONPET %, oTep — 00 —7 |len] =172
5 VAR LR, en(x) = p(xz —n) DD ¢ € L2(R) 25, EE
DEET 7 VEEH K IZDOWT

/\%@de=/’ 6 dy —> 0. (1.5)
K K—n

EHERIZID X 20, ARAMEOBHERD S HERIRT 2,




1.4 EHEEFRDP O T FVF—EEITN 3

1.4 HMEIRFR» ORIV F—EHETA

fisl

d3p = p?dpdQ & E =p?/(2u) HL=R V)R TXNLF—RKRrE
s

R

%E = (p/w)dp. &> T p>dp = updE TH 2. (p) = ¢¥(p, Q) I
T L

(UY)(E,Q) = (up)*)(p,Q),  p=+/2uE (1.6)
YEDDLE
2 > 2
nvwn-é <ﬂ§/daumw@An| (1.7)
=/‘ﬁ®/mwmmﬁﬂwﬂ (1.8)
0

o T U X L2(R3,d3p) 5 f[g'ioo) L3(S2,dQ)dE~ND =R ) B
T. Hyld#% fiber ETE OFERICK 5,

[.5 multiplicity-one ® commutant

il
ETORBMEMR L [ RBEERRZEE X

s

AM; = M;A 5%, RICERDOATHIES A @ M, LAJ#720
T, AR AREZFROBEEZFRT A INET, ARAEDSS
g=Al1 &L &, %Bﬁﬁs:zjcjx% WXL

As = chMXAjAl = gs. (1.9)
J
HEABOREE,» S A = M. FFHEEBTHMLTg c L™

DD gllo < ||Allo sigma ARG EIZARR HIEEER 7 HIR LT
B &bE 3, fiber KITH m(E) > 1 %5, AU #Eiwds Tl
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F—2REERNZEETERBEHIL. A= [ AE)duwE). A(E) €
B(C™EP)) vz 3,

.6 ARZ MLVHIED

—¥&{f Hamiltonian ¥ —XJTH H#F wave packet D 227 L
HIEZRD X,

fiRs
H=FE P + EyP, o= Cl|1> + CQ|2> 5
pp(A) = (1, Pa(A)) = |e1|*xa(Br) + |2l xa(EBa), (1.10)

S5 duy = |e1]?0(E — E1)dE + |co|*6(E — E»)dE, —XJTT
FE=p*/2m) il p=+V2mE DB HD,

du m
B = 7 (WWVIRE)P +lp(—VamB)?) . (L.1)

Zkp T 2oL ¥ — fiber ® multiplicity 2 Z& 3,

1.7 resolvent Of#EH P

i1
resolvent [HE R & R(2) DIEHZE / L LRI IEZ RE

7y

LY

EEFRELT

=
it

R(z) — R(w) = (w — 2)R(2)R(w) (1.12)
21585, W|IRR)| <1%5

R(z+h) =R()[1+hR(2)] = R(2) — hR(2)* + O(h?), (1.13)



1.8 Feshbach fEFHZ & #7 metric

@3]

5T OR() = —R(2)% F7LEFEZRYZ ML ETE 2 — H D
B3, ORI O PRI YIR 28R 2 v, TR
WIS E AN & 22/, AT vector, Jost RIAR YIBIEENE 2,

1.8 Feshbach {EHZ & #5r metric

i
P+ Q =1 ZHWTH%) Hamiltonian ¥ #D LA T % &Y,

s
(E-H)V =0% P,Q THEITIL

(E — Hpp)P¥ — HpoQW = 0, (1.14)
—HQPP\I/ + (E — HQQ)Q\I/ = 0. (115)

E— HQQ Mgy — M T QY = (E = HQQ)_IHQPP\IIO - T

[E — Hoge(E)|PY =0, He(E) = Hpp + Hpo(E — Hgg) *Hgp-
(1.16)
D(E) = E — Hy(E) DHMZFER Eg 55T, 4 - £% vector |r), (|
ZHWS

L Y
DO~ F i - osHa@ln

DEEDOWS metric X, HELR Q BRI DT XILX —k{FEE
Bz 2IREBOHEITH 5,

1.9 BfFif} = Lorentzian 04 7RI

NEME % > Lorentzian 2 d Fourier f&7) % flE » BEIEIC
7T X
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fR%
il LT
B r'/(2m)
p(E) = @(E - Eth) (E — EO)2 T (F/2)2’ (118)
At) = / h p(E)e FYR AR, (1.19)
E

ZW %, t > 0 TR¥FEANHC % & Eg = Ey — il'/2 DEEH
Ze Bt B 5.2 % BED HIEL 2 ERIENG S D TH D, Fh5
Bz &D .

Ag(t) = ”(fﬂl)eiEtht/ﬁ +O(t72). (1.20)
BN (E — By,)® TIHEIR Ay, ~ t—Le Bat/h, §if 5T R
ENIFEEEE. T RREIZEERROFERE & 125,

1.10 PYODUTKHiAH

fisl

Jova, EfERR. $9EM R, 58 resolvent IR DBl 2 —> 3 0%
X

fiss
RHBIBITH 5,
(@) A, =1/n — 0IIEAR /L LPEK,

(b) 2 DEHID n RITNDHE P, — 1 IR 72203 |1 — P =
Lo

(c) Kl shift S™ — 0 [ FFSTEFHRIICRZAY ||S™eq|| = 1 72 D THRIN
WL,

(d) L2(R) LoFEAEHR H,(x) = max(—n, min(z,n)) & H,
HEICOWT—HERTERWE, TED 2 ¢ R T (2 —
H,) ! = (z —2)7! MBICREHIC K D BIRT 5,

RN & 2 L LR L BRAUX AR detector TOUE D & 2 IRRE—
BRRRAE %R FIRLUTLE 5, $9HR &2 5RICR & 3RV Xk S 2 iR




[.11 compact fEHRANDOBIRO—kk(t. 7

IR L A7 L, 58 resolvent IR % /EH R IR & ELXIEA R
observable ® domain [EfiZ k5,

I.11 compact fEHZRANDEPIR DO —FR{L

i
Py — 1strongly, K compact 725 ||(1 — Py)K|| — 0 Z7~E,

5

K PHNIKRZE L 728E48 OB compact 2D T, EED ¢ > 0
WX LARBEDOR y1,... ym D e BRCEZ %, Py 1 —HERTDH
b, ARME®D y; 122V T max; |(1 - Py)y;l| = 0o FEED |z|| <1
WAL |Kz — ]| <e 723 j Z2iEX

(1 - Pr)Ka| < |1 = Pylle+max||(1 - Poysll.  (1:21)

FRZEERD N w00, RiZe=082F5%, K=1%5|1-Py||=1
TRAENZHE 5,

1.12 HH Green kernel ® Hilbert-Schmidt 1

fisl

=Xt D off-shell HH Green kernel & 5 compact support
potential 7> & {E% Birman-Schwinger kernel ® —3Er[f& 714 %
Z s

s

[=]

z=k*/(2u). Imk >0k L., EBERINZ

eik|w—y|

Go(z 2, y) = K =|V|"?Gosgn(V)[V[V2.  (1.22)

lz—y|’

W r = |z —y| 0 TIEI|Go|? ~r 2 ZMERREERI 4rr? dr 2DT
JRFTREE [ dr < coo V DEDS compact 74 & M2 KA G AEEK
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WCHIR XA, D I3ERTAHRTH 2, B2HDHTH Imk > 072
& e 2Imbr RPN Z %, - T K 13 Hilbert-Schmidt, %f
\Z compact TH %,

1.13 Birman-Schwinger Off 5

AED resolvent YT Birman-Schwinger FMEZREA L. ¥
& DR 2%,

(Hoy+V —2)9 =01& (z — Ho)y = Vipy o Ty = Ro(2)Vey LH
ETH %, MRV = |V|V2IVI2 2H0 ¢ = V|V L BIFIZ

¢=K()¢, K(z)=|V]'*Ro()J|VI'2. (1.23)

WA E 1 ) = RoJ|V V26 LHELT %o Ro= (Ho—2)"' = —Ro &
RATIZ ¢ = —K(2)o. THDBEBEMEEMEE -1 ¢ o(K) 127
%,

1.14 f##t Fredholm %D

A(z) =1 - K(2) DHMFEHICBIT S A(z)~! @ Laurent f23% K
» X

A(zo)|r) = 0. (lJA(20) = 0. d = (I||A'(20)|r) # 0 & T %, Ansatz
AL (z — Zo)ilB—l + By + - % AATY = 1 ITRAT %L
A 1 =0RDT B_y = cr)(l|le EBIEZLEDIS (|| THEO

_ ) (]
(2= 20) (1A (20)|7) +0(1). (1.24)




1.15 FEHEIEHZFEE compact TRV 9

[Ty = clr)s (] = c Y| TERTF - T LD FRETH 5,

1.15 FEHEEHFEIZ compact TRV

L%([0,1], dB) L DIEEFBEIEHZED compact TRWZ & 2R,

f#0ae THRWVWES, 2 c>01XHNL A= {|f| >} PEHER
Fio, AZHWIRRIEAERS A, COT. en = xa,/ V() &
T 50 en FIEHER L. Mre, DEDHWIZHET || Me,|| > eo HiE
> THBING WORER 735 2 7723, My 1 compact TRV, ZHU
At U RITE Birman-Schwinger /£ 3R 134877 kernel 12 & b Z% %
BECTHELL., NARKEED “RAJEITHL, T2 ALF—C
*OFEE Y| PERER % KES compact kernel %7z 2 /EF EMEE T
HYHFELIE,
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Stage II : #(fL. Jost BH%L. FrREkEMH
£

II.1 RS 77 ik

il

“HN T OED - MNES) R 28 L. domain 27 tensor fEIZT DL
BHARGE B BN K,

R

M =mi+ma. p=mimg/M. R = (miri+maory)/M. r=1r|—1r9
CiEL, HEGEEEL P =p1 +p2n p= (map1 —mups)/M &F
AUXIEEZHLTH D |

pi P53 P> P’

Tml 2777712 = m + 2’u. (21)
V = V(r) DU ERZ T, MHX kinetic energy 12 B8 L TH Xt
form 5% (¥ bound < 1 T+4) 7% & AE Hamiltonian
h=p?/2u) +V iZECHKZE R, H=Hn1l+1h%
tensor f& domain (E% 1213 quadratic form D) LICER
TE %, 5. HEKFHEEH, BOCKEST 28ALE27H
AUX Z OITBEEEROL LR W,

1.2 Lippmann-Schwinger /£ XD 15

A #F O resolvent & W [ i # 2 & outgoing Lippmann-
Schwinger AR % &,

10



1.3 =XTHH Green B Y Born #RlE 11

s

(Ho+V)|[9™) = Ely) XD (E— Ho)lp™) = Vi), BHEZ
fnZ. limiting absorption #H¢3% &

W) = |¢) + Ro(E +i0)V]pH). (2.2)

etz % e 1Bt/ L L7=DT, +i0 @ kernel 1
L eik\rfrﬂ

Ro(E+1i0;r, 7 )= ——5——
ol )= o | — 7|

: (2.3)

3 7bb outgoing wave TH %, (Hy— E —i0)~! 2 5 XHEA T
resolvent BIKICES A %,

I1.3 =Xt HH Green B%t ¥ Born IRiE

HH Green kernel Z7Efi L. 25— Born RiE% K XK,

Fourier #7732 AT L. p ‘FHEID pole Z A&t > TEHT
5t

@ o eiklr—| 9
Gy (r—7') = Py (2.4)
r—ooTlE|lr—r|=r—7 -7 +00 1) €oT
. eikfr
W () ~ T = f(ky, ki), (2.5)

BH—RIET

fulky k) ==Ly [ebrvmer i 26)
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1.4 % channel WiHEED flux

il
MERR L ky/k; factor 8 %, flux Bk L7z S 17512 3HHE X

s

Schrodinger AR & 2 DERELBZDED S
FL * *
= 271(7,0 Vi —pVyT) (2.7)

%13 %, channel ¢ ® BRI A /r @ radial flux X j, =
Fke| Ac)?/ (per?)o BE - TR U SEHBARIER L 72 &5

doy; _ Ui 2 k’fﬂz 2
To = Ml = LUl 2.9)

[l U reduced mass % & ky/kic — /. BEIE%Z |c, B =

—1/2\0 ko) & B S AU EE R 13 RIE IR X A, on-shell
S(E)laggerS(E) = 1 1 3@H O1THIET FiT %,

IL5 e Bl e Wil

fis]

partlal wave unitarity 7 50 FEM Z R L. #3R optical poten-
tial DHEZFwE Ko

r
\

fis
BiE— channel T 5, = %% ¥ 32 ¥

£(0) = ﬁ Z(zz +1)(Si = 1)Pi(cos 6). (2.9)

ERMED S Oe] = (7‘(‘//{72) > +1)15 - 1|2o 1S =1 ZAE 23

Otot = Oel = % Im £(0). (2.10)




I1.6 Jost fi#ic X 3 radial Green BI%t 13

V=Vr+iW, W<0TIX|S<1tkb, X flux X

2
e = 73 ;(25 +0A-181 = _fw/W(r)lw(“l2 d*r > 0.

(2.11)
%?ﬁ@@i}%ﬁﬁ%&i O¢l + Oreac "C‘\% Z;)o

I1.6 Jost f#lZ & 3 radial Green %X

regular f# ¥ outgoing Jost f#2> & Green BIZ/ED . HHZFE S D
e KD X,

reduced radial ¥R % [E — ijJu =0 & L. origin T regular 7
oi(k,r) & infinity T outgoing 7 ff”(k,r) ZHl %, Wronskian
Wik) = Wigy, £ & r 2k & 70, #5) jump 2 &bEUE

20 @1k, ) £ (b, 75)
h? Wi (k)

R XD Jost BABUE W, DIEFERLETH %5, Wi(kr) = 0.
W/ (kgr) # 0 7% HHIfEIXFE U Gamow f# ug (ZHMBI L.

G (r, 'y k) = (2.12)

24 up(r)ur(r')
Res G\ (r, ' k) = £ 2B 2.1
k:%iGl (’I",T‘, ) FLQ W/l/(kR) ( 3)

(FEBIERNEERA U 72 Jost BIRSIEAITRIN) & 725,
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I1.7 Coulomb X%{vitH

fis]

Coulomb potential % #iix E##IE IR - T2 L. plane wave
DI Y2 B 2R,

s

HME v, impact parameter b @ EHE r(t) = Vb2 + 022 2R
eikonal i
1 (T

vT 20T
I qt=-2 arsmh— = —nlogUT + o(1).

h r(t) hv
(2.14)

A ERAINH A F, radial Coulomb i 1& eilkr—mlogkr)+a] %
&, o T plane wave % HHEICELZHREH L L TERT 518
H OEELIRIEIEFE L7 W, Coulomb % comparison state (<
HX - 72#%IE & plane-wave Born #RIEIXF U & TiE 720,

x(T) = -

I1.8 Dollard modifier

fis]

B D Meller MR 23 Coulomb TR S % Z ¥ Z/R L. mod-
ifier ZMEAE X,

fiRs
free trajectory L DM EEM X R OB [Tg/(v]s])ds =
(g/v)sgn(t)log|t| + O(1)s it T elHt/he—1Hot/h {3 1B I O] #ix
Uisetd, SRMRR 2 K7z 720, EHENER R T u(p) =p/u & L

Up(t) = e~iHot/he~k atry sen(®log (2.15)
% comparison dynamics & ¥ %, &1L wave operator Q( ) =

s-limy o €HVAUL (1) TREFEBAIHIEE XN 5, HIREH S
reference time M3&W & asymptotic state DNAHEIFITH 3,
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I1.9 —=fffER T DL

frsl

=2 cluster iz 52 L. pairwise Coulomb fiiAH2 —#k
TRVWEHZARXR X,

fis

Jacobi FERE (x4, ya) I L. () A F1E 203G REERMET cluster %
1E DRI T-3h0EWEEIR, (i) 2 & 329 cluster, (iii) 3 ¥ 123 cluster,
Wiz ZHEREDS[ERF 12K = W genuine three-body breakup #EI
M BB, % cluster T TIIRZEEUI spectator FBEIE y,. PIHERPERE
2o WFERTH %, —J breakup Tid hyperradius p = (x2 +y2)'/?
MK %= < hyperangle $#j<, £ pair @ n;;logr;; ZHAIE Lz
i, cluster it T ry; ORI ANE D % L BEED B —FET
72 <. overlap D MHEHRIE & =AMHZRD RV, Zhd—D
@ elementary “Coulomb plane wave” 2351 5L TWR WL T H
Do

I1.10 soft-photon coherent dressing

coherent profile f(k) 2% Fock vector % 5 z % & % kK o,
Coulomb field ¥ Lttt X,

coherent state |f) = e~I1*/2e" (9|0 A3 Fock Z2ffic B 2 LB+
Par Ja P

Hm%jlﬂmm%M<w. (2.16)
A

charged particle @ long-range field % B33 % dressing & soft
limit T f(k) ~ |k|™3/2 AERFEZEL) 2H507T ||f)2 ~
S k23 dk = int) dk/k & SECERCT 5. 5 > TR charged
sector 1ZE 7% Fock &I & unitary FME T2 <. HIR soft cutoff
ZAFIER 2 450E L7 1 U7 5720,
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I1.11 Lagrange fa%3X

il

— % Sturm-Liouville £ X ® Lagrange 15 % X ¥ endpoint
bracket Z/R¥,

R

Tu=w1[—(pu') +qu] & U [u,v] = plu*v' —u*v) EED S, FBDWY
NEEFRT D

b
/ {u*(v) = (tu)*v}wdz = [u,v](b) — [u,v](a). (2.17)

regular endpoint a« @ separated %% ff % cosau(a) +
sinap(a)u/(a) = 0 EFHL, AU o & i3 B DEN
data XA U —RcE 7 2R T % 72, Z d symplectic
determinant [u, v](a) {Z0TH %,

I1.12 %3 potential ® limit-point 1

5]
—u” + gu/r* = 0 @ Frobenius {58% K X,

R

u~r’ ZRAT R v(v—1)=g. oT

_1Evitdg (2.18)
2 ’ ’

¥

Vy

Jor*dr < ocoldv>—1/2 LAMH, vy IZEICAIRET T, v BH]
R RDE JI+4g <2, $hbb g<3/4 HoTg>3/4TIX
origin & limit point, g < 3/4 TW& (FRAERM g > —1/4 OH#i
FC) limit circle THRSZMAIHE, =XJT physical s wave 1%
g =07t DOWHEBE R = u/r OIEAIMEZFRE L Friedrichs &4
uw(0) =0 Z1E3,
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I1.13 Sturm-Liouville Green kernel ® jump

5]
Green kernel OFF5 & Hikg{tz jump S&tfh 5D K,

s
ug Z GRS w, ZAEGEASRN 2 THE L. W, = p(uuj, —
wup) 5%, (22— L)G = §/w DFFITIE
1oy _Ua($<)ub($>)
G(z,z'52) = W) (2.19)

(L= wl[~(pd) +d) £5%. BB o= BEFVT HYT
5t plG, -G ]=-1TdHH, EHKD jump 2 ZHIT—ET 2,
(L—2z)"! % resolvent & 3 4UIEHLD delta & jump DFF5 Wil
L. kernel K& 521 <,

I1.14 ERIEHF D Jost BAEL

fis]

matching i & b Jost Bd% & resonance s&fF% k. bound-state
zero % BE ¥ TREHYE X,

R

U=-Uforr<a. U=0forr>a¥l q=(k*+U)"% regular
fRl% o = sin(qr)/qo AMAI%E Ae* + Be " ¥ LTr = o TEHEM
nEEbELL

: sin i
2Be ke — Tqa + 7 Cosqa, (2.20)

Sge 1 os qa. (2.21)

2Aeika _
q k
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PE > T—o DI

F(k) = ch <COS qa —1—sIin qa> , B =0 <= gcotqa = ik.
q

(2.22)
bound state I3 k = ik. kK > 0D T gcotga = —ko Uy & RT3
i EMD £ IZ0NIEDE, k= 0 T scattering length 25583
%o % DHBRFFIZARHODOIEYHE sheet A% D virtual state & 7z
%, BUEEYITIX ¢ @ branch % #5C £,

I1.15 Wronskian 4% ¥ Gamow Bitg{t

il
radial 7R %Z k THD L THEDMMEFXZE T,

i
[-024+U(r) — kYu(k,r) =0% k THH TS &
[0 + U — k?|0pu = 2ku. (2.23)

TEDRE Opu fEL72dDE DZE% [0,R] THEZT LT
R
oh / w(k, P2 dr = Wiu, Oul(R) — Wu, 8u](0)  (2.24)
0

2195, HELRIIES WV, regular #kg{b72 5 origin TEIZBE
1T, bound state TiX infinity DWEICELD R — co DHEFIA
MIHZ %5, Gamow state TIZHEH L THHT 2720, k Lz
bound-state 2> & [F] Uf#tfiA Tty 2 2>, Gaussian damping
RICHENTHEERL S 5. 13502 HRME (& Jost BIED F'(kg) &R UH
Bkt THd 5,




55300
Stage I1I : exact WKB ¥ Kl

ITI.1 Riccati {25

il
K% WKB ansatz Z A Ui# O MRE L KD parity 23K K,

fiR’ss
[~R22 + Q@) =012 ¢ =V /TSR 2R A 5L
S?+hS'=Q, S=) A"S, (3.1)
n>0
HoTSZ=Qr
1 n—1
Sn=—5c | Sn-1+D_ 55 (3.2)
j=1
#18%, ST =+/Q t5hud
_
Sl — _@7 (33)
Q// 5(@/)2
s;—i(SQB/Q —32Q5/2>, (3.4)
" Yo N3
S, — Q N 9Q'Q"  15(Q") (3.5)

T 16Q2 T 3203 64Q*

sheet X1 T Sa; BREEZEZ. S2j+1 FEAZE, Sygq = (ST-87)/2
Z)i\'ﬁ%ﬁ;ﬁq;k\ Seven — (51+ + Si)/Q 173\%%(;7\'%&%@&\ Seven =
—(5/2)395 log el TH 5%,

19
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I11.2 &3 HiflZ: lateral Borel fil

&
S nso A"t @ Borel £, —-50 lateral fil, %KD X

R
Borel Z#1i ' ,

Fas mn. n__

F(t) :nZZOn!t =T (3.6)
EFE# D t =112 pole 25H 5 DT

ooeF0 eft/ﬁ

SosF(R) = / T di (3.7)

0

YHIVH S %, EiIBiX principal value, BIRIEFEEBTH 5, LA
minus MilZ AR O & g

Sop F — So_F = 2wie /P, (3.8)

513 lateral path o @ % WIC T IUIREE T % 235, ambiguity
DAKEX Y action A =1 EFETH %,

I11.3 il turning point ¥ Airy $¥i

il
Bl turning point % Airy HEAAE L, R#EHETIIZ KD

Qo) =0, Qan) #0 L
3 [T 2/3
=3 [Vamd] . v-wer 69

¥ &<, leading order Tl& h?wee = Cw. MR Ai(¢/RY3) ¥ Bi T
» %, dominant/subdominant D REI % (agom, asup)’ & Us




II1.4 Stokes 1741 @ path ordering 21

Stokes $# % [F 7] = 12K 3 3% Tlx dominant (REIF A2 T sub-
dominant 2D +1 {5721 B -

(“d0m> - (1. 0) (ad0m> . (3.10)
Qsub / after +1 1 Gsub / before

FF51E Q D sheet ¥ HEWi G MITHRE %, ordering % (sub,dom)
WEZNRXIEBEMENE S, WINd determinant 1 T Wron-
skian R 1% 3 %,

I11.4 Stokes 174® path ordering

= triangular Stokes 175 ¥ propagation 1751 %#F, FERTH#
(7 e

U(a):((l) ‘f) L(b):@ (1)> P(p):G)) p01> (3.11)

3%, % determinant X174 DT, {EE® path-ordered prod-
uct » determinant 1 © Wronskian &% 3%, L& L

1+ab a 1 a
vz = (15 1) tov@=(, ). G2
¥ 72 PUP'! = U@’ T dH %, & o T. fl 2 &

U(az)L(az)P(p)U(ar) SBEMIETF 2 ANBE R LB L R 5,
determinant 721 TIEIHFFE D Z#H T X2 W, & crossing
® sheet, [\ %, basis ordering # ledger IZFCERk 3 2 D ED H
%o
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I11.5 barrier resonance ¥ Gamow Iig

~ turning point barrier ® leading outgoing & & g% &7,

classically allowed well @#H Hiaction % I(E). escape barrier
@ Euclidean action % K(E) = [ \/2m(V — E)dz > 0 &5 %,
Airy $Zfc e —J8 #8175 & leadmg real quantization %

I(E,) = 27h(n + 1/2). (3.13)

barrier /N X\ transmission probability i T(E) = e 2K(E)/A,
classical period T,y = 9I/0E Z ¥ Z—H] escape % nﬁ?j %73 5
decay rate & T(E,) /Ty - T

h
T,=—— e 2K(En)/h (3.14)
Tcl(En)

(EEZHOke&HFEES5ZMR %) . all-order exact WKB Tl
K % Borel resummed open Voros period. I % closed quantum
period ICE Z#t %, Stokes multiplier » & Ci,(E) = 0 % f#
<o

III.6 inverted Rosen-Morse ® pole

fis]

hypergeometric ##t2> & incoming fRE & 05 - KRR % K
Xo

R

V = Up/cosh’(Bz). E = h%>/(2m). s(s + 1) = —2mUo/(5R?)
5%, ¢ = tanhBz I X D associated Legendre 5= & 72
D. z — 400 T outgoing %fE% v — —oco \#i T 5 &, JEHE




1.7 HHES e ZEHF LD Laurent &R 23

N2 PR &

L(1 - ik/B)L(—ik/B)
(—ik/B — s)L(—ik/B+s+ 1) (3.15)

Ain(k) = T

Gamma BIBUIHRZ Rz VWD T, 7EO pole 25 A, =0 25 %
%, k= [8mUy/(8%R*) —1]%/? ¥ ¥4+ resonance branch 1%

[k —1i(2n + 1) (3.16)

2 52
R_ B . rR_h°B
k, = 2[% i2n+1)], E;= =

real potential D KILMEIX AR = —(kRYy*, 5 5 3 [F Ut 3
sheet TH %,

I11.7 Bz ~#HEND Laurent JEH

S(E) = N(BE)/Cin(F) ZHfliZR R & —HERODE D CTREMYE X,

s

r=FE-E, 3§35, B{iELNC, = c1z + c22%/2 +---. N =
No+Niz+--- K56

Nyl N N
s(8) = 23+ (2 - 2

) +O(2). (3.17)

c1 T cl 20%

TEENCG, = cr?/2+ 323 /6+ - KD

. 2N0 1 <2N1 2N003) 1

o) co 2 ey x

+O(1). (3.18)

c9 363

Stage VII @ Jordan resolvent @ 2=2 JHY 2! JHA Z O _fREUC
NIBF 2, 7272 LITHIBEETIE determinant 7213 T4 4 null
vector # &¥ residue ZEtE T3,
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II1.8 cubic metastable potential ® Stokes graph

fisl

ZH D /Q sheet T Stokes graph & outgoing path % f# k¥
Ko

R

#l Q(z, F) = 2 — ga® — 2F ®=-O® turning point z; %K, %
J

o )
Im/ JOLE)dt =0 (3.19)

Ziiti7z 5 =AD Stokes ¥R % B fEM 77§ %, branch cut % turn-
ing point IC & =, sheet + TlX Sy = +/Q. cut HKI% X
sheet — ¥ Fl#%3 %, origin fll® regular/subdominant fi#5> &
metastable well %3 D, barrier turning points ® Airy 175
cut . Ml Stokes jump Z MEIZHNF, AMIIC incoming %
#2023 % path 23X, [EOMEIR (i) & crossing DJEF 2
i, (i) branch R#aAMEEL R 72 & ¢ sheet,  (iii) #8177 deter-
minant 231, (iv) contour ®/NEJET Cj, BAZE. DPUKTH %,
XD R 7= 72T sheet ZHIE L TIER 5780,

III.9 analytic coordinate rotation ¥ Voros period

fis]

turning points. cycle. f&77#& % [FIFIZ[A#E L 72 & ¥ quantum
period ’"AETH 3 Z & &Rt

R

z = ey ¥ [FIFIC potential parameter ¥ turning points % @t
I L. cycle vy & v 53, Riccati 1-form & PEREZ RN
B )]

Sy(z, E;h)dz = Sy(y, E;R) dy + ddF (3.20)




II1.10 piecewise constant barrier ® transfer matrix 25

¢ 7%, closed cycle TiZ exact differential ®Ff&771307 DT

V,y = Oint’ysodd da; = Sodd,€ dy. (321)
Yo

open path T®% endpoint S L ZFFHICEE T LRI CTH %,
Z I % pole. turning point, branch cut, Borel singular
direction »31] % £ homotopy class % 7z lateral sum 23& D
b, ®ED %X Stokes automorphism 2B L & T U7 5 7%
[

III.10 piecewise constant barrier ® transfer ma-
trix

5]
transfer-matrix pole & WKB $##i5:F %t & X

s

[=]

X j D% Ajelki® + Bje~ ki y FHL, IR d; D propagation ¥
B matching &

p_ (€59 0 7o LAk ki L=k ki
7 0 e tkid; |7 Ji+l = 2\1— kj/kj+1 1+ kj/kj_H ’
(3.22)

M = Iy N1 Py Py, % path order TfE%, A4 & % outgoing
DRI . A LRBIEFICHE T Myp(E) =0 (X7
FEAfi 72 minor) 2% pole &R TH %, BIiHMIL L 7z interface
THICld detM = 1 &7 D, |det M — 1| Z AL FRE monitor 12
%, smooth barrier DX Z LI &, logP; DX WKB
propagation action -\, interface 1741i% turning-point connec-
tion NINHK T %, pole DLHEIZF U k; branch & outgoing con-
vention T{T 9,




H4TR
Stage IV : pole D##FEBL L contin-
uum response

IV.1 flat continuum @ Feshbach Hd energy

fisl

rank-one P state & HREE % 7D flat continuum @ H . energy
ZRKD Ko

A

Hpp =FEy4 plg?=c% By, <e< E, T—Et 3T 5, KEOHWNT
[

¥

(B de z — Ey
E(Z) = C/E‘t = Clog z—iE’c (4.1)

h Z — €
Y E 2 =FE+i0. By, < E < E. Tl

E_E | Irc. 4.2)

Y(E +1i0) = ¢ PVlog

FEEBHY level shift, —2ImY = 27c BIETH 5, IS pole & 2 —
E;—X"(2) = 0 % second sheet Tf# <, cutoff #4437 & 5EE D
e Eg 12N S % renormalization b3 ETH %,

IV.2 %% dilation %% complex scaling ~\

[
dilation ® z,p, T ~NOIEFH & E & fENTEiE X,

26



IV.3  outgoing wave O square integrability & cut D[z 27

s

—XITT (U(s))(z) = e/%p(e’z). s € R & T3 ¥ U(s) i unitary
‘f\\

U(s)zU(s)™! = e®r, (4.3)
U(s)pU(s)™! = e *p, (4.4)
U(s)TU(s)" ! = e 2T. (4.5)
s = 10 ~NEMTHE S AU
Hy=U(9)HU(i0)"! = e 29T 4+ V(ez). (4.6)

ZAE—MI2iE unitary FfETR S IEACHETH 5, V @ dila-
tion analyticity wedge DRI TDAZ DX EMEARBEL L THZ
o

IV.3 outgoing wave @ square integrability & cut

D v i

e’ Imk < 0 % complex scaling #ICAIFE % & 72 % A E % KD
Ko

k=lkle7, 0<¢<n/22EL, r rel BOMITEIX

eikreiﬂ — o lklrsin(0—¢) (4.7)

fiE>T 0 > ¢, 7D potential DT wedge N2 5 L%, E o k? 7%
DTHIBORAIX arg Er = —2¢. free continuum % e=2%[0, 00)
A[[#53 %, pole 2% cut D _EANCEH T 2 S&H1E —20 < arg i <
0TH%,
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IV.4 free essential spectrum & ABC ® compact

»n
H
@
| '.c

fisl

B & Z2[H T free spectrum @ A5 % 7K L. relative compact
perturbation % At X,

R

Fourier /R T

-~

(HooD)(p) = e~ 202 5(p). (4.8)

2m

it > TRAMEFALED essential range 2> 5 o(Hyy) = e 2]0, 00),
E HIT Vp(Hop—2)"t Y compact (F7213 Vp A3 Hy p-relative com-
pact) 7 & Weyl BZEMIC & D essential spectrum 3£ b & 72
W, @ Fredholm SEHIE 1 — VyRo4(2) D% meromorphic 12
L. [ElE cut DAMNCEERE R L THIEZ5 X 2,

IV.5 Berggren-Zel'dovich Gaussian continuation

5]
u(r) ~ e d Gaussian regularized integral % @t # 58 X,

s

[=]

HEAMEDZ q=k+k LT

I(q) = /0 e—er’tiar g — Q\(Ze‘f/(‘*f) erfc (—5\%) (4.9)
IFiT b, 3 Img > 0 Tlde | 0 ZBFEDOEBKTHD
Io(q) = i/qo B q DEFTEEEL DT, Stokes sector %z 5 /&E
L T resonance quadrant ~#i ¥ 5, Z ® continued value %
[upup dr DARZFEITH W S, ¢ = 0 ® distributional contin-
uum B, Imqg < 0 D Gamow &k % [ U MR IER CIEIR
LTI 25720,
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IV.6 Gamow functional @ test-space continuity

il

contour deformation #12 Gamow functional 23 & 72 % test
space % HEN,

frE
H#H O Schwartz 2272 1) Tl3FEEULE % polynomial seminorm
TMZ 57, Z 2T Schwartz 22/ OR%E 522/

2={pcSRy): pamn(p)=suple”r™d ¢(r)| < oo,
r>0 (4.10)
for all a,m,n}.

\Z countable locally convex topology # At1 %, & % admissible
ray r = el%s £ Gamow 0 EET 545

(wino) = | R (4.11)

& (1S, 8)] < Cpapo(e) ¥ FHIET =3k, Hilbert norm |¢]2 713
TWERATENZIEI C norm 2572036 tail & =G A L 7251 Z il
HTE3, ZOFMERERT 3,

IV.7 continuum level density & BELAIH

fisl

resolvent 72O trace 2> & level density Z & %, fiitH & DKL R
o

s

R = (2 — H)~! DT spectral density i& —7~ ImR(E +i0)o
o T

A(E) = —% IM Tr{R(E +10) — Ro(E + i0)]. (4.12)
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resolvent 723 trace class 7 & spectral shift function &(E ) DIF
f£EL A(E) = ¢(F), Birman-Krein A detS(E) = e 245 ¥
detS = et DRI ZHIZ 2 &

1 ddiot
™ dF

¢ DFERYEFICTUIMR e b KiE) . B XSO0
2. ThbbAEBIRER L threshold correction % &1r,

(4.13)

A(E) =

IV.8 HAMRIEEOEZEBEH MWD HH

=20 scaling angle D[EH{E2> & bound. resonance. rotated
continuum % 7% L CEYE X,

% 0; T generalized eigenproblem Hy,c = ENc % [F] UK§FE T g
{. [EHME% nearest-neighbor Tid 7z { & Hvector overlap
¥ it assignment TXHETT %,

(a) E 2% LT o & BEICRE, 5D projector norm A ZE
bound state,

(b) ImE < 0T |dE/df| 23 FRZELL TR, /4 residue $ZJE © res-

onance,

(c) argE ~ —20, AEEIIN L E(6;) ~ e 2= E(4,) : con-
tinuum pseudostate,

FREZ 1T < 6 trajectory. residual norm, condition num-
ber. basis #IEKE;D projector overlap Z &2 L CHIET 5,
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IV.9 complex-symmetric f7%® ¢ product

fiil

cproduct & @%@ biorthogonality Z [ L. Hermitian conju-
gation DKM Z Rt

s

H' = H & o HEHvector Hr,, = E,r, X3 % /£ vector & r) T
HH

(rm‘rn)c = r;l;brnv (En - Em>7ﬂ;;rn =0. (414)
Ble L H = C 11> i3 B2 = 0 "X EP T, BEHvector

r= (-, )T & rTr = 072 rfr = 2, Hermitian norm % ffi 5
¥ EP O self-orthogonality % R\, resolvent residue @77 £k
ITH'r % rTH'r \ZFREHLL T pole HEZFE 5,

IV.10 = regularization ® [F)fiilk:

il

Zel'dovich damping. complex rotation. rigged-space pairing
A3 L resonance norm % 5 2 2 HHZ#HHE X,

s

%3 bound-state #HIK Imk > 0 T I(k) = [, up(r)?dr ZEHKT
%, ZDMEBTIZ (1) Gaussian factor # AN TH 44, (i) o
ray % eR, ~[@F, (iii) analytic test function ¥ @ pairing ¥
L Caite, D=%1F Cauchy ZIECRH L TH %, Xi< integrand,
endpoint, Jost derivative % [f] U branch @ % % resonance kg
R HERE S 5. ATE wedge WIT singularity 25 A & 7 1F AU E
3—ET

Ig o F'(kg) (4.15)

E %, ZBBFEMEMD ZEEFET 2D TI3R ., PORMEET
—H T 5 —ODMBEAMOEERYEE L T—8T 5,
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IV.11 pole residue D523

D(z) =z—Eq—%(z) DBEMBERZREMAL. Zg PHERTHRNI L Z
T~

D(zr) =0, D'(z2g) =1—-Y(25) #0705

1 Zg
D(z)  z-—2r

+0O(1), Zp=[1-Y(zr)]"". (4.16)

continued sheet TIX ¥ IIEHBHTDH 5, FRAHl 2(2) = (1 +
Dz +b75 Zr = 1/[-1] = 1o Mo T Zr 1& —MICFEHKTDH [0,1]
MNT 7 <. pole residue % 7z1d biorthogonal wave-function
renormalization T# - T Born probability TiZ7\,

IV.12 Breit-Wigner fiifi & time delay

unitary pole factor 2> & Lorentzian iAH{#%) & peak time delay
ZRKD Ko

2p=FEr—1'/2 & L

E-z
Spole(B) = 1 = eHonl®), (4.17)
logarithm %573 % &
Br _ L/2 (4.18)

dE ~ (E- EgR)?2+(I'/2)%
Wigner-Smith delay (& 7 = 2hdé/dE DT

AL r(Ep) = 2 (4.19)

™) = EEp+ a2 r




IV.13 Fano line shape 33

background (A3 EZ8 5 AUIBIHI delay 1 Z DHHIIH & ORI
%o

IV.13 Fano line shape

il

7E £ coherent background & Hififi pole % fil 2. maximum &
zero &K X,

R
fitH & 2EBRBIL 2RI T 2 LHRIEIE A(e) = Aolg + €)/(e + i)
e=2(E—-ER)/T £EHE T3, EoT

A2 g+

N (4.20)

real ¢ 72 & zero i3 e = —¢. AR maximum ¥ e = 1/¢ TE 1 +
% q=qr+iq RO FE (e + qr)? + ¢ R D THE 7% zero (XM
A, €= —qr T q%/(l + qIQDL) D5 .

IV.14 threshold 55 TR B IEDEFE

5]
[(E) = vk @ & % pole, peak. half width % i X,

A
— channel model %*
D(E)= B~ By - AE) + 1ylum 2 (a.21)

¥ ¥ %, pole l¥#87E sheet T D(z,) = 0 %R, F#l peak
¥ 9g|D(E)]? = 2Re[D'(E)D(E)*] = 0. half-maximum
|D(Ex)|* = 2|D(Epear)|” TEE %, Eg A threshold 2251757 32 <
D(E) PIRE—ER S =ERIF—HT %, threshold TIZ k2 D
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branch & IV(E) K& L, FiZ 1 =0 TT « VE 725 & peak 1
pole @ Rez, 2»5 341, Tl half point 23 E = 0 1222 L TIENT
Fric7 %, > T —2Imz,. FWHM, peak position % 5l &% 12
HTINEDND B,
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Stage V : radial exact WKB & mon-
odromy

V.1 d %7t radial /iR

By EkR %, effective inverse-square fRE% kK X,

d—1 L2

V2=62+78r—r—2, LY, =1(+d-2)Y,. (5.1)

U = Rl(’r’)Y}\ u; = T<d71)/2Rl CELE

2

2 —_ J—
—Qh—mu;’ + [V(r) + 2:;73 {l(l +d—2)+ WH w = FBuy.
(5.2)

FEIMPNE 14 (d —2)/2]? —1/40 TD —1/4 ¥ exponential map @
Schwarzian 23 A& X - T Langer D52 FH%21E5,

V.2 origin ® Frobenius 5%

g/r? WA B 4B ¥ square integrability, BIIEEFRSME Y
&5

35
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fRE
reduced radial Hilbert space L*(R,, dr) T —u" +gu/r? =0 & 3
5L
1++/1+4g
2 )

vy = Uy ~ 1rVE, (5.3)
v> 1202 &HTH 5, g > 3/4 TlE uy ODARFETT limit
point, HARFEMHIIAE, —1/4 < g < 3/4 TEZfr AT T
limit circle, self-adjoint extension %35 —2 D E R AT E
%o g=—1/4TW&r'/2 & r1/2logr. g < —1/4 TlZ fall to the cen-
tre 28 4 L. F/5E 7% Hamiltonian O 7= 9B MO YA renor-
malization 23 E,

V.3 Langer map D&

r = e® ¥ wave-function rescaling 17\ (I + 1/2)? &},

=T reduced radial SR %

[—5283 +2m(V — E) + fﬁl(ijl)] u=0 (5.4)

YEL, r=e" T 9?2 = e 2292 — 0,)0 X BIT u(e®) = e¥2¢(x)
5L (92 — 0y)u = e¥/2(¢" — ¢/4)o PE-T

[—R%02 + 2me** (V(e") — E) + h*(1 + 1/2)*] ¢ = 0. (5.5)

1/4 1% Jacobian % unitary IZEZE LR TH D, HERAVERLT
7w,
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V.4 =27t harmonic oscillator ® 2D E 1t

fril

closed exact-WKB cycle & open path+origin monodromy T
spectrum %317,

r
\

M

V = mw?r?/2. Langer angular momentum L = A(l + 1/2) &
%, radial momentum

(1) = /2mE — m2w?2r? — L2/r2 (5.6)

® —1E turning point ORI HEEIE T

T+ k7L
pdr = — — —., 7
/r prdr T (5.7)

— turning point @ Maslov itz AfL [+ p, dr = wh(n, +1/2) &

ERAIE
En. 1 =hw(2n, +1+3/2). (5.8)

closed cycle T3 ZEA %25 L& % v %, open path T
A4l subdominant fi#% origin ~##i L. regular Frobenius #5
¥ 1+ 1 ® monodromy e+ %33, [A U Langer residue 2°
turning-point fiiAH & origin 7% 57313 T X2 FHH T %,

V.5 Coulomb bound spectrum

fis]

radial action %» 5 Coulomb spectrum %3k, f#EB)RNAH% i
BRETHT X,

R

V=—k/r. E<0. L=h(1+1/2) £F 3,

pr = 2m(E + k/r) — L2/r2. (5.9)
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~ turning point i@ action % r = 0, co DEED 5

/rup’”dT:”(%—L)- (5.10)

turning-point (#7213 % G 7h(n, + 1/2) ICE =, RFRIC L =
R(l+1/2) Z A5 &

mkK m/<a2

=h(n,+1+1), E=- .
vV—2mE ( ) 2h%(n, + 1+ 1)2

fEENIE D 1/2 ¥ — turning point @ 1/2 2’ FE B O % 1E
%)

o

(5.11)

V.6 small-circle monodromy @ regulator inde-
pendence

r = el DFAT monodromy ¥ e IFEIFESAM %R X,

Frobenius f# u ~ r 13—/ T u — ey, —fi#® local mon-
odromy T D EFEIX e+ TH %, WKB Tl small circle
® ¢ Sdr & connection matrices DFEMFE U &% 5 2 5, VIMHiEt
BT bare monodromy MPa€(e) 73 e IHRIFT 5 K 5
bare
phys _ Mg™(e) d phys _
MERS = ZE—S, g log ME™ =0 (5.12)
% renormalization 5 & 3 %, #€ o T edlog Zmen/de =

edlog Mbare /de, YIHLA J11% 3# A7 self-adjoint domain % 721
regular Frobenius branch T4 %,
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V.7 radial oscillator ® quartic {88 ¥ fi#1{t

frsl

weak quartic perturbation % i % 883 & optimized mon-
odromy TLEEH X,

s

H = H, + \r*, oscillator length b = (h/mw)/?, N =2n,+1 2%
%5, — KB

B = A (N +3/2)(N +5/2) + 2n,(n, +1+1/2)].  (5.13)

ZHEIERTTHE S g = M/ (mPw3) < 1 THR, optimized Tl
EED QZEALT

H=Ho+6 %(aﬂ — ) Arﬂ , (5.14)

§ T quantum period ¥ origin monodromy % [A] U RECE TR
L. 6 =11ICIEN/O0 =0 (PMS) /3R EDHREO (FAC)
Ty ZEX, g< 1T Oy - w TEEZSHE —HL, g>1T
& Q ~ (M/m?)Y/? 28 strong-coupling scale ZH( D iAA, FEE w
EHIDEMNTD 2,

V.8 Cornell potential ® turning points

il

V(r) = —k/r + or ® turning points % k. contour ® homo-
topy ZHREE K,

3
Langer JH%Z &% p? = 2m[E + k/r — or] — L?/r? DT HIZ

3

—2mor3 4+ 2mEr? 4+ 2mkr — L? =0 (5.15)

D=ARTH %, %% scale LT companion matrix DEHH &
LTk, % parameter step T/ EHE matching 721 T7 <
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root ® analytic continuation 12 X b label Z{#2, ¥ cycle i
TIEEREFE A, FH=MRE r = 0 pole ZHiY 5 40 contour &3
%o

B - BuiiffEse

parameter % /NZAICZ 2. (i) root @ @B % Gk, (ii)
contour %z —i@ Y I BEEUL. (iii) §p,dr DEDIFE TR
PUF. (iv) contour ¥ pole @ f/NEBEZ LT %5, ZH
2ri times residue 721} Bk singularity % #t] - 72D T
homotopy class 23ZbH - T\ 5%,

V.9 Yukawa-screened Coulomb @ threshold

V(r) = —ke™#" /r T pole A% cut 1T < mEBHE X,

turning points (&

e KT L2
2m [E + r }

—| -5 =0 (5.16)

DHEFF T, transcendental 7 d T Newton % & argument
principle Z#ffH3 %, p = 0 ® Coulomb roots %> & continua-
tion L. AU sheet ® quantum period §:fF%fi# < , screening u
ZHL T w4 bound pole k = iky 25 Ky L 0 NEIL o BRAUYE pe 13
E = 0 @ zero-energy regular f#23 infinity TERIEZ K 5 S,
[FlfiE1 scattering length a;' = 0 TIRE %, p > p. Tl pole &
negative imaginary k axis ® second sheet ~\ A D virtual state
&7 %, root ¥ argument-principle contour THEER T 2,
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V.10 PEEEAEHE 2 W) @ singularity

frsl

Jacobian monodromy & ¥J#iH] self-adjoint-extension parame-
ter Z XHH X

R

HER T 0212 r = e, u = e2¢ 23 &, JLD potential A3
ERIT S BHIRIC +h2/4 ¥ o — —oo endpoint 28 H %, [k
r = y?> 1% y = 01 inverse-square ! Schwarzian JHZ %, L
7 L unitary Jacobian & 7t domain % [ ICERIX, %D
Frobenius fREIZ—E TH b L WPBL parameter 13720, Z
L3 Jacobian monodromy T» %, ZALZxf LItd differential
expression E A2 limit circle endpoint 2%, A7 fE D
REUL 2B 5 R RGE. 2D HitH % 713 length scale
I% genuine self-adjoint-extension parameter T» %, &kl
254 domain 23REIC—E D) TH %,




o H Y

Stage VI : few-body continuum,
CDCC. complex scaling

VI.1 — cluster projectile D5 & reduced mass

fragment-target % & — -2 ® reduced mass % & X kinetic en-
ergy % 7Rt Ko

R
P=c+v &l
MeTe + MyTy
r="7,— T R=—""—"""—1rp, mp=me+m, (6.1)
mp
projectile B> rp 225
r.=Tp — &r, Ty =Tp+ &T (6.2)
mp mp

DT R. =R~ (my/mp)r. R, =R+ (m./mp)r, EELEFRL
IEHEZEHC X D

2 2
Py p; _ mpmr MMy,
S HR=——"T"", [ir= .

T = :
mp + mr mp

_ , 6.3
2pR 244y ( )

cross term | mass-weighted D OEFRIC X D HKR N5,

42
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VI.2 CDCC coupled radial i\

il

=1k reaction Hamiltonian % channel basis ~\&f & L &8 % &
¥,

H=Kg+hp+Usg(R) + Usr(Ry), TM= Zxc yIM

(6.4)
5%, hp®;, = ¢®; ¥ angular orthonormality ZH\ 2%, Kg
D R™WY, IHEHT 5L

X, L[ R [(d® LIL+1)
Krplr=g [—ZMR (dR2 R )X] ()

(Ve| (H = Eiot) [¥n) = 0 ZHAUI

2 2
{_ 2i;R <dciq2 — LC(L];;r 1)> + €. — Etot} X! (R) (6.6)
Z =0, 6.7)
Ul/(R) = <ng‘ [Uer(R) + Uyr(Ry)] ’ng>§,R' 6.8)

diagonal (& channel potential, off-diagonal & excitation.
breakup. continuum-continuum coupling 24 T&,

VI.3 momentum bin & 58K

bin state Zkik%{t. L. step projection OFRIK ¥ IE norm IR %
T~
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fRE
(Ppa|Prrar) = S O(k — k') &F %, XM I, T

1
V Nna In

7% 5 IEEM bin 1 orthonormal, Py % X7 — & BN D E G5
L35, HERO L A%, SEEORIE wave packet g 126t
LT ||Pvg —gllz2 = 0o L2 LEBERZENH L. & bin NTHEH0
7% HRBLEAEL gn Z3BNIE Pvgy = 0. €-> T ||1 — Pyl = 1o

Z U strong 72738 operator-norm TR WIRTH 5,

|@Piny — Fra(k)|®ra) dk,  Npo = /] | faa(k)2dE (6.9)

V1.4 geometric Gaussian basis @ pseudostate

il

JIFEME potential %%\ Gaussian basis TR AL L. range 17
R R

s

ﬁfﬂTﬁEiﬁfﬁJk L TR/ (2p) = V(x) = —Vpe *"/2*_ even basis
Pn(z) = 7Ty, = b2, bn "t BELS, 1THNI MR

T
N;; = N

! o + o G:10)
T;j = Zajagy/m (6.11)

™
VZ“Z—V‘/—. 6.12
J 0 Oéi+()dj+a_2 ( )

Hc = ENc % Cholesky orthogonalization 1 %, by %*1.3
530 WP T, ARAMHEE NS [, _,, [WPde PRET S
b DA bound state, [EFEH AT NEHEZE & phase-sensitive
observable 7»% plateau % {F % % @ % resonance-like stabilized
pseudostate, E o by” THANEHERDS 5 $ D55 nonreso-
nant box pseudostate TH %, N @ condition number & resid-
ual |[He — ENc|| dFFRHICHRE T %,
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VI.5 open/closed Coulomb channel D554k

frsl

Coulomb open channel & Whittaker closed channel % & % flux
factor ZMEYE X,

R

[=]

E.= Eiot —€co E.>07%5 K.=+2prE./h. Wi radial HFEUZ
Coulomb 4D T

i é
Xe ™ 5 lﬂéc)(nc,KcR)écco - \/; SLH (e, K.R)| . (6.13)

H®) @ Wronskian 75 flux & £hK,/ugp times #RIE —3%, #t-
T square-root factor # @ % outgoing flux 1& K, |Sc|* (LAl
Uy Y S ? =128 56035, E. <0 TIlE K. =ik & L. BEMR
3Ty o Wy Let1/2(26R) R N

V1.6 closed channel ®DjfZ

fiil

— channel model T closed component ##4% L. threshold E
@ polarization potential %K X,

s

(E — Hi1)xa = Vi2xe, (6.14)
(E — Hag)x2 = Vaixa (6.15)

ALY
[E — Hi1 — Upoi(E)]x1 =0, Upol = Vi2(E — Hag) Va1, (6.16)

spectral resolution Hag|n) = &ln) T Upg =
S Vi) (n|Var /(E — €,)e 2T e, > E O closed 81 T &
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Hermitian coupling (2%f LT, % attractive level shift %
5.2 %, continuum threshold kT

(E—Hzg—l—i())_l = PV(E—HQQ)_I —iW(S(E—HQQ), (617)

- T Im Upol = —7V128(E — Hag)Va1 < 0 %3 open channel N®
loss width Z %3,

VI.7 complex-scaled smoothing

complex-scaled resolution % & breakup response Z&E %, 0
FOMBZ R,

reaction source |F) =3 T,|®,) IR L
S(E) = — > Im(F|(E — hp +i0) Y| F). 6.18)
T

analytic test space T (E — hp)™t = U YO)(E — h%)1U(6)o
extended resolution ZHREETIITLIT 2 &

—-11HO\ (HO
S(E) ~ —% Imz (FlU £|?‘1’_V>S;V|U’F>' (6.19)

EREELS Y |90)(80) = 1 T, BT 2 U-'U BHZEL T
resolvent matrix element IZR %, AREEDERHE 0 K77IE pole
¢ rotated-cut pseudostates O F5ER IR % HI 2 INHRFAAE T D
%o
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VI.8 alphatp+n @ Jacobi sets ¥ isospin ex-
change

[}
= Jacobi set Z1ED . p < n XAFRE: & Z DM E R,

fR
BF% (p,n,a)=(1,2,3) & L, TEEREH (i,5,k) 2 &I

T, =1Tj — T}, Y =r; — w (6.20)
mj + my

ZEAUE. p+n. n+a. a+ p pair %P\]*‘Bkhog set 1§ 5
%, isospin limit m, = m,. Vi = VI Tid exchange P,, %
na set ¥ pa set AN Z . basis % [@na + <I>pa]/f 2 1I2H® 5,
Coulomb V. proton-target Coulomb, #Ef# spin-orbit, S
D my — my, D OMBE R B, M L WS % B2 AT
FHET UL BN DR E S ZEERETE 2,

VI.9 p+pt+7Be ® = rearrangement & double
counting

il

[f]— proton % RAFML L 72 HRIEZ/E D . inclusive sum @ —Eat
Bremie X

s

labelled amplitude % A; = A[p; + (p2"Be)]. Az = A[ps + (p17Be)]
& $ %, proton pair spin S DWW T

S - )AL 62
LA A, isospin T = 1 OXMFME%Z & 4 wave function % J&f

Pz 3 %, P phase space % labelled variables T4 fHIEHE 7
276 1/20 ZENT B, BUERBRIZ (1) [As(2,1) = |As(1,2)A

AS(L 2) =
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(ii) WD 1/2! (1 & O E) > By OFEMED & —2, (iii)
coupling % Y] - 7zfifR T incoherent labelled sum ®% & 5 ¥
9. %R S %, interference H%Z ¥ L7z LT 1/2 Z1FHNT 2
DIFRAFMETIZ TR,

VI.10 zero recoil T? s-wave enhancement

fisl

spherical Bessel transform % /> recoil momentum TR L.
J&iFf bin @ partial-wave hierarchy % 7~

R

(=]

multipole [ @ Fourier-Bessel transform (&

P

2

G ont ok

(6.22)
- T Fy(g) = [r*uodr + O(¢?) 2D Fi(q) = q [ rPuidr/3 +
O(¢*)s q¢ ~ 0 DI\ acceptance Tl p wave 1L ¢> THI X
541, small integrated spectroscopic weight ® s wave 2332 L
8%, —HILW ¢ #PFATIX phase space ¥ K %72 p component
DRET DD, §E o T zero-recoil bin DLt & £fE5 O LLIEFE T
observable Tl&7z\,

Fi(q) = /0 S A )=

VI.11 alpha+n+n @ Jacobi Z#t ¥ neutron ex-
change

= Jacobi set. reduced mass. S =0,1 DRXIEFFEE KD X,
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s

My =My Mo =M 355, Tsetld

T+ T2 m 2mM
LT =T1—T2, Yr =Taq — ) , ,U/xTZEa MyT:2m+M~
(6.23)
“ODY setlE
M1y + mry
Tl =T —T1, Y1 =12 — ha (6-24)
Mr, +mr
Ty =Ty — T2, Y =71 — W, (6-25)

pe =mM/(m+M). py =m(m+M)/(2m+ M), neutronisospin
T =113 S0 T, EERRFMED & spin singlet S = 0 (koo
5 spin) 121 exchange-even spatial combination, triplet S =
1 12t& exchange-odd combinationz W%, T set TldZhZh
(-Db = +1,-1 TH 5,

VI.12 6He response & pole term Off5

fisl

extended complex-scaled resolution 2> & response % & =, H
M pole term A BT D15 2 FH B BN &,

R
h¢ @ biorthogonal resolution % #f A LT
1 MOMY?
Sp(E) =—— Imzyj Gy (6.26)
M = (F|U|®}), (6.27)
M? = (°|U|F). (6.28)

%1% %, isolated pole DF& M%M4 13 —f%ICHEE T, background
Y OTHE EER0ED —ImMrMg/(E — z5)]/n ZRATHNICE
Wbk b, —J75EE7% response 1FtdD H OB he @ spectral
measure (F|6(E — hg)|F) >0 TH D, 4 pole & cut ® coherent
sum RICIFE L5,
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VI.13 Riesz projector ® pseudostate #Bi

il

complex-scaled pole projector % 5 pseudostate basis NE L.

PRS2 5 2 Ko

R
Hifl pole T

PY = |0%)(®%|, Pr=U'PLU. (6.29)
Py =3"|®:)(®;| ZHfNCHAT 2 &

(PR = (@ilU |95 (@HIU 1), (6.30)
$ 725 outer product ® coherent rank-one f751%1§ %,

BE - iR

HEY 0 #Z 2. (i) singular value 25—2 73L&, (ii)
| Tr P(N) — 1 (iii) ||(P(N)) (N)|| (iv) ¥7# source/de-
tector [l matrix element, %’fﬁa?‘ %, energy window

WX AFIE rank & AHZRTFELZVOTRAICZ S %
W,

VI.14 =1k phase-space Jacobian

il

Jacobi momentum normalization & & L T _E# 4 breakup
strength @ Jacobian %3},

s

(Ko, by |k, Ky = 03 (ky — K)0% (ky — k) ¥ 5 B0 € = R2k2/(2p10)
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ey = h2k2/(2uy) 72105
A3k, d3k, ”Z“yk ky de, de,d0,dQ, . (6.31)

PEo TARIKRD 7 1%, IREEHIE{LD (27) factors ¥ incident flux %
BN FAUR popy ok, /Bt BN E T energy & Wi ETHEY
TAUITED [|T(ky, ky)|? A3k, A3k, DB S5, Jill Jacobi set %
B¥ % ¥ %1% mass-scaled ?Tﬁ‘e@ unit determinant ¥ [&—¥
1/2! % R U TS,

VI.15 = channel incoming block ® pole residue

frsl

B KM /4 null vector T matrix inverse @ pole % il L.
source/detector overlap Z[FAE+H X,

R

%

Cin(E) = (E " {) (6.32)

%%, E = zg T4 null vector ug = (1,0)T. 7 null vector
U}L% = (1,—g)» D ULC{H(ZR)UR =1, FEFE

T
-~ URV 0 0
Cn(BE)~! = Eﬁ fR + (0 1) . (6.33)

—fE D5 A S pole part 1& upvl/[(E - zR)vRC’ (zr)ur]o CDCC %3
{3 channel source column % s. CSLS detector row % df ¥ 3
AUZ residue 1
(dfug)(vhs)
U}L%Ci’n(zR)uR.
A K532 i 2 detector & source @ overlap., 77£A% exact-
WKB connection derivative IZ%i53 3,

(6.34)




Bk
Stage VII : exceptional point ¥ %
i) holonomy

VII.1 2-by-2 complex-symmetric EP

—f#i% complex-symmetric 175% %Ak L =X EP 5&fF 2 K X,

fRs
_fa b _a+d 1 5 5
it 5T discriminant
A=(a—d)?+4¥=0 (7.2)

THEEAEMEIERT 2, THWXb=00Da=d%b H=alT
ZARD [EHvector 3% % ordinary degeneracy TH %, EP 12l
H — Egpl # 0, rank 1 288, FlZEr = (b, F —a)T O ZFIX
A = 0 CTRI—ERNEIRT %,

VII.2 Jordan chain & resolvent ® _Hi pole

&
£ X200 Jordan chain Z{E D resolvent ® =2,z JHZ K X,

s

(H — z0)ro = 0. (H — 20)r1 = 19 & L. Jordan block b T H =

52



VII.3 EP O self-orthogonality 53

201+ N. N2=0, 2 =2 — 2 72 HAED resolvent 1&

_Hl—@l-n =1 N
(-H ' =@l =N =+ 5 7.9
dual Jordan basis lo,l; & (l;,r;) = 6; £ HAUX 1; = |ro)(lo| +
[r) (il N =|ro){lilo TE2T

Ry(z) = \Toiélll 4 [ro){bol -; NG (7.4)

Cin(E) D_HEEHOFIZHN 2 _FE LR U pole order TH %,

VII.3 EP O self-orthogonality

e
coalesced £ vector ¥ /£ partner D NFEDI0IZHR 5 Z & &Rt

s

[=]

EP T4 Jordan chain % (H — E\)rg = 0. (H — Ey)rq = rov Al
Bvectorz lo(H — E,) =035 5%, FAZ L2 6HITUTEBIC

<l(),7"0> = <l0, (H — E*)T1> =0. (75)

parameter {7 TH R U R R Z 2, (H—-E)r = 0% AT
M5 U C BB vectork #ir % & E'l,r) = (I,H'r)e EP 5T
E' ~ (A= X))V HRET 2T, GUPERERS (I,r) — 025485
HTH b,

VIL.4 branch point ®—i &

square-root EP % &[5l L CEH{H - [Efvector - gauge ZBIfE
Ko
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s

; é) £ VB, A= pel ¥ B
Ey =+./pe¥/2 ry=(1,EL)T p:0—52r TEL - E_, 74 —
r_. 3705 label H3%H 5 %5, —JATHEAEIZ TR S, vector
D LEE#E 121345 step T biorthogonal overlap % [E5£12§ % parallel-
transport gauge %iE N, &EZ T gauge kT 5, (RIS
B DE— 7 % FITT 3 gauge (L& H T & 22 D (A & 4R
B 5, ZJABRONE MM Z OEi gauge THIDH T
A% holonomy & L CTERI N5,

JEF normal form H(\) = (

VII.5 biorthogonal Berry connection

—¥E{7 model @ Berry connection & gauge ZHE )% Ko X

+E® model TF vector r = (1, E)T. £ vector % [T = (E,1)/(2E)
3R ITr=1, #toT
i 14E_id)

A=1l dr—2E—4)\. (7.6)
r—efr, 1 —e Il TIZA— A+idf, #€-> TR connection 1%
gauge R7E72H, BABRHE 7 @ exponential % f 23 —ffie & FZ,
EP @ —J& T state A HF D sheet N2 DT, A%
permutation matrix % & ¥ non-Abelian transport & L T H#g
ERAR
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VII.6 momentum bin & continuum normaliza-
tion

il

delta-normalized state Z M Ak @ bin ICE =21z . FHB normal-
ization ¥ HFR holonomy % 7Bt X,

R
(kK'Y =6(k—K) & L

1 ko+Ak/2
N \/77 ko—Ak/2

%5 (nn) = 1o —7J. HHROD generalized state 12 & 3 HRE
& n) ~ VAElko) BEo T ko) ~ (Ak)"YV2n) ¥ EET 3,
parameter-dependent bin @ Berry connection (&

n) k) dk. (7.7)

~ 1
(n,dn) = —idlog Ak + Aghape + Aphys- (7.8)

=D exact differential & normalization artifact, BT bin
DI YR % F CEANRE L. shape H%x R —HHNTZELIITIR
¢ aphys VAR holonomy & L TH %,

VIL.7 bin-width independence ® RG /i

il

renormalized geometric phase ® Ak JEMRIFEM: © FED E8%E R
O Ko

R
bare phase % yp(Ak). counterterm % C(Ak,u) & L

d
TR() =78(AK) + C(Ak,p), Ak =0 (7.9)
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2HF, b L Akdyp/dAk = c+o(1) & 5

dwr _,
Wl ¢

Co ZRFTFERD HI3HR % 5721, reference loop @ phase Z0&
3 5. detector ® asymptotic phase convention % [&EE 5 5.
F 23— O DHEJPEN match T3, &V 7MY convention/
data 23z ek 2,

¢ = _clog Af + G, (7.10)

VII.8 EP ¥ continuum threshold {5

fis]

EP %3 threshold N\ir25< ¥ & —~>® branch # £ 55 R & »ii
BAE X,

s
threshold Ey, T resolvent H C. energy »° X(E) ~ a + b(E —
Eg)! T2 280, —HINWLEP X By — E. ~ eV X — Ao MIEDNE
W & AT determinant (5] 213

D(E,\) = A(E — E.)* + B\ — \) + C(E — Eg)*Y2 ... (7.11)

kb, Bl ZXZIHK normal form & —H T4 W, s wave
726 k = /E — Ey, T uniformize L. D(k,\) =0 & 0yD =0 %
[@ U sheet Tfi# <, EP sheet exchange ¥ k — —k @ threshold
exchange 23 & X 41, J&E permutation 3#F# A% L d branch
point % e 2 AT T %,

VIL.9 condition number & pseudospectrum

EP & [\l ko eigenvalue condition number % &l & L pseu-
dospectral sensitivity & f5,




VII.10 multiple-zero continuation test 57

HiHEAED condition number 1%

n ln
o — 12l
|(Tns )|

biorthonormal gauge T % vector norm ®Of& ¥ L TIH U 23 5%
%, X EP»5 Bl p = |X— | TWd/H overlap 28 O(/p) 7%
DTk~ p V2, BENGH XU |0E,| < knl|0H|lo - TRIME_ET
K K E W T e-pseudospectrum DFE SR S o — 8T
%, BUERNZIZ fith residual Z—E IR 5 T k(p) & &/ singular
value sy, (E — H) ZFFIZ plot $ 5,

(7.12)

VII.10 multiple-zero continuation test

il
C = 0pC = 0 ZFWV 2K & near crossing & Ok AIE% &%GTH&

scalar determinant % 7z133# )72 incoming minor 125\ T
FI(E,)\)=C(E,\) =0, Fy(E X =0gCEN=0 (7.13)

% complex Newton 7% T [l I 12 fi#g <, Jacobian (&
O(E,\)(Fy, Fy). % 7 5 complex-step/ automatic differen-
tiationZfH 5, fEfi R DML

(a) operator @ geometric multiplicity #31. Jordan residual
DINEW

(b) /NHJEEIT= pole HHL, ZJATES ;

(c) splitting 23 radius OF AR LA ;

(d) basis + contour + complex-scaling angle %# & X T &
Riesz projector N&E ;

(€) Crr # 0. Cx # 0o

near crossing X HRK/N gap ZHH. —JE T label &2 #i83
Newton fi#A% discretization & ¥ IS,
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¢ black-hole QNM

VIII.1 Schwarzschild tortoise JfH

]
Schwarzschild metric 225 r, & Wil OWHEE 2 &1,

s

f(r) = 1—-2M/r & U radial null line 0 = —fde* + f~1dr? %
tFr, =const. 125212 dr,/dr = f1, - T

r
C=0%&3%¢& horizonr =2M +¢ T
€
Ry = 2M10gm +2M + O(e) = —oo, (8.2)

infinity T r. = r + 2M log(r/2M) + O(M? /1) — 400, HiE o THHR
HIE . € R 2ENE S,

VIII.2 spherical harmonics @ parity £ odd met-
ric J&57

scalar/vector/tensor harmonic @ parity Z7~ L odd sector ® H

H 7 28 Z Ko

58



VIIL.3 linearized Einstein 5 #23%* & covariant Regge-Wheeler /72~
59

s

parity map (¢9,¢) — (7 — 9,0 + 7) T Y = (=1)'Y}no polar
vector DaY 1% (—1)!. sphere volume form % #i} 7z axial vec-
tor Xy = —e4BPDpY BN AEZIF T (-1)"*, polar/ax-
ial tensor d Zzhzh (-1),, (-1, fixed (I,m) ® odd metric
E i Xas heXas hoXap D3 scalar amplitude, odd gauge func-
tion £X4 —DT hy = 01T %, 2 amplitude 2% %5, Einstein
constraint 23— % nondynamical {Z L. &1 7% propagat-
ing master field i1, ! = 0 i odd harmonic {7 <. I = 1T
Xap =0 RDTHAR,

VIII.3 linearized Finstein 7 #XX » & covariant
Regge-Wheeler /5

frsl

warped-product identities % FH\ 7z projection & elimination
2,

s

ds?® = gepda®dab + r?*Qupde*de® & L. odd perturbation %
haop = ho X hap = hoXap L EBRT %, gauge invariant com-
bination &

Toa = ha — %Vahz + %hg. (8.3)

DAXA =0, D’X5 = [1-1(1+1)]Xa. DBXap=—(1-1)(14+2)X4/2
% linearized Ricci tensor NMUA T2 &

~ ~ 2 ~ ~
0=P, = — ghg + Vo Vpht + ;(rbvahb — raVph?) (8.4)
— %Tarbﬁb + il _; 1)7%“ (8.5)

T T
0=P = V.h" (8.6)

A=(-1(+2) &Ll

2r ~ 2 ~
Viodd = Téab <Vahb - Trahb> (8.7)
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ERT Do eV, P EH D, H R identity V,Vyr =
(M /1) gaps Tor® = f. constraint P =0 Zffi5 &
. A I(1+1)  6M
5 bvan = —g |:|2 - (7“2) + TT \Ilodd' (88)
7€ - T bracket 230, Bianchi identity (Z5& D @ projected equa-
tion DIE)E TH 5 Z L ZMRALT 2, THADWTEZRIT S R0
gauge-invariant BHTH 3,

VIII.4 Regge-Wheeler potential &{X multipole

potential ZE XMHZRE L. [ = 0,1 OFIFZFHE X

Oy = —f7'07 + 0:(f0,) & Or, = [0, ZHIFINUAL

I(1+1) _6M} 5.9

r2 r3

_82+82_VRWT]\IJ =0, ‘/IRW:f
t T l odd

#1%%, horizon TWX f — 0 2D T V — 0 exponentially in 7,
infinity TIZ V =1(1+1)/r> + O(r=3) — 0, 1 = 012X odd vector
harmonic 23fZ1E L&\ [ =1 TlX A = 0 T tensor harmonic &
radiative master definition 374 2. vacuum static solution &
background @ angular momentum”% % X 4 infinitesimal Kerr
perturbation T» %, fit » T wave potential formula % #H11c
1 =0,1~NEH LW,
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VIIL.5 horizon ¥ infinity Dff5

e~ JIKT QNM &% vanishing connection coefficient ¥ L
<&,

s

horizon @ future-regular ingoing wave (% advanced time v = t+
r. DB e~ 72D T radial factor % e+, infinity @ outgoing
wave 1% retarded time u = t — r, @B T radial factor etir,
horizon-normalized f##% i & U infinity T

i = Cout(w)et@™ + G (w)e1wr (8.10)

LT %, QNM &MHX Cp(w) = 0o Imw < 0 TEiHD QNM
radial factor 3% r, L THT 25, ZHIFESIRD TR res-
onance boundary condition T® %,

VIII.6 barrier-top WKB (2 & % fundamental QNM

Schwarzschild fundamental mode % leading WKB THHE® D
M scaling ¥ HE#H Ko

frequency equation [—92 + V]¢ = w?y @ barrier maximum ro
TVeVo+V(re—rw)?/223 3L

w? = Vo —i(n + 1/2)4/ -2V (8.11)

gravitational | = 2 Tl ro/M = (9 + V17)/4 = 3.280776.. ..
M?Vy = 0.1512867, M*V]' = —0.00991941, n =0 & b

MwiEB ~ (.39885 — 0.08829i. (8.12)

ARG Mwog ~ 0.37367 — 0.088961 & bR, damping X R < E&B
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\& leading order ®#&ZEZ /R, metric & r = M7, r, = Mr, &
scale THUIAERIE (Mw)? DAEELDTwo M1,

VIIL.7 tortoise coordinate ® complex scaling

QONM exposure 5:ff & inverse map ® branch 12 & % #ll[R % &
o

3T ry > €%, &3 %, A outgoing wave ¥ /¥ ingoing
wave (r, = —s) 1ZW3I b magnitude

. 0
iwse!
e

= gsIm(we?) (8.13)

ZFODT Imwe?) > 0. $72bB5 0 > —argw 7 exposure 5&
fk, 72721
r=2M [1 r W (e?"*/@M)*l)} (8.14)

T inverse map (& Lambert W @ branch % &%, global straight
rotation & logarithm/W branch cut. r = 0 singularity. ftf
sheet @ horizon image % B&¥I D 1§ %, - THEXITIX poten-
tial DSENT R BB NEX B 2R 5. 1 tail 720 2 #lF % exterior/

smooth complex scaling %\ %,

VIII.8 Gaussian basis 7% £ conditioning




VIII.9 Schwarzschild-de Sitter @ — horizon ¥ Nariai limit 63

s
—fle LTHUD 2 & range b B ¢;(r.) = (re—mxj)Pie= (o)
2S5, p=0. L@HLES

_ [T _ 2ai05yT S Y .
Nij = ai—kozj7 TZ]_W, VL]_/@VRW% dr.

(8.15)
complex scaling % & derivative i1 e=2%, potential argument
12 deformation Z A#1%, geometric range ratio ¢ 25125 X
% & columns 2MFIFWIE. =F X 2 & scale BR¥&ET 2,
polynomial order K% moment 17%® dynamic range % <
ED

B - Buiiffese

N @ smallest eigenvalue & condition number,
Cholesky/ SVD cutoff. generalized residual. 7= %
overlap., working precision *i2#t3 %, precision % f
2 U CREM DI X 720 eigenvalue 1Z¥FE pole ¥ 587E L
AN

VIII.9 Schwarzschild-de Sitter ® —. horizon &
Nariai limit
[

— horizon % r, — +o0o0 ~\E L near-Nariai barrier scaling % 3K
» X,

s

f=1-2M/r — Ar?/3 DIER%E r, <r. T 5, FHMIRT f ~
26(r — o) f = 26e(re — 1)y Kp = |f'(rn)]/2. PE2T

Ty ~ Qi log(r — 1p) = —o0, (8.16)

Kb

Ty ~ —

! log(r. — r) = +o0. (8.17)

2K




64 Chapter 8. Stage VIII : Regge-Wheeler /52 ¥ black-hole QNM

§=vV1-9AM2 |0 @& &

5
c=3M (1 +052>, 8.18
o ( F e+ 00) (8.18)
re —rp = 2v/3M8 + O(82), (8.19)
5
L~ - 8.20
fbe ™ 5 AM (8.20)

coordinate r Tl static region 2323 r, MEIX O(k™1) ~ M /6
IZIRDY %, master potential D& X1 O(k?). - T near-Nariai
QNM frequency ¥ O(x).

VIII.10 QNM pole & continuum level density

fisl

QNM pole contribution & reference-subtracted cut contribu-
tion % LEECHE X,

R

HY]7% source F & reference operator Zxf L
Ap(E) = —% Im [(FIR(E +i0)|F) — (F|Ryet(E +10)|F)]. (8.21)

contour 2% 3 % & Bl QNM 2 = w? DI

. 1 ZF . NF(ZR)
AR(E) = _71' Im E_ ZR, Ip = aECin(ZR), (822)

¥ D 73 reference-subtracted branch cut ¥ il poles, Zp 1Z#E%
T cut & energy dependent 7% DT, 4 response @ extremum
741%14: 8E[AR + Acut] =0 @igﬁ&k’: E =Re ZR fﬁf&éﬂ&b\o Y5)
2 E = w? OIFEEBRIC LD frequency plot @ peak  Rewg &

—EH L7\, pole position, residue, full real-axis peak % jll %
WSS %o




B
{15 R - B - oi{k - instanton

R.1 quartic integral D%\

RE T BN BRI DTy =22 L EL &

1 oo o
I(g) = \/%/0 y 12ev/2 992/4dy. (9.1)

> —axt—bz? _ 1 b b2 /(8a b2
[Tt aan Lo, (& ©.2)

Na=g/4,b=1/2% AN, BFEHHMZ 2L

el/(89) 1
I(g) = WKIM <Sg> c (9.3)

K, (2) ~ /m/(22)e 1+ (42 = 1)/(82) +--- ] ERAT B & I(0F) =
1. 2561

LT2n+1/2) 3 105 ,
I(g) %})(—1) —em Y =1-79+559 (9.4)

¥ 72 b Gaussian moment ERH X —ET %,
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R.2 coefficient ratio 7* % Borel singularity

il

=D DA 5 nearest Borel singularity & leading 1/n cor-
rection Z 3k X,

R
REL D B HLIE
_ant1 . (2n+1/2)(2n43/2) 3
e = an n+1 =i 4(n+1) .5

an ~ CATT(n)[l+c1/n+O0n2) ERET S L A= —1/4, #Hfi—=
v 1,y mag ZRWWT A, ¢ % parameter fit % 7213 Richard-
son extrapolation 3 #UX

an ~ C(—4)"T'(n) |1 — 16% +0(n?)|. (9.6)

it o T Borel singularity i ¢t = A = —1/4. leading 1/n coeffi-
cient ¥ ¢; = —3/16, tt 7, /(—4n) BRTIE 1/n HBHEK L TR
DFFIED 3/(16n2) 1272 2 RICHEET %,

R.3 direct Padé & Borel-Padé at g=0.4

i F%% Ll U Borel poles & B AIREME 2 HIER Ko

2m + 1 DR D & direct [m/m] & b, = a,/n! IZKF % Borel
[m/m] ZAE%, $%E% g7t [[Te /IP,(t)/Qm(t)dt LHEITT 2, M
BN 1(0.4) = 0.857608585344409 . .., double precision Tf§ % fX
RAEIX
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direct Padé Borel-Padé Borel-Padé 87

m

2 0.8690245430 0.8593359439 1.73 x 1073
3 0.8623081645 0.8578991758 2.91 x 10~*
4 0.8597745764 0.8576650427 5.65 x 107°
5 0.8586885057 0.8576207823 1.22 x 107
6 0.8581795924 0.8576114484 2.86 x 1076
8 0.8577902863 0.8576087764 1.91 x 1077

m = 2 O Borel poles &%) —0.3112,-1.0121,. m = 4 T

1 —0.2678, —0.3662, —0.7131, —2.9235, K ¥ & ¥ & 1T & E il
(—o0,—1/4] @ cut ZHEMA L. E3EH 12X pole 237w Ty
BLICHEPTE %, 1IEE pole 813 off-diagonal sequence &
Froissart pair Z°E® obstruction %% residue & JEZE M THI
E L. BEHR BT THEZ L TER S0,

R.4 third-order optimized perturbation

In(g,Q) ZE Z1ED PMS roots Z B X,

A=1-Q ¥ L. QGaussian moment (z>™)q = (2m — 1)l1Q -1/
2S5, 6=11%

Iy=Q7"12 (9.7)
A 39
h=1=o0am ~ o8 6.8
342 1549  105¢>
L2=h+oosm T s T saqor ©-9)
5A43 105A2 945A¢> 346543
Iy = I J S J (9.10)

16072 3209/2  64Q1/2  128013/2°

Ooly = 0 DERIEEBRZEET B L N = 2 12X ERALL. N =
1, 3 IR DEGF D E—D0 D 5,
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1) (3)
g Qpyis Qpnrs

0.05 1.112372 1.212272
0.10 1.207107 1.374451
0.20 1.366025 1.631074
0.40 1.618034 2.019426
0.60 1.822876 2.327015
1.00 2.158312 2.823067

root tracking (3D g DfEZFIIAMEIZ L, [FIRHIZ 2 IERD bracket
scan & 179, BB TRV Z & ZFE L T complex root %
FERE LU TGERXRW,

R.5 ODM iy g2k

= p)\/(1 = ))? ® ODM % 5%& L root continuity O EK % #iiA&

quadratic equation g(1 = A\)? =pA D55 g > 0TA = 0&K3
Fi% #.5, weak series #{fCAT 3 ¥

=1, }:a (”*k_1> n>1),  (9.11)

5T en(pn) = 0 DIERELTRD Iy = SN calpn) A9, px)"
ZaHlis 5, FEOMEIT (1) N BEZHEE g NRLU ag,...,ay B
Hl,  (ii) polynomial residual |cx (pn)|+ (iii) working precision,
TIT5, order N Z 2 IZHIDIRZ B/ NiRAER T TERI e, BRT
% analytic domain A AERICZED D sequence Iy DIERD
7<% %, HRIX N & g ® homotopy TR U ZEBWV, I
ZOHEEEWMET 5,
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R.6 dispersion relation *5 large order

instanton discontinuity ZfXA L A D& % & O THREMNL % &
o

iR
_1\n+1 00 - :
an = / IMFs 10 4, (0.12)
™ 0 S
Im F(—s +1i0) ~ Cs~Pe=4/5, (9.13)

"NMAT B, u=A/s, s=A/u. ds=—-Au2du BRDT

_1\n+1 00
Qp, ~ e C/ s ble=A/s ds (9.14)
u 0
_1\n+1 00
= DO g / u"t e du (9.15)
@ 0
-1 n+1C

A7 7213 T < fluctuation prefactor s=° 25%BHID A=0 & T'(n+b)
2155,

R.7 Rosen-Morse IZB1F % instanton action O X}
|

inverted Rosen-Morse T A4 = 1/4 12f{bH % WKB action &
Stokes multiplier % [FlE+¥ X
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faE
spectral curve
v =2m L; - F (9.17)
cosh”(Bx)

@ relevant turning points x1,z2 #. #EA outgoing sheet T
f&.5 open action

)

Agr(E) = / y(z, E)dx (9.18)

(% 72137 U homology class @ closed Voros period) 73 zero-
dimensional flOE 1/4 Z#E =22 %5, FEBED nonperturba-
tive factor 1% e 24r(E)/h T b | periodicity z +— 2 +ir/B I & 5
¥ turning-point image % &% T Borel singularities Z{E %,
Hififi turning point @ Stokes multiplier ¥ propagation e*4#/% %
path order THHMJ 7z incoming entry 23 C;,,(E), exact solution T
132 DD

I'(1 —ik/B)I'(—ik/B)

T(—ik/B — s)I(—ik/B + s+ 1) (9.19)

Cin(k) X

A resummation &%, it o T Gamma denominator @ pole
¥, quantum action ¥ Stokes multiplier % &t exact-WKB in-
coming coefficient DZERTH 5,




Da—'ff O) Hifkﬁﬁ 1)

EHZOFRIIEE I N ERBR L THE, #FEARY PV ED R(E +
i0) IXEFMETH D, L2 Lo@EEOHIERHEZETIE 2w, HBMmIX> — b

BAZMRE L T TEKEZR D, AREKD HREHMHEIZ, £
WA - BIE - U2 2 2 7 e el 2 @i L 7235812 D A4 itu,%tlﬁﬁ
T 5,
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